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Abstract. Snapshot isolation (SI) is a standard transactional consistency
model used in databases, distributed systems and software transactional
memory (STM). Its semantics is formally defined both declaratively as
an acyclicity axiom, and operationally as a concurrent algorithm with
memory bearing timestamps.

We develop two simpler equivalent operational definitions of SI as lock-
based reference implementations that do not use timestamps. Our first
locking implementation is prescient in that requires a priori knowledge
of the data accessed by a transaction and carries out transactional writes
eagerly (in-place). Our second implementation is non-prescient and per-
forms transactional writes lazily by recording them in a local log and
propagating them to memory at commit time. Whilst our first implemen-
tation is simpler and may be better suited for developing a program logic
for SI transactions, our second implementation is more practical due to
its non-prescience. We show that both implementations are sound and
complete against the declarative SI specification and thus yield equivalent
operational definitions for SI.

We further consider, for the first time formally, the use of SI in a context
with racy non-transactional accesses, as can arise in STM implementations
of SI. We introduce robust snapshot isolation (RSI), an adaptation of SI
with similar semantics and guarantees in this mixed setting. We present
a declarative specification of RSI as an acyclicity axiom and analogously
develop two operational models as lock-based reference implementations
(one eager, one lazy). We show that these operational models are both
sound and complete against the declarative RSI model.

1 Introduction

Transactions are the de facto synchronisation mechanism in databases and
geo-replicated distributed systems, and are thus gaining adoption in the shared-
memory setting via software transactional memory (STM) [33,20]. In contrast
to other synchronisation mechanisms, transactions readily provide atomicity,
isolation, and consistency guarantees for sequences of operations, allowing pro-
grammers to focus on the high-level design of their systems.

However, providing these guarantees comes at a significant cost. As such,
various transactional consistency models in the literature trade off consistency



guarantees for better performance. At nearly the one end of the spectrum, we
have serialisability [28], which requires transactions to appear to have been
executed in some total order. Serialisability provides strong guarantees, but is
widely considered too expensive to implement. The main problem is that two
conflicting transactions (e.g. one reading from and one updating the same datum)
cannot both execute and commit in parallel.

Consequently, most major databases, both centralised (e.g. Oracle and MS
SQL Server) and distributed [15,32,29], have opted for a slightly weaker model
called snapshot isolation (SI) [7] as their default consistency model. SI has much
better performance than serialisability by allowing conflicting transactions to
execute concurrently and commit successfully as long as they do not have a
write-write conflict. This in effect allows reads of SI transactions to read from
an earlier memory snapshot than the one affected by their writes, and permits
the write skew anomaly [11] depicted in Fig. 1. Besides this anomaly, however,
SI is essentially the same as serialisability: Cerone et al. [11] provide a widely
applicable condition under which SI and serialisability coincide for a given set
of transactions. For these reasons, SI has also started gaining adoption in the
generic programming language setting via STM implementations [1,16,8,26,25]
that provide SI semantics for their transactions.

The formal study of SI, however, has so far not accounted for the more general
STM setting in which both transactions and uninstrumented non-transactional
code can access the same memory locations. While there exist two equivalent
definitions of SI—one declarative in terms of an acyclicity constraint [10,11]
and one operational in terms of an optimistic multi-version concurrency control
algorithm [7]—mneither definition supports mized-mode (i.e. both transactional
and non-transactional) accesses to the same locations. Extending the definitions
to do so is difficult for two reasons: (1) the operational definition attaches a
timestamp to every memory location, which heavily relies on the absence of
non-transactional accesses; and (2) there are subtle interactions between the
transactional implementation and the weak memory model underlying the non-
transactional accesses.

In this article, we address these limitations of SI. We develop two simple
lock-based reference implementations for SI that do not use timestamps. Our first
implementation is prescient [19] in that it requires a priori knowledge of the data
accessed by a transaction, and performs transactional writes eagerly (in-place).
Our second implementation is non-prescient and carries out transactional writes
lazily by first recording them in a local log and subsequently propagating them to
memory at commit time. Our first implementation is simpler and may be better
suited for understanding and developing a program logic for SI transactions,
whilst our second implementation is more practical due to its non-prescience. We
show that both implementations are sound and complete against the declarative
SI specification and thus yield equivalent operational definitions for SI.

We then extend both our eager and lazy implementations to make them robust
under uninstrumented non-transactional accesses, and characterise declaratively



the semantics we obtain. We call this extended model robust snapshot isolation
(RSI) and show that it gives reasonable semantics with mixed-mode accesses.

To provide SI semantics, instead of timestamps, our implementations use
multiple-readers-single-writer (MRSW) locks. They acquire locks in reader mode
to take a snapshot of the memory locations accessed by a transaction and then
promote the relevant locks to writer mode to enforce an ordering on transac-
tions with write-write conflicts. As we discuss in §4, the equivalence of the RSI
implementation and its declarative characterisation depends heavily upon the
axiomatisation of MRSW locks: here, we opted for the weakest possible axioma-
tisation that does not order any concurrent reader lock operations and present
an MRSW lock implementation that achieves this.

Outline In §2 we present an overview of our contributions by describing our
reference implementations for both SI and RSI. In §3 we define the declarative
framework for specifying STM programs. In §4 we present the declarative SI
specification against which we demonstrate the soundness and completeness of
our SI implementations. In §5 we formulate a declarative specification for RSI
and demonstrate the soundness and completeness of our RSI implementations.
We discuss related and future work in §6.

2 Background and Main Ideas

As noted earlier, the key challenge in specifying STM transactions lies in ac-
counting for the interactions between mixed-mode accesses to the same data.
One simple approach is to treat each non-transactional access as a singleton
mini-transaction and to provide strong isolation [27,9], i.e. full isolation between
transactional and non-transactional code. This, however, requires instrumenting
non-transactional accesses to adhere to same access policies as transactional
ones (e.g. acquiring the necessary locks), which incurs a substantial performance
penalty for non-transactional code. A more practical approach is to enforce
isolation only amongst transactional accesses, an approach known as weak isola-
tion [27,9], adopted by the relaxed transactions of C++ [2].

As our focus is on STMs with SI guarantees, instrumenting non-transactional
accesses is not feasible. In particular, as we expect many more non-transactional
accesses than transactional ones, we do not want to incur any performance degra-
dation on non-transactional code when executed in parallel with transactional
code. As such, we opt for an STM with SI guarantees under weak isolation.
Under weak isolation, however, transactions with explicit abort instructions are
problematic as their intermediate state may be observed by non-transactional
code. As such, weakly isolated STMs (e.g. C++ relaxed transactions [2]) often
forbid explicit aborts altogether. Throughout our development we thus make
two simplifying assumptions: (1) transactions are not nested; and (2) there are
no explicit abort instructions, following the example of weakly isolated relaxed

3 A full version of this article is available at [31].
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Fig.1: Litmus tests illustrating transaction anomalies and their admissibility
under SI and RSI. In all tests, initially, x = y = z = 0. The /v annotation next
to a read records the value read.

transactions of C++. As we describe later in §2.3, it is straightforward to lift the
latter restriction (2) for our lazy implementations.

For non-transactional accesses, we naturally have to pick some consistency
model. For simplicity and uniformity, we pick the release/acquire (RA) subset of
the C++ memory model [6,23], a well-behaved platform-independent memory
model, whose compilation to x86 requires no memory fences.

Snapshot Isolation (SI) The initial model of SI in [7] is described informally
in terms of a multi-version concurrent algorithm as follows. A transaction T
proceeds by taking a snapshot S of the shared objects. The execution of T is then
carried out locally: read operations query S and write operations update S. Once
T completes its execution, it attempts to commit its changes and succeeds only if
it is not write-conflicted. Transaction T is write-conflicted if another committed
transaction T’ has written to a location also written to by T, since T recorded
its snapshot. If T fails the conflict check it aborts and may restart; otherwise,
it commits its changes, and its changes become visible to all other transactions
that take a snapshot thereafter.

To realise this, the shared state is represented as a series of multi-versioned
objects: each object is associated with a history of several versions at different
timestamps. In order to obtain a snapshot, a transaction T chooses a start-
timestamp to, and reads data from the committed state as of ¢y, ignoring updates
after tg. That is, updates committed after £y are invisible to T. In order to commit,
T chooses a commit-timestamp t. larger than any existing start- or commit-
timestamp. Transaction T is deemed write-conflicted if another transaction T’
has written to a location also written to by T and the commit-timestamp of T’ is
in the execution interval of T ([to, t.]).



2.1 Towards an SI Reference Implementation without Timestamps

While the SI description above is suitable for understanding SI, it is not useful
for integrating the ST model in a language such as C/C++ or Java. From a
programmer’s perspective, in such languages the various threads directly access
the uninstrumented (single-versioned) shared memory; they do not access their
own instrumented snapshot at a particular timestamp, which is loosely related
to the snapshots of other threads. Ideally, what we would therefore like is an
equivalent description of SI in terms of accesses to uninstrumented shared memory
and a synchronisation mechanism such as locks.

In what follows, we present our first lock-based reference implementation for
SI that does not rely on timestamps. To do this, we assume that the locations
accessed by a transaction can be statically determined. Specifically, we assume
that each transaction T is supplied with its read set, RS, and write set, WS,
containing those locations read and written by T, respectively (a static over-
approximation of these sets suffices for soundness.). As such, our first reference
implementation is prescient [19] in that it requires a priori knowledge of the
locations accessed by the transaction. Later in §2.3 we lift this assumption and
develop an SI reference implementation that is non-prescient and similarly does
not rely on timestamps.

Conceptually, a candidate implementation of transaction T would (1) obtain
a snapshot of the locations read by T; (2) lock those locations written by T; (3)
execute T locally; and (4) unlock the locations written. The snapshot is obtained
via snapshot (RS) in Fig. 3 where the values of locations in RS are recorded in a
local array s. The local execution of T is carried out by executing (T) in Fig. 3,
which is obtained from T by (i) modifying read operations to read locally from
the snapshot in s, and (ii) updating the snapshot after each write operation. Note
that the snapshot must be obtained atomically to reflect the memory state at a
particular instance (cf. start-timestamp). An obvious way to ensure the snapshot
atomicity is to lock the locations in the read set, obtain a snapshot, and unlock
the read set. However, as we must allow for two transactions reading from the
same location to execute in parallel, we opt for multiple-readers-single-writer
(MRSW) locks.

Let us now try to make this general pattern more precise. As a first attempt,
consider the implementation in Fig. 2a written in a simple while language, which
releases all the reader locks at the end of the snapshot phase before acquiring
any writer locks. This implementation is unsound as it admits the lost update
(LU) anomaly in Fig. 1 disallowed under SI [11]. To understand this, consider a
scheduling where T2 runs between lines 3 and 4 of T1 in Fig. 2a, which would
result in T1 having read a stale value. The problem is that the writer locks on WS
are acquired too late, allowing two conflicting transactions to run concurrently.
To address this, writer locks must be acquired early enough to pre-empt the
concurrent execution of write-write-conflicting transactions. Note that locks have
to be acquired early even for locations only written by a transaction to avoid
exhibiting a variant of the lost update anomaly (LU2).



1.for (x€RS) lock.r x |1.for (x€WS) lockw x; I. for (x €ERSUWS) lock.r x
2. snapshot (RS) ; 2. for (x €RS\WS) lock.r x |2. snapshot(RS);
3. for (x €RS) unlock.r x | 3. snapshot (RS) ; 3. for (x €RSUWS) {
4. for (x€WS) lockw x |4.for (x €RS\WS) unlock r x|4. if (x €WS) promote x
5.(T); 5.(T); 5. else unlockr x; }
6. for (x €WS) unlock w x | 6. for (x €WS) unlockw x |6.(T);

7.for (x €WS) unlock w x

(a) (b) (c)
Sound: X Sound: v/ Sound: v/
allows (LU), (LU2) Complete: X Complete: X
disallows (WS) disallows (WS2)

Fig. 2: Candidate SI implementations of transaction T given read/write sets RS,WS

As such, our second candidate implementation in Fig. 2b brings forward the
acquisition of writer locks. Whilst this implementation is sound (and disallows lost
update), it nevertheless disallows behaviours deemed valid under SI such as the
write skew anomaly (WS) in Fig. 1, and is thus incomplete. The problem is that
such early acquisition of writer locks not only pre-empts concurrent execution
of write-write-conflicting transactions, but also those of read-write-conflicting
transactions (e.g. WS) due to the exclusivity of writer locks.

To remedy this, in our third candidate implementation in Fig. 2c we first
acquire weaker reader locks on all locations in RS or WS, and later promote the
reader locks on WS to exclusive writer ones, while releasing the reader locks on
RS. The promotion of a reader lock signals its intent for exclusive ownership and
awaits the release of the lock by other readers before claiming it exclusively as
a writer. To avoid deadlocks, we further assume that RSUWS is ordered so that
locks are promoted in the same order by all threads.

Although this implementation is “more complete” than the previous one, it
is still incomplete as it disallows certain behaviour admitted by SI. In particular,
consider a variant of the write skew anomaly (WS2) depicted in Fig. 1, which is
admitted under SI, but not admitted by this implementation.

To understand why this is admitted by SI, recall the operational SI model
using timestamps.Let the domain of timestamps be that of natural numbers N.
The behaviour of (WS2) can be achieved by assigning the following execution
intervals for T1: [ty! =2, tT1=2]; T2: [t*=1,tT2=4]; and T3: [t;*=3, t72=3]. To see
why the implementation in Fig. 2¢ does not admit the behaviour in (WS2), let
us assume without loss of generality that x is ordered before y. Upon executing
lines 3-5, a) T1 promotes y; b) T2 promotes x and then c) releases the reader
lock on y; and d) T3 releases the reader lock on x. To admit the behaviour in
(WS2), the release of y in (¢) must occur before the promotion of y in (a) since
otherwise T2 cannot read 0 for y. Similarly, the release of x in (d) must occur
before its promotion in (b). On the other hand, since T3 is executed by the
same thread after T1, we know that (a) occurs before (d). This however leads to
circular execution: (b)—(c)—(a)—(d)—(b), which cannot be realised.



snapshot (RS) £ for (XERS) sy:=x
0. Ls:= 0; 2
1. for (XERSUWS) lock.r x snapshotpg; (RS) =
2. snapshot (RS) ; start: for (x €ERS) syx:=x
3. for (XGRS\WS) unlock.r x for (x €RS) {
4. for (x €WS) { if (sx!=x) goto start
5. if (can-promote x) LS.add(x) }
6. else {
7. for (x €LS) unlockw x g & aes
8. for (x €WS \ LS) unlockr x (a:=x) = a:=s.
13 ) goto line O } (x:=a) 2 x:=a; s;:=a
1. (T); (S1582) = (S1);(S2)
12. for (x €WS) unlock.w x

(while(e) S) £ while(e) (S)

.. and so on...

Fig. 3: SI implementation of transaction T given RS, WS; the code in blue ensures
deadlock avoidance. The RSI implementation (§5) is obtained by replacing
snapshot on line 2 with snapshotpg;.

To overcome this, in our final candidate execution in Fig. 3 (ignoring the code
in blue), after obtaining a snapshot, we first release the reader locks on RS, and
then promote the reader locks on WS, rather than simultaneously in one pass. As
we demonstrate in §4, the implementation in Fig. 3 is both sound and complete
against its declarative SI specification.

Avoiding Deadlocks As two distinct reader locks on x may simultaneously
attempt to promote their locks, promotion is done on a ‘first-come-first-served’
basis to avoid deadlocks. A call to can-promote x by reader r thus returns a
boolean denoting either (i) successful promotion (true); or (ii) failed promotion
as another reader 1’ is currently promoting a lock on x (false). In the latter case,
r must release its reader lock on x to ensure the successful promotion of x1 by r’
and thus avoid deadlocks. To this end, our implementation in Fig. 3 includes a
deadlock avoidance mechanism (code in blue) as follows. We record a list LS of
those locks on the write set that have been successfully promoted so far. When
promoting a lock on x succeeds (line 5), the LS is extended with x. On the other
hand, when promoting x fails (line 6), all those locks promoted so far (i.e. in
LS) as well as those yet to be promoted (i.e. in WS \LS) are released and the
transaction is restarted.

Remark 1. Note that the deadlock avoidance code in blue does not influence
the correctness of the implementation in Fig. 3, and is merely included to make
the reference implementation more realistic. In particular, the implementation
without the deadlock avoidance code is both sound and complete against the SI
specification, provided that the conditional can-promote call on line 5 is replaced
by the blocking promote call.



Avoiding Over-Synchronisation due to MRSW Locks Consider the store
buffering program (SBT) shown in Fig. 1. If, for a moment, we ignore transac-
tional accesses, our underlying memory model (RA)—as well as all other weak
memory models—allows the annotated weak behaviour. Intuitively, placing the
two transactions that only read z in (SBT) should still allow the weak behaviour
since the two transactions do not need to synchronise in any way. Neverthe-
less, most MRSW lock implementations forbid this outcome because they use
a single global counter to track the number of readers that have acquired the
lock, which inadvertently also synchronises the readers with one another. As a
result, the two read-only transactions act as memory fences forbidding the weak
outcome of (SBT). To avoid such synchronisation, in the technical appendix [31]
(Appendix A) we provide a different MRSW implementation using a separate
location for each thread so that reader lock acquisitions do not synchronise.

To keep the presentation simple, we henceforth assume an abstract speci-
fication of a MRSW lock library providing operations for acquiring/releasing
reader /writer locks, as well as promoting reader locks to writer ones. We require
that (1) calls to writer locks (to acquire, release or promote) synchronise with
all other calls to the lock library; and (2) writer locks provide mutual exclusion
while held. We formalise these notions in §4. These requirements do not restrict
synchronisation between two read lock calls: two read lock calls may or may
not synchronise. Synchronisation between read lock calls is relevant only for the
completeness of our RST implementation (handling mixed-mode code); for that
result, we further require that (3) read lock calls not synchronise.

2.2 Handling Racy Mixed-Mode Accesses

Let us consider what happens when data accessed by a transaction is modified
concurrently by an uninstrumented atomic non-transactional write. Since such
writes do not acquire any locks, the snapshots taken may include values written by
non-transactional accesses. The result of the snapshot then depends on the order
in which the variables are read. Consider the (MPT) example in Fig. 1. In our
implementation, if in the snapshot phase y is read before x, then the annotated
weak behaviour is not possible because the underlying model (RA) disallows
this weak “message passing” behaviour. If, however, x is read before y, then the
weak behaviour is possible. In essence, this means that the SI implementation
described so far is of little use when there are races between transactional and
non-transactional code. Technically, our SI implementation violates monotonicity
with respect to wrapping code inside a transaction. The weak behaviour of the
(MPT) example is disallowed by RA if we remove the transaction block T2, and
yet it is exhibited by our SI implementation with the transaction block.

To get monotonicity under RA, it suffices for the snapshots to read the
variables in the same order they are accessed by the transactions. Since a static
calculation of this order is not always possible, following [30], we achieve this
by reading each variable twice. In more detail, our snapshotygg; implementation
in Fig. 3 takes two snapshots of the locations read by the transaction, and
checks that they both return the same values for each location. This ensures



that every location is read both before and after every other location in the
transaction, and hence all the high-level happens-before orderings in executions
of the transactional program are also respected by its implementation. As we
demonstrate in §5, our RSI implementation is both sound and complete against
our proposed declarative semantics for RSI. There is however one caveat: since
equality of values is used to determine whether the two snapshots agree, we
will miss cases where different non-transactional writes to a location write the
same value. In our formal development (see §5), we thus assume that if multiple
non-transactional writes write the same value to the same location, they cannot
race with the same transaction. Note that this assumption cannot be lifted
without instrumenting non-transactional writes, and thus impeding performance
substantially. That is, to lift this restriction we must instead replace every
non-transactional write x:=v with lock.w x; x:=v; unlock_w x.

2.3 Non-Prescient Reference Implementations without Timestamps

Recall that the SI and RSI implementations in §2.1 are prescient in that they
require knowledge of the read and write sets of transactions beforehand. In what
follows we present alternative SI and RSI implementations that are non-prescient.

Non-Prescient SI Reference Implementation In Fig. 4 we present a lazy
lock-based reference implementation for SI. This implementation is non-prescient
and does not require a priori knowledge of the read set RS and the write set WS.
Rather, the RS and WS are computed on the fly as the execution of the transaction
unfolds. As with the SI implementation in Fig. 3, this implementation does not
rely on timestamps and uses MRSW locks to synchronise concurrent accesses
to shared data. As before, the implementation consults a local snapshot at s
for read operations. However, unlike the eager implementation in Fig. 3 where
transactional writes are performed in-place, the implementation in Fig. 4 is lazy
in that it logs the writes in the local array s and propagates them to memory at
commit time, as we describe shortly.

Ignoring the code in blue, the implementation in Fig. 4 proceeds with initial-
ising RS and WS with () (line 1); it then populates the local snapshot array at s
with initial value L for each location x (line 2). It then executes (T) which is
obtained from T as follows. For each read operation a:=x in T, first the value
of s[x] is inspected to ensure it contains a snapshot of x. If this is not the case
(i.e. x € RS UWS), a reader lock on x is acquired, a snapshot of x is recorded
in s[x], and the read set RS is extended with x. The snapshot value in s[x] is
subsequently returned in a. Analogously, for each write operation x:=a, the WS
is extended with x, and the written value is lazily logged in s[x]. Recall from
our candidate executions in Fig. 2 that to ensure implementation correctness, for
each written location x, the implementation must first acquire a reader lock on x,
and subsequently promote it to a writer lock. As such, for each write operation
in T, the implementation first checks if a reader lock for x has been acquired (i.e.
x € RS UWS) and obtains one if this is not the case.



0. LS:=0; (a:=x) £if (x ZRSUWS) {

1. RS:=@; WS:=0; lock.r x; RS.add(x);
2. for (x€Locs) slx]:=1 s[x]:=x;

i gTD;( RS\WS) unlock )

. for (xe unlock r x = .

5. for (xews) { a:=slxl;

6. if (c?n—promote x) LS.add(x) (x:=a) £ if (xRSUWS) lock.r x;
7. else . U
8. for (x €LS) unlockw x WS.add(x); slx]:=a;
9. for (x €WS\LS) unlock.r x S1:So) 2 (55D (S
10. goto line O } (513.52) = (51D (52)
1. for (x€WS) x:=s[x] (while(e) S) £ while(e) (9)
12. for (x €WS) unlock w x

..and so on...

Fig. 4: Non-prescient SI implementation of transaction T with RS and WS computed
on the fly; the code in blue ensures deadlock avoidance.

Once the execution of (T is completed, the implementation proceeds to
commit the transaction. To this end, the reader locks on RS are released (line
4), reader locks on WS are promoted to writer ones (line 6), the writes logged
in s are propagated to memory (line 11), and finally the writer locks on WS are
released (line 12). As we demonstrate later in §4, the implementation in Fig. 4 is
both sound and complete against the declarative SI specification.

Note that the implementation in Fig. 4 is optimistic in that it logs the writes
performed by the transaction in the local array s and propagates them to memory
at commit time, rather than performing the writes in-place as with its pessimistic
counterpart in Fig. 3. As before, the code in blue ensures deadlock avoidance and
is identical to its counterpart in Fig. 3. As before, this deadlock avoidance code
does not influence the correctness of the implementation and is merely included
to make the reference implementation more practical.

Non-Prescient RSI Reference Implementation In Fig. 5 we present a lazy
lock-based reference implementation for RSI. As with its SI counterpart, this
implementation is non-prescient and computes the RS and WS on the fly. As
before, the implementation does not rely on timestamps and uses MRSW locks
to synchronise concurrent accesses to shared data. Similarly, the implementation
consults the local snapshot at s for read operations, whilst logging write operations
lazily in a write sequence at wseq, as we describe shortly.

Recall from the RSI implementation in §2.1 that to ensure snapshot validity,
each location is read twice to preclude intermediate non-transactional writes. As
such, when writing to a location x, the initial value read (recorded in s) must
not be overwritten by the transaction to allow for subsequent validation of the
snapshot. To this end, for each location x, the snapshot array s contains a pair
of values, (r,c), where r denotes the snapshot value (initial value read), and ¢
denotes the current value which may have overwritten the snapshot value.

Recall that under weak isolation, the intermediate values written by a trans-
action may be observed by non-transactional reads. For instance, given the



0. LS:=0;

1. RS:=0; WS:=0; wseq:=[1; (a:=x) £ if (xZRSUWS) {

_; Eo[)r (x€Locs) slx]:=(L,1) lock.r x; RS.add(x);
3. (T); = .= )
4. for (x€RS) {(r,-):=slx]; T X"_S[X]'_ (r',_r)i
5. if (x!=r) { /read x again b (=,0)=slx]; ai=c;
El égio(xleirlfes%w}s)} unlock.r x (x:=a) £ if (xZRSUWS) lockr x
8. for (x €RS\WS) unlock.r x WS.add(x);

9. for (xews) { (r,-):=slx];slxl:=(r,a);
}(l) i{ (c?n—promote x) LS.add(x) wseq:=wseq++[(x,a)];

. else
12. for (x€LS) unlock.w x (S1;S2) £ (S1);(S2)
13. for (x€WS\LS) unlock.r x o
14. goto line 0 } } (vhile(e) S) = while(e) (S)
15. for ((x,v) Ewseq) x:=V d
16. for (x€WS) unlockw x -+ and soot...

Fig.5: Non-prescient RSI implementation of transaction T with RS and WS com-
puted on the fly; the code in blue ensures deadlock avoidance.

T: [z := 1;2 := 2 || a :=  program, the non-transactional read a := z, may read
either 1 or 2 for x. As such, at commit time, it is not sufficient solely to propagate
the last written value (in program order) to each location (e.g. to propagate
only the x := 2 write in the example above). Rather, to ensure implementation
completeness, one must propagate all written values to memory, in the order
they appear in the transaction body. To this end, we track the values written by
the transaction as a (FIFO) write sequence at location wseq, containing items of
the form (z,v), denoting the location written (x) and the associated value (v).

Ignoring the code in blue, the implementation in Fig. 5 initialises RS and WS
with (), initialises wseq as an empty sequence [] (line 1), and populates the local
snapshot array s with initial value (L, L) for each location x (line 2). It then
executes (T), obtained from T in an analogous manner to that in Fig. 4. For every
read a:=x in (T), the current value recorded for x in s (namely ¢ when s[x]
holds (-,c)) is returned in a. Dually, for every write x:=a in (T), the current
value recorded for x in s is updated to a, and the write is logged in the write
sequence wseq by appending (x,a) to it.

Upon completion of (T), the snapshot in s is validated (lines 4-7). Each
location x in RS is thus read again and its value is compared against the snapshot
value in s[x]. If validation fails (line 5), the locks acquired are released (line 6)
and the transaction is restarted (line 7).

If validation succeeds, the transaction is committed: the reader locks on RS
are released (line 8), the reader locks on WS are promoted (line 10), the writes in
wseq are propagated to memory in FIFO order (line 15), and finally the writer
locks on WS are released (line 16).

As we show in §5, the implementation in Fig. 5 is both sound and complete
against our proposed declarative specification for RSI. As before, the code in blue
ensures deadlock avoidance; it does not influence the implementation correctness
and is merely included to make the implementation more practical.



Supporting Explicit Abort Instructions It is straightforward to extend
the lazy implementations in Fig. 4 and Fig. 5 to handle transactions containing
explicit abort instructions. More concretely, as the effects (writes) of a transaction
are logged locally and are not propagated to memory until commit time, upon
reaching an abort in (7)) no roll-back is necessary, and one can simply release
the locks acquired so far and return. That is, one can extend (.) in Fig. 4 and
Fig. 5, and define (abort|) = for (x €RSUWS) unlock r x; return.

3 A Declarative Framework for STM

We present the notational conventions used in the remainder of this article, and
describe a general framework for declarative concurrency models. Later in this
article, we present SI, its extension with non-transactional accesses, and their
lock-based implementations as instances of this general definition.

Notation Given a relation r on a set A, we write r’, rt and r* for the
reflexive, transitive and reflexive-transitive closure of r, respectively. We write
r=! for the inverse of r; r|4 for rN (A x A); [A] for the identity relation on A,
ie. {(a,a)|a € A};irreflexive(r) for Ba. (a,a) € r; and acyclic(r) for irreflexive(r™).
Given two relations r; and ry, we write ry; ro for their (left) relational composition,
ie. {(a,b) ‘ Je. (a,c) € 11 A (e, b) € rap}. Lastly, when r is a strict partial order, we
write flimm for the immediate edges in r: {(a,b) € r| fe. (a,¢) € r A (c,b) €1}

Assume finite sets of locations Loc; values VAL; thread identifiers TIp, and
transaction identifiers TXID. We use z, y, z to range over locations, v over values,
7 over thread identifiers, and £ over transaction identifiers.

Definition 1 (Events). An event is a tuple (n,7,£,1), where n € N is an event
identifier, 7 € TID W {0} is a thread identifier (0 is used for initialisation events),
¢ € TXIpW{0} is a transaction identifier (0 is used for non-transactional events),
and | is an event label that takes one of the following forms:

— A memory access label: R(xz,v) for reads; W(x,v) for writes; and U(z, v, vy)
for updates.

— A lock label: RL(x) for reader lock acquisition; RU(z) for reader lock release;
WL(x) for writer lock acquisition; WU(z) for writer lock release; and PL(x)
for reader to writer lock promotion.

We typically use a, b, and e to range over events. The functions tid, tx, lab,
typ, loc, val, and val, respectively project the thread identifier, transaction
identifier, label, type (in {R7 W,U,RL,RU, WL, WU, PL}), location, and read/written
values of an event, where applicable. We assume only reads and writes are used
in transactions (tx(a) #0 = typ(a) € {R,W}).

Given a relation r on events, we write ri. for {(a,b) € r|loc(a) = loc(b)}.
Analogously, given a set A of events, we write A, for {a € A ‘ loc(a)=x}.

Definition 2 (Execution graphs). An execution graph, G, is a tuple of the
form (E, po,rf, mo, lo), where:



— F is a set of events, assumed to contain a set Eq of initialisation events,
consisting of a write event with label W(x,0) for every x € Loc. The sets of
read events in E is denoted by R = {e € E ‘ typ(e) € {R,U}}; write events
by W = {e cF ‘ typ(e) € {W, U}}; update events by U £ RNW; and lock
events by L £ {e € E‘typ(e) € {RL,RU, WL, WU, PL}}, The sets of reader
lock acquisition and release events, RL and RU, writer lock acquisition and
release events, WL and WU, and lock promotion events PL are defined
analogously. The set of transactional events in E is denoted by T (T £
{e el ‘ tx(e) # 0}); and the set of non-transactional events is denoted by
NT (NT 2 E\T).

— po C E X FE denotes the ‘program-order’ relation, defined as a disjoint union
of strict total orders, each ordering the events of one thread, together with
Eo x (E\ Eg) that places the initialisation events before any other event. We
assume that events belonging to the same transaction are ordered by po, and
that any other event po-between them also belongs to the same transaction.

— rf CW X R denotes the ‘reads-from’ relation, defined between write and read
events of the same location with matching read and written values; it is total
and functional on reads, i.e. every read is related to exactly one write.

- C W x W denotes the ‘modification-order’ relation, defined as a disjoint
union of strict total orders, each ordering the write events on one location.

— lo C L x L denotes the ‘lock-order’ relation, defined as a disjoint union of
strict orders, each of which (partially) ordering the lock events to one location.

In the context of an execution graph G=(E, po, rf, mo, lo)—we often use “G.”
as a prefix to make this explicit—the ‘same-transaction’ relation, st € T x T, is
the equivalence relation given by st £ {(a,b) € T x T | tx(a) = tx(b)}. Given a
relation r C E x E, we write rt for lifting r to transaction classes: rr £ st; (r\st); st.
For instance, when (w,r) € rf, w is a transaction &; event and r is a transaction
&5 event, then all all events in & are rfr-related to all events in £;. Analogously,
we write ry to restrict r to its intra-transactional edges (within a transaction):
rf £ r N st; and write rg to restrict r to its extra-transactional edges (outside a
transaction): rg = r\ st. Lastly, the ‘reads-before’ relation is defined by rb £
(rf=1;mo) \ [E]. Intuitively, rb relates a read r to all writes w that are mo-after
the write r reads from; i.e. when (w’,r) € rf and (w’,w) € mo, then (r,w) € rb.
In the transactional literature, this is known as the anti-dependency relation [4,3].

Execution graphs of a given program represent traces of shared memory
accesses generated by the program. The set of execution graphs associated with
programs written in our while language can be straightforwardly defined by
induction over the structure of programs as in e.g. [35]. Each execution of a
program P has a particular program outcome, prescribing the final values of local
variables in each thread. In this initial stage, the execution outcomes are almost
unrestricted as there are very few constraints on the rf, and lo relations. Such
restrictions and thus the permitted outcomes of a program are determined by
defining the set of consistent executions, which is defined separately for each
model we consider. Given a program P and a model M, the set outcomesy, (P)
collects the outcomes of every M-consistent execution of P.



4 Snapshot Isolation (SI)

We present a declarative specification of SI and demonstrate that the SI imple-
mentations presented in Fig. 3 and Fig. 4 are both sound and complete with
respect to the SI specification.

In [11] Cerone and Gotsman developed a declarative specification for SI using
dependency graphs [4,3]. Below we adapt their specification to the notation of §3.
As with [11], throughout this section, we take SI execution graphs to be those in
which E =T C (RUW)\U. That is, the SI model handles transactional code
only, consisting solely of read and write events (excluding updates).

Definition 3 (SI consistency [11]). An ST exzecution G = (E, po,rf, mo,lo) is
SI-consistent if the following conditions hold:

— rffUmor Urbr C po (INT)
— acyclic((poT Urfru T); I’bT?) (EXT)

Informally, (INT) ensures the consistency of each transaction internally, while
(EXT) provides the synchronisation guarantees among transactions. In particular,
we note that the two conditions together ensure that if two read events in the same
transaction read from the same location x, and no write to x is po-between them,
then they must read from the same write (known as ‘internal read consistency’).

Next, we provide an alternative formulation of SI-consistency which will serve
as the basis of our extension with non-transactional accesses in §5. In the technical
appendix [31] we prove that the two formulations are equivalent.

Proposition 1. An SI execution G = (E, po,rf, mo,lo) is Sl-consistent if and
only if INT holds and the ‘SI-happens-before’ relation si-hb = (pot U rft U moT U
si-rb) T is irreflerive, where si-rb = [Rg]; rbr; W] and Re £ {r | Jw. (w,r) € rfg}.

Proof. The full proof is given in the thechnical appendix [31] (see Prop. 2 in
Appendix B).

Intuitively, SI-happens-before orders events of different transactions; this
order is due to either the program order (pot), or synchronisation enforced by the
implementation (rf+ U mot Usi-rb). By contrast, events of the same transaction
are unordered, as the implementation may well execute them in a different order
(in particular, by taking a snapshot, it executes external reads before the writes).

In more detail, the rft corresponds to transactional synchronisation due to
causality, i.e. when one transaction T observes an effect of an earlier transaction
Ty. The inclusion of rft ensures that To cannot read from T; without observing
its entire effect. This in turn ensures that transactions exhibit ‘all-or-nothing’
behaviour: they cannot mix-and-match the values they read. For instance, if Ty
writes to both x and y, transaction T may not read x from T; but read y from
an earlier (in ‘happens-before’ order) transaction Tp.

The mot corresponds to transactional synchronisation due to write-write
conflicts. Its inclusion enforces write-conflict-freedom of SI transactions: if T; and



To both write to x via events w; and ws such that (wy,wy) € , then T1 must
commit before Ty, and thus its entire effect must be visible to Ts.

To understand si-rb, first note that Re denotes the external transactional
reads (i.e. those reading a value written by another transaction). That is, the
Re are the read events that get their values from the transactional snapshot
phases. By contrast, internal reads (those reading a value written by the same
transaction) happen only after the snapshot is taken. Now let there be an rbt
edge between two transactions, T; and To. This means there exist a read event r
of T; and a write event w of Ty such that (r,w) € rb; i.e. there exists w’ such that
(w',r) € rf and (w’,w) € mo. If r reads internally (i.e. w’ is an event in Ty ), then
T, and Ty are conflicting transactions and as accounted by mot described above,
all events of T; happen before those of Ty. Now, let us consider the case when
r reads externally (w’ is not in Ty). From the timestamped model of SI, there
exists a start-timestamp tgl as of which the Ty snapshot (all its external reads
including r) is recorded. Similarly, there exists a commit-timestamp ¢22 as of
which the updates of T (including w) are committed. Moreover, since (r,w) € rb
we know #)' < t%2 (otherwise 7 must read the value written by w and not w').
That is, we know all events in the snapshot of Ty (i.e. all external reads in Ty)
happen before all writes of Ty.*

We use the declarative framework in §3 to formalise the semantics of our
implementation. Here, our programs include only non-transactional code, and thus
implementation execution graphs are taken as those in which 7 = (). Furthermore,
we assume that locks in implementation programs are used in a well-formed
manner: the sequence of lock events for each location, in each thread (following
po), should match (a prefix of) the regular expression (RL-RU | WL-WU | RL-PL-WU)*.
For instance, a thread never releases a lock, without having acquired it earlier in
the program. As a consistency predicate on execution graphs, we use the C11
release/acquire consistency augmented with certain constraints on lock events.

Definition 4. An implementation execution graph G = (E,po,rf, mo,lo) is
RA-consistent if the following hold, where hb £ (po U rf U lo)T™ denotes the
‘RA-happens-before’ relation:

— Vz.¥Ya € WL,UWU,UPL,,bE L. a=0bV(a,b) €loV(ba) € lo (WSYNC

)
— WLUPL] (lo\ po); [£] € po; [WU]; lo (WEX)
[RL]; (lo\ po); WL UPL] C po; [RUUPLJ; lo (RSHARE)
)
)

acyclic(hbj,. U U rb) (Acyc

The (WSYNC) states that write lock calls (to acquire, release or promote
synchronise with all other calls to the same lock.

The next two constraints ensure the ‘single-writer-multiple-readers’ paradigm.
In particular, (WEX) states that write locks provide mutual exclusion while held:
any lock event [ of thread 7 lo-after a write lock acquisition or promotion event
" of another thread 7/, is lo-after a subsequent write lock release event u of 7/
(i.e. (I',u) € po and (u,!) € lo). As such, the lock cannot be acquired (in read or
write mode) by another thread until it has been released by its current owner.

4 By taking rbt instead of si-rb in Prop. 1 one obtains a characterisation of serialisability.



The (RSHARE) analogously states that once a thread acquires a lock in read
mode, the lock cannot be acquired in write mode by other threads until it has
either been released, or promoted to a writer lock (and subsequently released) by
its owner. Note that this does not preclude other threads from simultaneously
acquiring the lock in read mode. In the technical appendix [31] we present two
MRSW lock implementations that satisfy the conditions outlined above.

The last constraint (Acyc) is that of C11 RA consistency [23], with the hb
relation extended with lo.

Remark 2. Our choice of implementing the ST STMs on top of the RA fragment is
purely for presentational convenience. Indeed, it is easy to observe that execution
graphs of (P) are data race free, and thus, Acyc could be replaced by any
condition that implies V. ([W,]; (po U lo)™; [W.]; (poUlo)T; [R,]) Nrf =0 and
that is implied by acyclic(poUrf UloUmoUrb). In particular, the C11 non-atomic
accesses or sequentially consistent accesses may be used.

We next show that our SI implementations in Fig. 3 and Fig. 4 are sound and
complete with respect to the declarative specification given above. The proofs
are non-trivial and the full proofs are given in the technical appendix [31].

Theorem 1 (Soundness and completeness). Let P be a transactional pro-
gram; let (P)y denote its eager implementation as given in Fig. 3 and (P),, denote
its lazy implementation as given in Fig. 4. Then:

outcomesgy(P) = outcomesga ((P)r) = outcomesga ((P)r)

Proof. The full proofs for both implementations is given in the technical ap-
pendix [31] (Appendix C and Appendix D, respectively).

Stronger MRSW Locks As noted in §2, for both (prescient and non-prescient)
SI implementations our soundness and completeness proofs show that the same
result holds for a stronger lock specification, in which reader locks synchronise as
well. Formally, this specification is obtained by adding the following to Def. 4:

- V. Va,be RL,URU,. a=DbV (a,b) € loV (b,a) € lo (RSYNC)

Soundness of this stronger specification (outcomesga ((P)x) C outcomesg;(P) for
x € {E,L}) follows immediately from Thm. 1. Completeness (outcomesgi(P) C
outcomesga ((P)x) for x € {E, L}), however, is more subtle, as we need to addi-
tionally satisfy (RSYNC) when constructing lo. While we can do so for SI, it is
essential for the completeness of our RSI implementations that reader locks not
synchronise, as shown by (SBT) in §2.

In the technical appendix [31] we present two MRSW lock implementations
(see Appendix A). Both implementations are sound against the lo conditions in
Def. 4. Additionally, the first implementation is complete against the conditions
of Def. 4 augmented with (RSYNC), whilst the second is complete against the
conditions of Def. 4 alone.
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5 Robust Snapshot Isolation (RSI)

We explore the semantics of SI STMs in the presence of non-transactional code
with weak isolation guarantees (see §2). We refer to this model as robust snapshot
isolation (RSI), due to its ability to provide SI guarantees between transactions
even in the presence of non-transactional code. We propose the first declarative
specification of RSI programs and develop two lock-based reference implementa-
tions that are both sound and complete against our proposed specification.

A Declarative Specification of RSI STMs We formulate a declarative
specification of RSI semantics by adapting the SI semantics in Prop. 1 to account
for non-transactional accesses. To specify the abstract behaviour of RSI programs,
RSI execution graphs are taken to be those in which £ = @. Moreover, as with SI
graphs, RSI execution graphs are those in which 7 C (R UW) \ Y. That is, RSI
transactions comprise solely read and write events, excluding updates.

Definition 5 (RSI consistency). An execution G = (E, po, rf,mo,lo) is RSI-
consistent iff INT holds and acyclic(rsi-hby,, U mo U rb), where rsi-hb = (rsi-po U
rsi-rf U mot U si-rb)T is the ‘RSI-happens-before’ relation, with rsi-po £ (po \
por) U [W]; por; W] and rsi-rf £ (rf; [INT]) U (IN'T]; rf; st) U rfr U (mos rf) .

As with ST and RA, we characterise the set of executions admitted by RSI
as graphs that lack cycles of certain shapes. To account for non-transactional
accesses, similar to RA, we require rsi-hb,. U U rb to be acyclic (recall that
rsi-hbioe £ {(a,b) € rsi-hb ‘ loc(a) = loc(b)}). The RSI-happens-before relation
rsi-hb includes both the synchronisation edges enforced by the transactional
implementation (as in si-hb), and those due to non-transactional accesses (as in
hb of the RA consistency). The rsi-hb relation itself is rather similar to si-hb. In
particular, the mot and si-rb subparts can be justified as in si-hb; the difference
between the two lies in rsi-po and rsi-rf.

To justify rsi-po, recall from §4 that si-hb includes pot. The rsi-po is indeed
a strengthening of pot to account for non-transactional events: it additionally
includes (i) po to and from non-transactional events; and (ii) po between two
write events in a transaction. We believe (i) comes as no surprise to the reader;



for (ii), consider the execution graph in Fig. 6a, where transaction T is denoted by
the dashed box labelled T, comprising the write events w; and wy. Removing the
T block (with w; and ws as non-transactional writes), this execution is deemed
inconsistent, as this weak “message passing” behaviour is disallowed in the RA
model. We argue that the analogous transactional behaviour in Fig. 6a must
be similarly disallowed to maintain monotonicity with respect to wrapping non-
transactional code in a transaction (see Thm. 3). As in SI, we cannot include the
entire po in rsi-hb because the write-read order in transactions is not preserved
by the implementation.

Similarly, rsi-rf is a strengthening of rft to account for non-transactional
events: in the absence of non-transactional events rsi-rf reduces to rft+ U (mo;rf)t
which is contained in si-hb. The rf; [NT] part is required to preserve the ‘happens-
before’ relation for non-transactional code. That is, as rf is included in the hb
relation of underlying memory model (RA), it is also included in rsi-hb.

The [NT];rf;st part asserts that in an execution where a read event r of
transaction T reads from a non-transactional write w, the snapshot of T reads
from w and so all events of T happen after w. Thus, in Fig. 6b, r’ cannot read
from the overwritten initialisation write to y.

For the (moj;rf)t part, consider the execution graph in Fig. 6¢ where there is
a write event w of transaction T; and a read event r of transaction Ty such that
(w,r) € mo;rf. Then, transaction Ty must acquire the read lock of loc(w) after
T, releases the writer lock, which in turn means that every event of Ty happens
before every event of Ts.

Remark 3. Recall that our choice of modelling SI and RSI STMs in the RA
fragment is purely for presentational convenience (see Remark 2). Had we chosen
a different model, the RSI consistency definition (Def. 5) would largely remain

unchanged, with the exception of rsi-rf £ (sw; [N'T]) U ([N'T];sw;st) U rfr U
(mo; rf)T, where in the highlighted changes the rf relation is replaced with sw,

denoting the ‘synchronises-with’ relation. As in the RA model sw £ rf, we have
inlined this in Def. 5.

SI and RSI Consistency We next demonstrate that in the absence of
non-transactional code, the definitions of Sl-consistency (Prop. 1) and RSI-
consistency (Def. 5) coincide. That is, for all executions G, if GNT = (), then
G is Sl-consistent if and only if G is RSI-consistent. This is captured in the
following theorem with its full proof given in the technical appendix [31].

Theorem 2. For all executions G, if GNT =, then:
G is Sl-consistent <= G is RSI-consistent

Proof. The full proof is given in the technical appendix [31] (see Thm. 5 in
Appendix B).

Note that the above theorem implies that for all transactional programs P, if
P contains no non-transactional accesses, then outcomesg;(P) = outcomesgg(P).



RSI Monotonicity = We next prove the monotonicity of RSI when wrap-
ping non-transactional events into a transaction. That is, wrapping a block of
non-transactional code inside a new transaction does not introduce additional be-
haviours. More concretely, given a program P, when a block of non-transactional
code in P is wrapped inside a new transaction to obtain a new program Pr, then
outcomesggsi(Pr) C outcomesgsi(P). This is captured in the theorem below, with
its full proof given in the technical appendix [31].

Theorem 3 (Monotonicity). Let Pr and P be RSI programs such that Pr is
obtained from P by wrapping a block of non-transactional code inside a new
transaction. Then:

outcomesggsy(Pr) C outcomesgg(P)

Proof. The full proof is given in the technical appendix [31] (see Thm. 6 in
Appendix B).

Lastly, we show that our RSI implementations in §2 (Fig. 3 and Fig. 5) are
sound and complete with respect to Def. 5. This is captured in the theorem below.
The soundness and completeness proofs are non-trivial; the full proofs are given
in the technical appendix [31].

Theorem 4 (Soundness and completeness). Let P be a program that possi-
bly mizes transactional and non-transactional code. Let (P)g denote its eager RSI
implementation as given in Fig. 3 and (P)), denote its lazy RSI implementation
as gwen in Fig. 5.

If for every location x and value v, every RSI-consistent execution of P
contains either (i) at most one non-transactional write of v to x; or (i) all
non-transactional writes of v to x are happens-before-ordered with respect to all
transactions accessing x, then:

outcomesggy(P) = outcomesga ((P)g) = outcomesga ((P)r)

Proof. The full proofs for both implementations is given in the technical ap-
pendix [31] (Appendix E and Appendix F, respectively).

6 Related and Future Work

Much work has been done in formalising the semantics of weakly consistent
database transactions [7,34,3,4,10,12,11,13,14,18], both operationally and declar-
atively. On the operational side, Berenson et al. [7] gave an operational model of
ST as a multi-version concurrent algorithm. Later, Sovran et al. [34] described
and operationally defined the parallel snapshot isolation model (PSI), as a close
relative of SI with weaker guarantees.

On the declarative side, Adya et al. [3,4] introduced dependency graphs (similar
to execution graphs of our framework in §3) for specifying transactional semantics
and formalised several ANSI isolation levels. Cerone et al. [10,12] introduced



abstract executions and formalised several isolation levels including SI and PSI.
Later in [11], they used dependency graphs of Adya to develop equivalent SI
and PSI semantics; recently in [13], they provided a set of algebraic laws for
connecting these two declarative styles.

To facilitate client-side reasoning about the behaviour of database transac-
tions, Gotsman et al. [18] developed a proof rule for proving invariants of client
applications under a number of consistency models.

Recently, Kaki et al. [21] developed a program logic to reason about transac-
tions under ANSI SQL isolation levels (including SI). To do this, they formulated
an operational model of such programs (parametric in the isolation level). They
then proved the soundness of their logic with respect to their proposed operational
model. However, the authors did not establish the soundness or completeness
of their operational model against existing formal semantics, e.g. [11]. The lack
of the completeness result means that their proposed operational model may
exclude behaviours deemed valid by the corresponding declarative models. This
is a particular limitation as possibly many valid behaviours cannot be shown
correct using the logic and is thus detrimental to its usability.

By contrast, the semantics of transactions in the STM setting with mixed-
mode (both transactional and non-transactional) accesses is under-explored on
both operational and declarative sides. Recently, Dongol at al. [17] applied
execution graphs [5] to specify the behaviour of serialisable STM programs under
weak memory models. Raad et al. [30] formalised the semantics of PSI STMs
both declaratively (using execution graphs) and operationally (as lock-based
reference implementations). Neither work, however, handles the semantics of SI
STMs under weaker isolation guarantees.

Finally, Khyzha et al. [22] formalise the sufficient conditions on STMs and
the programs running on them that together ensure strong isolation. That is,
non-transactional accesses can be viewed as singleton transactions (transactions
containing single instructions). However, their conditions require serialisability
for fully transactional programs, and as such, RSI transactions do not meet
their conditions. Nevertheless, we conjecture that a DRF guarantee for strong
atomicity, similar to the one in [22], may be established for RSI. That is, if all
executions of a given fully transactional program have no races between singleton
and non-singleton transactions, then it is safe to replace all singleton transactions
by non-transactional accesses.

In the future, we plan to build on the work presented here by developing
reasoning techniques that would allow us to verify properties of STM programs.
This can be achieved by either extending existing program logics for weak memory,
or developing new ones for currently unsupported models. In particular, we can
reason about the SI models presented here by developing custom proof rules in
the existing program logics for RA such as [24,35].
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A MRSW Lock Implementations

We consider two different MRSW library implementations, both satisfying the lock
synchronisation guarantees required by Def. 4. As we demonstrate shortly, our
first implementation (Appendix A.1) offers additional synchronisation guarantees
by ensuring that any two calls to the library (including those of read locks)
synchronise. That is, our first implementation satisfies the (RSYNC) axiom on
page 16. By contrast, the synchronisation guarantees of our second implementation
(Appendix A.2) are exactly those required by Def. 4, where a library call to a
write lock synchronises with all other lock library calls. As we discussed earlier
in §2, whilst both library implementations can be used in our S/ implementation,
only the weaker (second) implementation can be used in our RSI implementation.

A.1 Fully Synchronising MRSW Lock Implementation

Our first MRSW lock library is implemented in the RA fragment of C11 [23], and
is given in Fig. 7. In this implementation, the lock associated with each location
x resides at location x+1, written x1. The state of a lock x1 is represented by an
integer value. A lock x1 may hold either:

i) value 0, denoting that the lock is free (not held in read or write mode); or
ii) value 1, denoting that the lock is held (exclusively) in write mode; or
iii) an even value 2n with n > 0, denoting that the lock is held in (shared) read
mode by n readers; or
iv) an odd value 2n+1 with n > 0, denoting that the lock is currently being
promoted, awaiting the release of n readers.

As such, the implementation of lock_w x simply spins until it can atomically
update (via CAS) the value of x1 from zero (free) to one (acquired in write
mode). The CAS(x1, v,v’) denotes the atomic ‘compare-and-set’ operation,
where either x1 currently holds value v in which case it is atomically updated
to v’ and true is returned; or x1 currently holds a value other than v in which
case it is left unchanged and false is returned. Dually, the implementation of
unlock w x simply releases the write lock by atomically assigning x1 to zero.

The implementation of can-promote x is more involved. As multiple readers
may attempt to promote their reader locks simultaneously, promotion is granted
on a ‘first-come-first-served’ bases. As such, the implementation of can-promote
x first reads the value of x1. If x1 holds an odd value, then another reader is
currently promoting x1 and thus promotion of x1 fails by returning false. On the
other hand, if x1 holds an even value, then its value is atomically decremented
(to an odd value) to signal the intention to promote. The implementation then
proceeds by spinning until all other readers have released their locks on x (i.e. x1
== 1), at which point true is returned to denote the successful acquisition of x
in write mode. Note that once a reader has signalled its intention to promote x
(by decrementing x1 to an odd value), any other such attempt to promote the
lock on x, as well as calls to acquire it in read mode will fail thereafter until such
time that x is released by its current promoter.



AN AN
lockr x = can-promote x =

start: a:=x1; start: a:=x1;
if (is-odd a) goto start; if (is-odd a) return false;
if (!1CAS(xl, a, a+2)) if (1CAS(x1, a, a-1))
goto start; goto start;
while (x1!=1) skip;
unlock.r x £ FAA(x1, -2); return true;
lock.w x 2 while (1CAS(x1,0,1)) skip; unlock.w x £ x1 :=0;

Fig. 7: Fully synchronising MRSW lock implementation in the RA fragment of
C11

The implementation of lock_r x is similar. It first checks whether x1 is odd
(held in write mode or being promoted). If so then the implementation spins until
x1 is even (free or held in read mode), at which point its value is incremented
by two (to increase the number of readers by one) using the atomic ‘fetch-and-
add’ (FAA) operation, and x is successfully acquired in read mode. Dually, the
implementation of unlock_r x atomically decrements the value of x1 by two to
decrease the reader count by one.

Synchronisation Guarantees In what follows we demonstrate that our imple-
mentation satisfies the (WSyNC), (WEX) and (RSHARE) conditions in Def. 4,
as well as the stronger (RSYNC) condition discussed on page 16.

Observe that a successful acquisition of a writer lock is done via an atomic
update operation (when the CAS succeeds). That is, a call to lock_w x returns
only when the CAS is successful, i.e. when no other thread holds a lock on x.
Similarly, a call to unlock_w x returns after an atomic write to x1 assigning it to
zero. Moreover, once x is acquired in write mode by a thread 7, no other thread
can acquire it (all other calls to lock_r x and lock_w x spin until x is released
by 7). As such, any RA-consistent execution graph of a program P containing
a call by thread 7 to lock_w x followed by its subsequent release via unlock_w
x includes a trace of the following form, where wl and wu are events of thread
7, wl denotes the update event associated with the successful CAS acquiring the
writer lock, and wu denotes the write event associated with its release:

ol U(x1,0,1) Portlimm 4y W(x1,0) (1)

Note that if the use of locks in P is well-formed (i.e. the sequence of lock
events in each thread following po matches (a prefix of) the regular expression
(RL-RU | WL - WU | RL - PL - WU)* — see page 15), no other write event on x1 can
happen between wl and wu. This is because i) well-formedness of lock traces
ensures that the lock is released by the acquiring thread 7 itself, and ii) the lock



on x cannot be acquired after wl and before wu: calls to lock_w x fail because
x1 is non-zero; and calls to can-promote x and lock_r x fail because x1 = 1
holds an odd value. This in turn ensures the mutual exclusion property of writer
locks, as required by the (WEX) condition in Def. 4.

Similarly, a call to can-promote x returns after the CAS succeeds and subse-
quently the condition of the while loop amounts to false and no other thread owns
a lock on x (in read or write mode). As such, any RA-consistent execution graph
of a program P containing a call by thread 7 to can-promote x followed by its
subsequent release via unlock w x includes a trace of the following form, where
sp, pl and wu are events of thread 7, sp denotes the update event associated
with the successful CAS signalling promotion, pl denotes the atomic read event
in the final iteration of the while loop denoting successful promotion, and wu
denotes the write event associated with its release:

rf . . rf rf rf rf POx1 \imm
— sp:U(x1,2i+2,2i4+1) = by — --- = b; = pl : R(x1,1) =" wu : W(x1,0)

(2)

for some ¢ denoting the reader count on x, with by - - - b, € RUy, rl poﬂ—lif“m TU.
In other words, once 7 has signalled its intention to promote x, no other lock on
x can be acquired — calls to lock_w x fail as the value of x1 is non-zero; calls to
lock_r x fail as x1 holds an odd value. However, existing reader locks must be
released before x can be successfully promoted. As with writer locks above, if
the use of locks in P is well-formed, no other event on x1 can happen between
pl and wu. This once again ensures the mutual exclusion property of promoted
locks, as required by the (WEX) condition in Def. 4.

Analogously, a call to lock_r x returns when the CAS succeeds; and a call to
unlock_r x returns after the atomic FAA operation. Moreover, once x is acquired
in reader mode by a thread 7, no other thread can acquire it in write mode (all
other calls to lock_w x spin) until it has been released by 7 (and potentially
other readers). As such, any RA-consistent execution graph of a program P
containing a call to lock_r x followed by its subsequent release via unlock.r x
includes a trace of the following form, where rl and ru are events of thread 7, rl
denotes the update event associated with the successful CAS acquiring the reader
lock, and ru denotes the update event associated with its release via FAA:

Sl u(x1,20,2i42) S ar S D an D osp o U(x1, 2642, 2k+1) Dby B Sop,

Zero or more Zero or one Zero or more

LN U(x1,7+2,7) (3)
for some 7, j,k > 0, where a1 ---a, € RL; URUy, by -+ b, € RU,, 7l poﬂ—lif“m ru.
In other words, other threads may also acquire x in read mode (denoted by
events of aj - - a;) and their calls may be interleaved between the read lock and
unlock of 7. Moreover, another thread may signal to promote its reader lock on
x (denoted by sp) in between the acquisition and release of the reader lock on x
by 7. Lastly, once the lock has been signalled for promotion, no other reader lock
on x can be acquired, though existing reader locks may be released (denoted by



b1 -+ by). Note that if the use of locks in P is well-formed, no thread can acquire
x in write mode (as x holds a non-zero value) or successfully promote it before
x is released by 7 via ru. More concretely, threads may signal their intention
to promote (see sp above). However, they cannot successfully promote it before
7 has released it in ru as x1 holds a value greater than 1 (see pl in (2)). This
ensures the (RSHARE) condition in Def. 4.

Observe that given an RA-consistent execution graph involving calls to the
above MRSW lock library above, for each location x and its lock at x1, the trace
of events on x1 comprises po and rf edges, as demonstrated by the traces in (1),
(2) and (3). In other words, any two events on x1 are related by (po U rf)} |
i.e. (poU rf);;C is total for each x1. Moreover, from the RA-consistency of our
execution we know that (po U rf) is acyclic. As such, since (po U rf)} is
transitively closed, we know that it is a strict total order. For each location x, we
thus define loy as the strict total order given by loy e (pox1 Urfy)t. As such, our
implementation satisfies both the (WSYNC) condition in Def. 4 and the stronger

(RSYNC) condition discussed on page 16.

A.2 Write Synchronising MRSW Lock Implementation

Our second MRSW lock implementation is similarly implemented in the RA
fragment of C11 [23] and is given in Fig. 8. In this implementation, each lock x
is represented as an ordered map at location x+1, written x1. The map at x1
contains one entry per thread as follows. For each thread with identifier 7, the
x1[7] map entry records the current locking privileges of 7 on x. More concretely,
when x1[7] = 0, then 7 does not hold the x lock; when x1[7] = 2, then 7 holds
x in read mode; and when x1[7] = 1; then some thread (either 7 or another
thread) either holds x in write mode, or it is in the process of acquiring x in write
mode. The x lock is held in write mode only when all entries in x1 are mapped
to one. As we describe shortly, for thread 7 to acquire x in write mode, it must
inspect each entry in x1 (in order), wait for it be free (zero) and then set it to
one. As we discuss shortly, this in-order inspection of entries allows us to avoid
deadlocks. In our implementation, we assume that the thread identifier can be
obtained by calling getTID. We identify the top-most thread by T = 0; as such,
the entry of top-most thread in each map is ordered before all other threads.
‘We proceed with a more detailed explanation of our implementation after

introducing our map notation. We write 1 to denote a map where all entries
have value 1; similarly, we write 0 to denote a map where all entries have value 0.
Lastly, we write S C x1, to denote that the values held in map x1 are a superset
of S. The lock map x1 associated with location x can be in one of the following
states:

— x1 = 0 when x is free;

— x1 = 1 when x is held in write mode;

— {2} C %1 when x is held in read mode (by those threads 7 where x1[7] = 2).

When thread 7 calls lock_r x, it simply spins until the lock is free (x1 = 0
and thus x1[7] = 0), at which point it acquires it in read mode by setting x1 [7]
to two. Dually, when 7 calls unlock_r x it simply sets x1[7] to zero.



AN AN
lockr x = can-promote x =

t:=getTID; t:=getTID;
while (!CAS(x1[t], 0,2)) skip; if (t==0) x1[t]:=1;
else {
unlock.r x £ t:=getTID; x1[t]:=0 retry: a:=x1[0];
if (a==1) return false;
lockw x 2 if (1CAS(x1([0],0, 1))
for (t €dom(x1)) goto retry;
while (!CAS(x1[t],0,1)) skip; b ox1[t]:=1;
for (i €dom(x1) && i¢{0,t})
unlock.w x & while (!CAS(x1[i],0,1)) skip;
for (t €dom(x1l)) x1[t]:=0; return true;

Fig. 8: Write synchronising MRSW lock implementation in the RA fragment of
C11

Analogously, when 7 calls lock_w x, it traverses the x1 map in order, spinning
on each entry until it is free (0) and subsequently acquiring it (by setting it to
1). Conversely, when 7 calls unlock_w x, it releases x by traversing x1 in order
and setting each entry to one.

To understand the implementation of lock promotion, first consider the case
where can-promote x is called by 7 # 0, i.e. a thread other than the top-most
thread. The implementation of can-promote x then inspects the first entry
in the map (x1[0]), i.e. that of the top-most thread. If x1[0] = 1, then x is
currently being acquired by another thread; the promotion thus fails and false
is returned. If on the other hand x1[0] # 1 (i.e. x1[0] = 0 or x1[0] = 2), the
implementation spins until it is zero and atomically updates it to one, signalling
its intention to promote x. This pre-empts the promotion of x by other threads:
any such attempt would fail as now x1[0] = 1. The implementation then sets its
own entry (x1[7]) to one, traverses the map in order, and spins on each entry
until they too can be set to one. At this point the lock is successfully promoted
and true is returned. Note that it is safe for 7 to update its own entry x1[7] to
one: at this point in execution no thread holds the writer lock on x, no thread
can promote its lock on x, and those threads with a reader lock on x never access
the x1[7] entry — the read lock calls of another thread 7’ solely accesses x1[7°].

Let us now consider the case when the top-most thread with 7 = 0 calls
can-promote x. Since prior to a can-promote x call 7 owns a reader lock on x,
i.e. x1[7] = 2, no other thread can promote its x lock. As such, 7 successfully
sets x1[7] to one, signalling its intention to promote x. In other words, the
promotion is skewed in favour of the top-most thread: if a thread races against
the top-most thread to promote x, the top-most thread always wins. With the
exception of the top-most thread, promotion is done on a ‘first-come-first-served’



basis. The rest of the implementation is then carried out as before: the map x1
is traversed in turn and each entry is set to one.

Synchronisation Guarantees In what follows we demonstrate that our imple-
mentation satisfies the (WSyNC), (WEX) and (RSHARE) conditions in Def. 4,
while it does not satisfy the stronger (RSYNC) condition discussed on page 16.

Observe that a successful acquisition of a writer lock is done via several
atomic update operations (via successful CAS operations in the for loop). That is,
a call to lock_w x returns only once the CAS on all x1 entries succeeds, i.e. when
no other thread holds a lock on x. Similarly, a call to unlock_w x returns after
atomic writes on each entry in x1, assigning them to zero. Moreover, once x
is acquired in write mode by a thread 7, no other thread can acquire it: all
other calls to lock_r x spin until the relevant x1 entry is set to zero by 7; all
calls to lock_w x spin until all entries in x1 are set to zero by 7). As such, any
RA-consistent execution graph of a program P containing a call by thread 7
to lock_w x or can-promote x, followed by its subsequent release via unlock_w
x includes a trace of the following form, where the domain of the x1 map is
0---n for some n, the wly, - - - wiy,, wug, - - - , wu, are events of thread 7, each wi;
denotes the update event associated with the successful CAS (in lock-w x) on
the x1[7] entry, and each wu,; denotes the write event setting the x1[7] entry to
zero (in unlock w x):

5wl U(x1[0],0,1)
4 po

4 po

5w, U(x1[n],0,1) 23 wug : W(x1[0],0) B - 2 wu, : W(x1[0],0)

As before, note that if the use of locks in P is well-formed (see page 15), no other
write event on x1 [7] can happen between wl; and wu;. This is because no thread
can acquire the write lock on x1 after wly and before wu,; and thread 7; cannot
acquire the read lock on x1 after wl; and before wu;. This in turn ensures the
mutual exclusion property of writer locks, as required by the (WEX) condition
in Def. 4.

Analogously, a call to lock_r x returns when the CAS succeeds; and a call to
unlock_r x returns after the atomic write operation setting x1[7] to zero. As
such, any RA-consistent execution graph of a program P containing a call to
lock.r x by thread 7, followed by its subsequent release via unlock_r x includes
a trace of the following form, where rl and ru are events of thread 7, rl denotes
the update event associated with the successful CAS acquiring the reader lock,
and ru denotes the write event associated with its release by assigning it to zero:

L U(x1[7],0,2) 2 ru : W(x1[7], 0) (5)

Note that each read lock call on x by thread 7, accesses x1[7] alone and no
other entry in x1. As such, two threads may simultaneously acquire the reader



lock on x, ensuring the (RSHARE) condition in Def. 4. Moreover, as read lock
calls by two distinct threads 7, 77 access disjoint memory locations (x1[7] and
x1[7’]1), they never synchronise. That is, the MRSW lock implementation in
Fig. 8 does not satisfy the (RSYNC) axiom on page 16.

Lastly, we demonstrate that our implementation satisfies the (WSYNC) con-
dition in Def. 4, when accessed by an arbitrary (finite) number of threads n.
Observe that given an RA-consistent execution graph involving calls to the
MRSW lock library above, for each location x, its lock at x1, and each thread
7, the trace of events on x1[7] comprises po and rf edges, as demonstrated
by the traces in (4) and (5). In other words, any two event on x1[7] are re-
lated by (poUrf)}f , i.e. (poUrf); is total for each x1[7]. We thus use this
total order to determine the lo (synchronisation order) between two lock events,
where at least one of them is a write lock event. Let us now pick two distinct
lock events, w,l € Ly, where at least one of them w is a write lock event,
ie. w e WL UPL, UWU,. Either 1) w,l are events of the same thread; or 2)
w and [ are events of distinct threads 7, 7/, respectively. In the first case the
two events are related by po one way or another, and as po C hb, we know that
the two events synchronise. In the second case, there are two additional cases
to consider: either i) | € WL, UPL, UWU,; or | € RL, URUy. In case (i), as
we discussed above we know that each call amounts to a trace akin to that in
(4). That is, we know the trace of 7 contains wi : U(x1[0],0,1) 23 wu : W(x1[0],0),
and the trace of 7/ contains wl’ : U(x1[0],0,1) 23 wu/ : W(x1[0],0). Moreover, as
we discussed above, we know that no other write event on x1[0] can happen
between wl and wu, and between wl’ and wu'. As (po U rf)} is total for each

loc

4
(pog) loc

x1[7], we then know that we either have wl 25 wu wl' B wu, or we

, (poUrf)zc po .
— " wl = wu. As such, in both cases we know that the two

have wl’ 25 wu
events synchronise.

In case (ii), we know that the write call results in a trace akin to that in (4),
while the read call results in a trace similar to that in (5). That is, we know
the trace of 7 contains wl : U(x1[7],0,1) & wu : W(x1[r'],0), and the trace
of 7/ contains 7l : U(x1[r'],0,2) 23 ru : W(x1[r'],0). Moreover, as we discussed
above, we know that no other write event on x1[7'] can happen between wl
and wu. As (poU rf); is total for x1[7'], we then know that we either have

+ +
po (poUrf)yr, po po (poUrf);F, po .
wl = wu =" rl S ru, or we have rl = ru — " wl = wu. As such, in

both cases we know that the two events synchronise.



B Auxiliary Results

Proposition 2 (SI-consistency). An execution graph G is SI-consistent if and
only if INT holds and the ‘SI-happens-before’ relation si-hb = (pot U rft U moT U
si-rb)* is irreflexive, where si-rb £ [Rg]; rbr; (W] and Re = codom(rfg).

Proof. Pick an arbitrary execution graph G. We are then required to show:
acyclic((pot U rfr Umot);rbr’) <= irreflexive(si-hb)

The = direction

We proceed by contradiction. Assume that acyclic((pot U rft U moT);rbt?) and
Sirreflexive(si-hb) both hold. We then know there exists e such that (e, e) € si-hb =
(pot U rfy U mot Usi-rb)™. Note that si-rb;si-rb = () because Re N W = (). Hence,
the si-hb cycle cannot have adjacent si-rb edges, which means that we have a
cycle in ((pot U rfr U mot);si-rb”)*, which contradicts our first assumption as
si-rb C rb.

The < direction
We proceed by contradiction. Let us assume irreflexive(si-hb) and —acyclic((pot U
rfr Umot);rbt?). We then know there exists e such that (e,e) € ((pot U rft U
1);rbt?) T, i.e. there ewists e such that (e,e) € (rbr’; (pot U rfr U mot))™.
There are now two cases to consider: either 1) (e,e) € (por U rfrUmor)t; or 2)
Ja,d. (e,a) € (rbr’; (porUrfrUmot))*, (a,d) € rbr; (porUrfrUmor) and (d,e) €
(rbr?; (pot U rfr U mot))*, d.e. Ja. (a,a) € rby; (por U rfr U mot); (rbt?; (por U
rfr U mort))*. In case (1) from the definition of si-hb we then have (e, e) € si-hb,
contradicting the assumption that irreflexive(si-hb) holds.

In case (2) we then know there exists b, c such that b, # [cl.,, (a,b) € rbr,
(b,¢) € porUrfrUmor and (c,a) € (rbt’; (porUrfrUmor))*. From the definitions
of por, rfr and mot we then have [b], x [c],, € por U rfr Umot and thus from
the definition of si-hb we have [b],, x [c],, C si-hb. As such, from Lemma 1 below
we have [b],, x [a], C si-hb. On the other hand, from (a,b) € rbt we know there
exist r,w,w’ such that r € [a],, w € [b],,, [a],, # [b], (r,w) € b, (W', r) € rf and
(w’',w) € mo. There are now two cases to consider: i) w' € [a],; or ii) w' & [a],,.

st’

In case (2.i) we then have [a], x [b], € mot C si-hb. As such, we have
(a,b) € si-hb. Since we have also established [b], x [a],, C si-hb, we have (b,a) €
si-hb. By transitivity, we have (a,a) € si-hb, contradicting the assumption that
irreflexive(si-hb) holds.

In case (2.i1) we then know r € Rg. As such we have (r,w) € si-rb C si-hb.
Since we have also established [b], x [a],, C si-hb, we have (w,r) € si-hb. By tran-
sitivity, we have (r,r) € si-hb, contradicting the assumption that irreflexive(si-hb)
holds.



Theorem 5. For all executions G, if GNT =0, then:
G is SI-consistent <= G is RSI-consistent

Proof (the < direction). Pick an arbitrary G such that GNT =0 and G s
RSI-consistent. Let us proceed by contradiction and assume G is not SI-consistent.
That is, there exists a such that (a,a) € G.si-hb. From the definition of si-hb we
then have G.si-hb C G.rsi-hb. As such, we have (a,a) € G.rsi-hb, contradicting
the assumption that G is RSI-consistent.

Proof (the = direction). Pick an arbitrary G such that GNT =0 and G is SI-
consistent. As GNT =0, we then have G.rsi-hb = (pot U rft Umot Usi-rbU A)T
with A £ G.(]W]; por; [W)]). That is, G.rsi-hb = (G.si-hb U A)T. In what follows
we demonstrate:

A;si-hb C si-hb  and  si-hb; A C si-hb (6)

As such, since si-hb is transitively closed, we have G.rsi-hb = G.si-hb U A.

Moreover, we have G. C G.mot UG.moy. As such, since from (INT) we
have G.moy C G.por, we have G.mor C A and thus G. C G.rsi-hbjye.

Let B £ G.rbNG.poy. We also have G.rb C G.si-rbUG.rby. As such, since from
(INT) we have G.rby C G.por, we have G.rby C B and thus G.rb C G.rsi-hb;,. U B.
Consequently, we have G.(rsi-hbj,. U U rb) = G.(rsi-hbje U B) = G.(si-hbjpe U
Ajoe U B). Therefore, G.(rsi-hbj,, U mo U rb)™ = G.(si-hbj,, U Ajoe U B)T.

Observe that A; B = 0. In what follows we demonstrate that:

B;ACB (7)
si-hb; B Csi-hb  and B;si-hb C si-hb (8)

Note that since G is SI-consistent we know that A is irreflexive. As such, to show
that G.(rsi-hbjee U Urb)*t = G.(si-hbjoe U Ajoe U B)T is irreflezive, from (6),
(7), (8), and since B is irreflexive, it suffices to show that G.si-hb is irreflezive,
which follows immediately from the SI-consistency of G.

TS. (6)

To show A;si-hb C si-hb, pick an arbitrary (a,b) € A;si-hb. We then know there
exists ¢ such that a,c € W, (a,c) € A and (¢,b) € si-hb. From the definition of
si-hb and since ¢ € W, we know there exists d such that (¢,d) € porUrfrUmoT and
(d,b) € si-hb*. As (a,c¢) € A C st, we thus know that (a,d) € por U rft Umor C
si-hb. Consequently, since (d,b) € si-hb* and si-hb is transitively closed, we have
(a,b) € si-hb, as required.

To show si-hb; A C si-hb, pick an arbitrary (a,b) € si-hb; A. We then know
there exists ¢ such that b,c € W, (a,c) € si-hb and (¢,b) € A. From the def-
inition of si-hb, we know there exists d such that (a,d) € si-hb* and (d,c) €
por Urfr Umot Usi-rb. As (¢,b) € A C st and since b,c € W we thus know that
(d,b) € port U rfr Umot Usi-rb C si-hb. Consequently, since (a,d) € si-hb* and
si-hb is transitively closed, we have (a,b) € si-hb, as required.



TS. (7)

Pick an arbitrary a,b such that (a,b) € B; A. We then know there exists ¢ such
that b,c € W, (a,¢) € B, (¢,b) € A and tx(a) = tx(b) = tx(c). Asb,c € W, we
know either (b,c) € mor or (¢,b) € mor. However, as G is SI-consistent, from
(INT) we know that mo; C por and thus we have (¢,b) € moy N por. As such,
since (a,c) € rb N por, (¢,b) € mor N por and poy is transitively closed, from the
definition of rb we have (a,b) € rb N poy = B, as required.

TS. (8)

To show Bj;si-hb C si-hb, pick an arbitrary (a,b) € B;si-hb. We then know
there exists ¢ such that a € R, ¢ € W, (a,c) € B and (c,b) € si-hb. From the
definition of si-hb and since ¢ € W, we know there exists d such that (c,d) €
pot U rft U mot and (d,b) € si-hb*. As (a,c) € B C st, we thus know that
(a,d) € por U rfr Umot C si-hb. Consequently, since (d,b) € si-hb* and si-hb is
transitively closed, we have (a,b) € si-hb, as required.

To show si-hb; B C si-hb, pick an arbitrary (a,b) € si-hb; B. We then know
there exists ¢ such that c € R, b € W, (a,c) € si-hb and (¢,b) € B. From the
definition of si-hb, and since ¢ € R, we know there exists d such that (a,d) €
si-hb* and (d,c) € por Urfr Umor. As (¢,b) € B C st, we thus know that
(d,b) € por U rfr Umor C si-hb. Consequently, since (a,d) € si-hb* and si-hb is
transitively closed, we have (a,b) € si-hb, as required.



Theorem 6 (Monotonicity). Let Gy be an RSI execution graph obtained from
an RSI execution graph G by wrapping some non-transactional events inside a
new transaction. If G is RSI-consistent, then so is G.

Proof. First, we show that [W]; G.rsi-hb C Gr.po; U Gr.rsi-hb. Let A denote the
events of the new transactions in Gr. Let (a,b) € [W]; G.rsi-hb, and consider a

(po \ por) U [WJ; por; W] U rf; INT] U [NT]; rf;st U rfr U (mo; rf )T U mot Ussi-rb

path from a to b of minimal length (all relations are in G). Note that the only
possible edges on this path that do not appear in a corresponding relation in
Gr are [A]; rf; [A] and [A]; po; [A] \ (W x W) edges. Suppose first that [A]; rf; [A]
is used on this path. Immediately before or after [A]; rf; [A], we can only have
po \ por, but then the two edges can be replaced by a shorter path that uses
only po\ por. Thus, in this case it follows that (a,b) € [A]; rf;[A] C Gr.por. Next,
suppose that [A]; po; [A] \ (W x W) is used on this path (the minimality ensures
such edge is used only once). First, if this edge is the first edge on the path, then
(again) it is the only edge on the path (immediately after [A]; po; [A], we can
only have rf; [N'T \ 4] or [N'T]; rf; st, but both start with a write). Hence, in this
case we have (a,b) € [A]; po; [A] C Gr.por. Second, consider the case that the
[A]; po; [4] edge is not the first on the path. Immediately before [A]; po; [A], we
can only have a [E \ A];rf edge. Then, in G, the two edges can be joined into
either [N'T]; Gr.rf; Gr.st or Gp.rf1. Hence, we obtain (a,b) € Gr.rsi-hb.

Now, suppose that G is not RSI-consistent. If INT does not hold, then Gr is
also not RSI-consistent and we are done. Otherwise, G.rsi-hb;,. U G.mo U G.rb
is cyclic. Since G.mo is total on writes to each location, it follows that (a,a) €
G .rsi-hb; (G.mo U G.rb) for some a € G.W. Since G.mo = Gr.mo, G.rb = Gr.rb,
our claim above entails that (a,a) € (Gr.porU Gr.rsi-hb); (Gr.moU Gr.rb). Now,
(a,a) € Gp.por; (Gp.mo U Gr.rb) implies that INT does not hold for Gr, while
(a,a) € Gr.rsi-hb; (Gr.mo U Gr.rb) implies that Gp.rsi-hbj,e U Gp.mo U Gp.rb is
cyclic. In both cases, Gr is not RSI-consistent.



Lemma 1. For all a,b,c:
la],, # bl Alalg x[bl, € si-hbA(b,c) € (rbt”; (poTUrfrUmot))* = la],, x[c], C si-hb

Proof. Note that (rbt”; (por U rfr Umor))* = U, ey Sn, where Sy £ id and for
all n € N we have S,y1 2 (rbr”; (pot U rfr U moT)); S,,. We thus demonstrate
instead:

Va,b,c. Yn € N. [a],, # [bl,Alal,, < [b],, C si-hbA(b,c) € Sy, = [a],, x[c],, C si-hb

st

We proceed by induction on n.

Base case n =0
Follows immediately from the assumptions of the lemma and the definition of Sg.

Inductive case n = m—+1

Ya,b,c. Vi < m.
la],, # [b], A la]g, % [b]g, C si-hb A (b, ¢) € S; = [a],, % [c],, € si-hb (I.H.)

Pick arbitrary a,b,c such that [al, # [b],, [al, % [bl, C si-hb, and (b,c) €
Sy. From the definition of S, we then know there exists d such that (b,d) €
rbt?; (pot Urfr Umot) and (d,c) € S,,. There are now two cases to consider: 1)
(b,d) € por Urfr Umor; or 2) (b,d) € rbr; (pot U rfy U mor).

In case (1) from the definitions of pot, rft and mot we have [b], x [d],, C
port Urfr Umor and thus from the definition of si-hb we have [b], % [d],, C si-hb.
Since we also have [a],, % [b], C si-hb and si-hb is transitively closed, we have
la],, x [d],, Csi-hb. As (d,c) € S, from (I.H.) we then have [a], X [c],, C si-hb,
as required.

In case (2) we then know there exists e such that (b, e) € rbt and (e, d) € porU
rf U mor. From the definitions of por, rft and mor we then have [e]  x [d],, C
por U rfr Umor and thus from the definition of si-hb we have [e],, x [d]., C si-hb.
On the other hand, from (b, e) € rbt we know there exist r,w,w’ such that r € [b]
w € [elg, [bl,, # lelg [y # lelg, (rw) € rb, (w',r) € rf and (w',w) €
There are now two cases to consider: i) w' € [blg; or it) w' & [b],.

In case (2.1) we then have [b], x [e], € mot C si-hb. Since we also have
la],, x [b], C si-hb and [e],, x [d],, C si-hb, from the transitivity of si-hb we have
la],, x [d],, Csi-hb. As (d,c) € Sy, from (I.H.) we then have [a], X [c],, C si-hb,
as required.

In case (2.i1) we then know r € Rg. As such we have (r,w) € si-rb C si-hb.
As [alg, x [b],, C si-hb and r € [b],, we then have [a], x {w} C si-hb. Similarly, as
le]g, * [d], C si-hb and w € [e],, we then have {w} x [d],, C si-hb. As such, from
the transitivity of si-hb we have [a] , x [d],, C si-hb. As (d,c) € S, from (I.H.)
we then have [a],, X [c],, C si-hb, as required.

st

st?

st

st

Lemma 2 (Lock ordering). Given an RA-consistent execution graph G =
(E,po,rf,mo,lo) of the SI or RSI implementations in Fig. 3, for all wl,wl’ €



WL, pl,pl! € PLy, wu,wu’ € Wiy, rl,rl’ € RL,, and ru € Ridy:

(wl, wu), (W', wu") € pog|imm= (wu, wl’) € loy V (wu',wl) € loy
(wl, wu), (rl, pl,wu') € pog|imm= (wu,rl) € log V (wu', wl) € loy
(rl, plywu), (rl’, pl’, wu') € poglimm= (wu, rl") € loy V (wu',rl) € loy
(WWSYNQ)

(wl, wu), (rl, ru) € pog|imm= (wu,rl) € logx V (ru,wl) € loy

(rl, plywu), (rl’,ru) € pog|imm= (wu,rl") € loy V (ru,pl) € lo, (RWSYNQ)

where given a relation r we write (a,b,c) € r as a shorthand for (a,b), (b,c) € r.

Proof (Proof (WWSYNC)). Pick an arbitrary RA-consistent execution graph
G = (F,po,rf,mo,lo) of the SI or RSI implementations in Fig. 3, and pick
arbitrary wl, wl’ € WLy, pl,pl' € PLy, wu,wu’ € WUy and ri,rl’ € RL,. We
are then required to show:

(wl, wu), (wl';wu') € pog|imm = (wu,wl’) € log V (wu',wl) € loy  (9)
(wl, wu), (rl,pl,wu’) € pog|imm = (wu,rl) € lox V (wu',wl) € loy  (10)
(rl, plywu), (rl’,pl’, wu') € poy|imm = (wu,rl’) € logy V (wu',rl) € loy ~ (11)

RTS. (9)
We proceed by contradiction. Let (wl, wu), (wl’,wu') € pog|imm and (wu,wl’) &
loxy A (wu', wl) & log. Since loy is totally ordered w.r.t. write lock events, we then
have (wl',wu) € loy and (wl,wu') € log.

From the mutual exclusion (WEX) afforded by lock events, and since (wl', wu) €

. o lo
loy we know there exists wu” € WUy, such that wl’' 23 wu” and wu” - wu. More-

. POx| po” . . .
over, since wl’ = =" wu' we have wu' — wu”. Once again, since lo is total

w.r.t. write lock events and agrees with po (otherwise we would have a cycle

contradicting the assumption that G is RA-consistent), we have wu’ 5 wu'. We

l/|

lo* o . . . . L,
then have wu' = wu' — wu and thus since lo is an order (i.e. is transitive), we

have wu’ -3 wu. |
Following a similar argument symmetrically, we get wu — wu'. We then have

[ [ _ . . .
wu' = wu — wu', contradicting the assumption that lo is a strict order.

RTS. (10)
We proceed by contradiction. Let (wl,wu), (rl, pl, wu') € pog|imm and (wu,rl) ¢
lox A (wu', wl) & loy. Since loy is totally ordered w.r.t. write lock events, we then
have (rl,wu) € loy and (wl, wu') € loy.

From (RSHARE) and since (rl, wu) € loy we know there exists | € RUy UPLy

o I . POx | imm o
such that vl 25 1 and 1 = wu. Moreover, since rl L> pl we have pl % 1. Once

again, since lo is total w.r.t. write lock events and agrees with po (otherwise we
would have a cycle contradicting the assumption that G is RA-consistent), we

have pl . We then have pl L 1 % wu and thus since lo is an order (i.e. is

transitive), we have pl 2 wu. Similarly, from the mutual exclusion (WEX) of



write locks and since pl 3 wu, we know there exists wu' € WUy such that

o | . POx | imm 0
pl B wu” and wu’ 3 wu. Moreover, since pl sl wow’ we have wu' ™ wu’,
Again, since lo is total w.r.t. write lock events and agrees with po (otherwise we
would have a cycle contradicting the assumption that G is RA-consistent), we

lo* lo* lo . .
have wu' — wu”. We then have Iwu’ = wu' — wu and thus since lo is an order
. . Iy o
(i.e. is transitive), we have wu' = wu.
Analogously, from (WEX) and since (wl,wu') € lo, we know there exists

n

po lo . pox|
wu'"" € WUy such that wl — wu'" and wu’ — wu'. Moreover, since wl =~ =" wu

we have wu > wu. Once again, since lo s total w.r.t. write lock events and
agrees with po (otherwise we would have a cycle contradicting the assumption

. . lo* lo* |
that G is RA-consistent), we have wu ~» wu'". We then have wu — wu" = wu/

. . . . . lo
and thus since lo is an order (i.e. is transitive), we have wu — wu’.

We then have wu' 3 wu 2 wu’, contradicting the assumption that lo is a
strict order.

RTS. (11)
We proceed by contradiction. Let (rl, pl,wu), (rl’, pl’,wu') € poy|imm and (wu,rl’) &
lox A (wu/, rl) & log. Since loy is totally ordered w.r.t. write lock events, we then
have (rl,wu’) € loy and (rl’; wu) € log.

From (RSHARE) and since (rl,wu’) € loy we know there exists | € RUy UPLy

such that vl 23 1 and 1 2 wa'. Moreover, since rl Porlm pl we have pl ™ 1. Once

again, since lo is total w.r.t. write lock events and agrees with po (otherwise we
would have a cycle contradicting the assumption that G is RA-consistent), we

have pl 0 1. We then have pl 901 % wu! and thus since lo is an order (i.e. is
transitive), we have pl 2w Similarly, from (WEX) and since pl LY wu', we
know there exists wu” € Wy such that pl 23 wu" and wu B . Moreover,

. POx | imm 0 . . . .
since pl —‘) wu we have wu = wu’. Again, since lo is total w.r.t. write
lock events and agrees with po (otherwise we would have a cycle contradicting

lo*

the assumption that G is RA-consistent), we have wu — wu”. We then have
lo* | . . o ",

wu = wu” > wu' and thus since lo is an order (i.e. is transitive), we have
|

wu — wu'. |
Following a similar argument symmetrically, we get wu' — wu. We then have

| | L , ) )
wu — wu' = wu, contradicting the assumption that lo is a strict order.

Proof (Proof (RWSYNC)). Pick an arbitrary RA-consistent execution graph
G = (F,po,rf,mo,lo) of the SI or RSI implementations in Fig. 3, and pick
arbitrary wl € WLy, pl € PLy, wu € Wly, rl,rl" € RLy and ru € RUy. We are
then required to show:

(wl, wu), (rl,ru) € poglimm = (wu,rl) € log V (ru, wl) € loy (12)
(rl, plywu), (rl’,ru) € poglimm = (wu,rl") € loy V (ru,pl) € loy (13)



RTS. (12)
We proceed by contradiction. Let (wl,wu), (rl,ru) € poglimm and (wu,rl) &
logy A (ru, wl) & log. Since loy is totally ordered w.r.t. write lock events, we then
have (rl,wu) € loy and (wl,ru) € loy.

From (WEX) and since (wl,ru) € loy we know there exists wu' € WUy such

po lo . POy po*
that wl = wu' and wu' = ru. Moreover, since wl = =" wu we have wu — wu’.

Once again, since lo is total w.r.t. write lock events and agrees with po (otherwise
we would have a cycle contradicting the assumption that G is RA-consistent),

lo* lo* | . .
we have wu = wu'. We then halve wu = wu' = ru and thus since lo is an order
(i.e. is transitive), we have wu — ru.
Analogously, from (RSHARE) and since (rl,wu) € lox we know there exists

| € RUy UPLy such that rl 531 and | 8 wu. Moreover, since rl pox—hfn’m U we

have ru ®% 1. We then have I 23 wu 3 ru ® l, contradicting the assumption
that G is RA-consistent.

RTS. (13)
We proceed by contradiction. Let (rl,pl, wu), (rl’,ru) € pog|imm and (wu,rl") &
lox A (ru, pl) & log. Since loy is totally ordered w.r.t. write lock events, we then
have (rl’,wu) € loy and (pl,ru) € log.

From (WEX) and since (pl,ru) € lox we know there exists wu' € Wy such

POz | imm

that pl 25 wu' and wu/ 8 . Moreover, since pl © 5" wu we have wu > wu'.
Once again, since lo is total w.r.t. write lock events and agrees with po (otherwise
we would have a cycle contradicting the assumption that G is RA-consistent),

lo* lo* [ . .
we have wu — wu'. We then ha?)e wu = wu' = ru and thus since lo is an order
(i.e. is transitive), we have wu — ru.
Analogously, from (RSHARE) and since (rl’,wu) € loy we know there exists

[ . x| imm
l € RUy UPL, such that 7l R landl 3 wu. Moreover, since rl p°—|> ru we

have ru ®% 1. We then have | 3 wu 2 ru ®% l, contradicting the assumption
that G is RA-consistent.



C Soundness and Completeness of the Eager SI
Implementation

Notation Given an execution graph G’ = (F,po,rf, mo,lo) we write T /st
for the set of equivalence classes of T induced by st; [a],, for the equivalence
class that contains a; and 7¢ for the equivalence class of transaction { € TXID:
Te £ {a|tx(a)=¢}. We write si-consistent(G’) to denote that G’ is SI-consistent;
and write RA-consistent(G) to denote that G is RA-consistent.

Given an execution graph G of the SI implementation in Fig. 3, let us assign
a transaction identifier to each transaction executed by the program; and given
a transaction £, let RS and WS denote its read and write sets, respectively.
Observe that given a transaction & of the SI implementation in Fig. 3 with
RS UWSe = {Xl, e ,xi}, the trace of £, written ¢, is of the following form:

POlimm POlimm POlimm POlimm POlimm
0 = FS* Py s Poliwm pg POl pp g Poligm g Poligm 7

where F'S™ denotes the sequence of events attempting but failing to obtain a
snapshot, and

— Rs denotes the sequence of events acquiring the reader locks (on all locations
accessed) and capturing a snapshot of the read set, and is of the form

Ty, Poligm Poli“;’“ Lx; pol%m Sy, p°|i>m po‘i—‘i‘m Sx;» where for all n €
1.3}
rs Polipm ws if x €RS
rly, = RL(x1,) S, = Xn Xn . 3
0 otherwise

with rsy, £ R(%,,v,) and ws,, = W(s[x,],v,), for some v,,.
— RUs denotes the sequence of events releasing the reader locks (when the given

C . pol; poli
location is in the read set only) and is of the form ruy, =~ — -+ — Tug,,

where for all n € {1---i}:

RU(x1,) if x, & WS,
Ty, = ]
0 otherwise

— PLs denotes the sequence of events promoting the reader locks to writer ones

(when the given location is in the write set), and is of the form pl_ po‘iﬁmm

POlimm

pl,., where for all n. € {1---i}:

| PL(x1,) if x, € WS,
P, = 0 otherwise



— Ts denotes the sequence of events corresponding to the execution of (T)) in

Fig. 3 and is of the form # Poligm _ Poligm i, where for all m € {1---k}:

R(s[x,]1,vn) if Op=R(xp, vpn)
" W(Xp, Un) polifm W(slx,l,v,) if Op=W(x,,v,)

where O,,, denotes the mth event in the trace of the original T;
— Us denotes the sequence of events releasing the locks on the write set. That
is, the events in Us correspond to the execution of the last line of the

POlimm POlimm
e %

implementation in Fig. 3, and is of the form wuy, Wy, , Where

for all n € {1---i}:

- WU(yln) if x,, E'WS§
0 otherwise

Given a transaction trace 6¢, we write e.g. {.Ls to refer to its constituent Ls
sub-trace and write Ls.F for the set of events related by po in Ls. Similarly, we

write £.E for the set of events related by po in 6. Note that G.E = |J &.E.
ecTx

C.1 Implementation Soundness

In order to establish the soundness of our implementation, it suffices to show
that given an RA-consistent execution graph of the implementation G, we
can construct a corresponding SI-consistent execution graph G’ with the same
outcome.

Given a transaction & € Tx with RSg UWS: = {x;1---x;} and trace 0 =
Fs* POl Rs Poligun RUs Poligm p g Polipm g Poligm Us, with Ts = #; Poligm

e po‘i—"fm tx, we construct the corresponding implementation trace 9{6 as follows:

/A 4 PQ PO 4/
O =t = =t

where for all m € {1---k}:

t! =R(xp,rby) when t,, = R(s[x,]1,7b,)
t! =W(xp, rby,) when t,, = W(xy,, rby,) pogn,n W(s[x,],7by)

such that in the first case the identifier of ¢/ is that of ,; and in the second
case the identifier of ¢/ is that of the first event in ¢,,. We then define:

th € Ts' A 3x,v. tf=R(x,v) A w=W(x,v)
ANw € EE = w S th A
RFe £ ¢ (w,t}) (Ve € EL.E.w B e B¢, = (loc(e)#x V edW)))
Nw ¢ EE = (Ve€ LE. (e 31, = (loc(e) #x Ve g W))
A(w,€.1sy) € G.rf)



We are now in a position to demonstrate the soundness of our implementation.
Given an RA-consistent execution graph G of the implementation, we construct
an SI execution graph G’ as follows and demonstrate that si-consistent(G’) holds.

- G'"E= | 0;.E, with the tx(.) function defined as:
ecTX

tx(a) £¢  where a €6

G'.po= G.polg' E
— @'rf = Ugery RFe
- G .mo= G.mo|g'.g
— G'lo=10

Observe that the events of each 0{5 trace coincides with those of the equivalence
class T¢ of G'. That is, 9£.E ="Te.

Lemma 3. Given an RA-consistent execution graph G of the implementa-
tion and its corresponding SI execution graph G’ constructed as above, for all

a7 b’ §a7§b’x"
Ca & Na€&.ENDEE.EAloc(a) =1loc(b) =x=

((a,b) € G'.rf = Eawuy T5° &yorly) 14)

A ((a,b) € G'.mo = Eq.wue 3 &yorly) 15)

G.hb

(
(
A ((a,b) € G .mos rf = Eq.wuy T3 &.rly) (16)
A ((a,b) € G'.rb = (x € WS¢, A &a.wuy pal &y.1rlx) V (x € WSe, N&a.Tux — fb.plx()

17)
Proof. Pick an arbitrary RA-consistent execution graph G of the implementation

and its corresponding SI execution graph G’ constructed as above. Pick an arbitrary

a,b, &, &, x such that £, # &, a € £, .E, a € ,.F, and loc(a) = loc(b) = x.

RTS. (14)
Assume (a,b) € G'.rf. From the definition of G'.rf we then know (a,&,.785) € G.rf.

On the other hand, from Lemma 2 we know that either i) x € WS¢, and &y wu, EA
Ea.rly; or 1) x € WSe, and &p.Tuy G4b Ea-ply; or 1) &g wuy Ghb &p.rly. In case

(i) we then have a ayf £q.T5¢ G-ge Ep.wuy, G.he Ea.1ly %80 4. That 18, we have

a G a, contradicting the assumption that G is RA-consistent. Similarly in

. G.if G. G.hb G. .
case (ii) we have a e e &p.ruy — &q.pl, 8% 4. That is, we have

a G a, contradicting the assumption that G is RA-consistent. In case (iii)

the desired result holds trivially.

RTS. (15)
Assume (a,b) € G'.mo. From the definition of G'.mo we then know (a,b) € G.



On the other hand, from Lemma 2 we know that either i) &.wu,, ¢4k Ea-Tly; o7 11)
G.hb

Eq Wiy Ghb &p.1ly. In case (i) we then have a “ney, Gio Epwuy — Eq.rly Gio a.

That is, we have a G hbuoe a, contradicting the assumption that G is RA-consistent.
In case (i) the desired result holds trivially.

RTS. (16)

Assume (a,b) € G'.mo;rf. We then know there exists w such that (a,w) € G'.
and (w,b) € G'.rf. From the definition of G'.mo we then know (a,w) € G.
There are now three cases to consider: 1) w € &q; or 2) w € &; or 8) w € £ N #
Ea NEe # & In case (1) the desired result follows from part 14. In case (2) since
(a,w) € G'.mo the desired result follows from part 15.

In case (3) from the proof of part 15 we have &,.wu, b Eerly. More-
over, from the shape of G traces we have &..rl, Ggo E.owug. On the other
hand, from the proof of part 1/ we have &..wu, b &.rl,. We thus have
Eo Wy G%hb Eerly Gio o Wiy %b &.rly,. As G.po C G.hb and G.hb is transi-

. G.hb .
tively closed, we have &, wu, — &p.1l;, as required.

RTS. (17)
Assume (a,b) € G'.rb. From the definition of G'.rb we then know (£4.75x,b), (§4-vSx, b) €

G.rb. On the other hand, from Lemma 2 we know that either i) &.wu, e Eaorly;

or i) x € WSe, and &q.Tuy 4o Ea-ply; or 1) x € WSe, and &,.wuy Gab &.1ly. In

case (i) we then have b Ggo Ep. Wiy G.4b Eq.1ly Gge £a-T8y Py That 18, we have

p G €q-TSx G b, contradicting the assumption that G is RA-consistent. In

Lemma 4. For all RA-consistent execution graphs G of the implementation and
their counterpart SI execution graphs G’ constructed as above,

1. (G'.pot C G.po) A (G'.pot; G'.rbt C G.hb)
2. (G'.mot C G.hb) A (G'.moT; G'.rbt C G.hb)
3. (G'.rfT - Ghb) A\ (G’.rfT; G'.rbt C Ghb)

Proof. Pick an arbitrary RA-consistent execution graph G of the implementation
and its counterpart SI execution graph G’ constructed as above.

RTS. (Part 1)

The proof of the first conjunct is immediate from the definitions of G'.po and
G.po. For the second conjunct, pick arbitrary (a,b) € G'.(pot;rbr). We then know
there exist ¢ such that (a,c) € G'.por and (¢,b) € G'.rby. Since (a,c) € G'.por,
from the definition of G'.po we also have (a,c) € G.po and thus (a,c) € G.hb.
Moreover, from the definition of G'.rbt we know there exist &1,&a, 7, w such that
&1 # &, er €0, bwe O, and (r,w) € G'.rb. Let loc(r) = loc(w) =x. We
then know that x € RS¢, UWSe,, x € WS¢,, and that there exists w, such that



(wg,r) € G'rf and (wy,w) € G'.mo. From the construction of G'.mo we then
have (wz, w) € G.mo. From the construction of G'.rf there are now two cases to
consider: 1) (wg,&1.75x) € G.rf; or 2) x € WS¢, , wy € &1 and (wy, 1) € G.po.
In case (1) we then have (&1.1sx, w) € G.rb. Moreover, from Lemma 3 we have
that either: i) x & WS¢, A &1.7ux G4b Ea.ply; or i) x € WSg, A &1. Wy Ghb Eo.rly.
In case (1.i), since we have (a,c) € G'.pot, from the construction of G'.po
G.po G.hb G.po .
we have (a,&1.1uy) € G.po. We thus have a =8 &1.ruy — Eo.pl, 8% b. That is,
as G.po C G.hb and G is transitively closed, we have (a,b) € G.hb, as required.
Similarly, in case (1.ii), since we have (a,c) € G'.pot, from the construction of
’ G.po G.hb G.po
G'.po we have (a,& . wuy) € G.po. We thus have a 286wy S Eaurly 87D,
That is, as G.po C G.hb and G is transitively closed, we have (a,b) € G.hb, as
required.

y G.hb
In case (2), from Lemma 3 we have & .wuy, — &a.1ly. Moreover, we have

(¢, &1.wuy) € G.po and. (&3.7lx,b) € G.po. We thus have, a Ghb Gpo &1 wuy G

Eo.rly Gjo b. That is, as G.po C G.hb and G is transitively closed, we have
(a,b) € G.hb, as required.

RTS. (Part 2)
For the first conjunct, pick an arbitrary (a,b) € G'.mot; we are then required to
show that (a,b) € G.hb.

From the definition of G'.mot and the construction of G’ we know there
ezist £1,&2,d, e such that & # &, (d,e) € G'.mo, a,d € T¢, and b,e € T¢,. Let

loc(d) = loc(e) = y. We then know a Gge &r.wuy, &1y Ggo g 9o &1 wiy,
&a.rly Ggo b and .7l CEO e Gio Eo.wuy.

From Lemma 3 we then know &1 .wuy Ghb &a.rly. As such, we have a Gge
§1.wuy e &a.1ly 8 p. As G.po € G.hb and G.hb is transitively closed, we

G.hb )
have a =" b, as required.

For the second conjunct, pick an arbitrary ¢ such that (b,c) € G'.rbr. We are
then required to show that (a,c) € G.hb. From the definition of G'.rbt we then
know there exist {3,7,w such that {3 # &2, 7 € Te,, c,w € Te, and (r,w) € G'.rb.
Let loc(r) = loc(w) = x. We then know that x € RS¢, UWSg,, x € WS¢, and
that there exists wy such that (wy,r) € G'rf and (wy,w) € G'.mo. From the
construction of G'.mo we then have (wy, w) € G.mo. From the construction of
G'.rf there are now two cases to consider: 1) (wg,&2.15x) € G.rf; or 2) x € WS¢,,
wy € &2 and (wy,r) € G.po.

In case (1) we then have (€3.75x, w) € G.rb. Moreover, from Lemma 8 we have
either i) x & WS¢, N &a.TuUy G4k &3.ply; or i) x € WSg, A &a.wuy G4k &3.rly. In case
(1.i), from the proof of the first conjunct recall that we have a Ggo §1.wuy cke
&a.1ly. Also, from the shape of G traces we know that &o.7ly Gge &r.ruy. As
such, we have a Gio §1.wuy G—‘h>b §a.1ly Gio Eo Uy G4h>b &3.pl, Gio c. That is, as
G.po C G.hb and G is transitively closed, we have (a,c) € G.hb, as required.



Similarly, in case (1.1), from the proof of the first conjunct recall that we

have a %8° &1.wuy b &.rly. Also, from the shape of G traces we know that

G. G. G.hb G. G.hb
&a.rly zge & .wuy. As such, we have a iy &owuy = L.y iy & wuy —

&3.1ly Gjo c. That is, as G.po C G.hb and G is transitively closed, we have
(a,c) € G.hb, as required.

In case (2) from Lemma 3 we have &a.wuy e &3.7ly. Recall that with the first
conjunct we demonstrated that (a,b) € G.hb. Moreover, we have (b,&z.wuy) €
G.po and (&3.715,¢) € G.po. We thus have, a Gy, Gio &y Wiy b &3.1ly Gio c.
That is, as G.po C G.hb and G is transitively closed, we have (a,b) € G.hb, as
required.

RTS. (Part 3)
For the first conjunct, pick an arbitrary (a,b) € G'.rft; we are then required to
show that (a,b) € G.hb.

From the definition of G'.rft and the construction of G' we know there exist
&1, 60, wy, 1y such that & # &, (wy,ry) € G'rf, a,w, € & and b,y € &. Let
loc(w) = loc(r) = y. We then know &;.rly g &i-ply g Wy g &1.wuy and

G.po
a8 §1. Wiy
Let wy =W(y,v) and ry = R(y,v). From the construction of G’ we know that

(wy,&2.18y) € G.rf. On the other hand, from Lemma 3 we have & .wuy e &a.1ly.

We then have a ©58° §1.wuy e §o.1ly G, That is, as G.po C G.hb, we have

G.hb .
a — b, as required.

For the second conjunct, pick an arbitrary ¢ such that (b,c) € G'.rbt. We are
then required to show that (a,c) € G.hb. From the definition of G'.rbt we then
know there exist 3,7, w such that {3 # &2, 7 € Te,, ¢, w € Tey and (r,w) € G'.rb.
Let loc(r) = loc(w) = x. We then know that x € RS¢, UWSg,, x € WS¢, and
that there exists wy such that (wy,r) € G'rf and (wy,w) € G'.mo. From the
construction of G'.mo we then have (w,,w) € G.mo. From the proof of the first
conjunct recall that we have a Ggo §1.wuy b &a.1ly.

From the construction of G'.xf there are now two cases to consider: 1)
(Wg, &a.78x) € G.rf; or 2) x € WSe,, wy € & and (wy, 1) € G.po.

In case (1) we then have (§2.73x,w) € G.rb. Moreover, from Lemma 3 we
have either: i) £o.1uy G b &3.ply; or i) Eo.wuy Gae £3.7ly.

In case (1.i), from the shape of G traces we know that &a.7ly Ggo Ey.ruy. As

such, we have a Ggo §1.wuy e §a.1ly G-go & Uy G &3.pl, “8° ¢ That 18, as
G.po C G.hb and G is transitively closed, we have (a,c) € G.hb, as required.

Similarly, in case (1.i), from the shape of G traces we know that &.7ly Gge

& .wuy. As such, we have a Gio §1.wuy Cﬂ;b &a.1ly Gjo &g Wy G—'h>b E3.rly Gio c.
That is, as G.po C G.hb and G is transitively closed, we have (a,c) € G.hb, as
required.



In case (2), from Lemma 3 we have &o.wuy Cﬂ;b &3.1ly. Recall that with the
first conjunct we demonstrated that (a,b) € G.hb. Moreover, we have (b, {a.wuy) €
G.po and (&3.715,¢) € G.po. We thus have, a Gy, Gio &y Wiy b &3.1ly Gio c.
That is, as G.po C G.hb and G is transitively closed, we have (a,b) € G.hb, as
required.

Theorem 7 (Soundness). For all execution graphs G of the implementation
and their counterpart SI execution graphs G' constructed as above,

RA-consistent((G) = si-consistent(G’)

Proof. Pick an arbitrary execution graph G of the implementation such that
RA-consistent(G) holds, and its associated SI execution graph G’ constructed as
described above.

RTS. acyclic(G'.((pot U rfr Umot);rbr?))
We proceed by contradiction. Let us assume

RA-consistent(G) A =acyclic(G”.((pot U rfr U mot); rbr?)) (18)

From the definition of RA-consistent(.) we then know that there exists a such that
(a,a) € ((G’.po-r U G .rfr U G .mor); G’.rb-r)+. Consequently, from Lemma /
we have (a,a) € G.hbT. That is, since G.hb is transitively closed, we have
(a,a) € G.hb, contradicting our assumption that G is RA-consistent.

RTS. rfi U 1Urbr C po
Follows immediately from the construction of G'.

C.2 Implementation Completeness

In order to establish the completeness of our implementation, it suffices to
show that given an SI-consistent execution graph G’ = (E, po, rf, mo, lo), we can
construct a corresponding RA-consistent execution graph G of the implementation.
Before proceeding with the construction of a corresponding implementation graph,
we describe several auxiliary definitions.

Given an abstract transaction class 7¢ € G'.T /st, we write WS¢ for the set of
locations written to by T¢: WSe = UeeTng loc(e). Similarly, we write RS, for the
set of locations read from by T¢, prior to being written by 7¢. For each location
x read from by 7¢, we additionally record the first read event in 7¢ that retrieved
the value of x. That is,

RS’/zé{(X,T)\reTmRXAﬂee’QmEx.eﬁir}

Note that the execution trace for each transaction 7¢ € G'.7 /st is of the form

0 =t Poligem. . Poligm t;. for some k, where each ¢ is a read or write event. As
such, we have G".E = G'.T = Ur.cqr.7/0 Te = 0c-E.



Let RS7, UWS7; = {x1---x,}. We then construct the implementation trace
¢ as:

POlimm

POlimm POlimm POlimm
0 = Rs "™ RUs Pl prg Pl pg Poliwm g
where

POlimm POlimm POlimm POlimm POlimm
— Rs = rly, lﬁ ‘% Tly, lﬁ Sk, ‘% l% Sy, » where the
identifiers of all constituent events of Rs are picked fresh, and

rly; =RL(x;) =

g = )Ty Poligm wsy, if 3r. (xj,7) € R8¢ Avaly(r) = v;
’ 0 otherwise

with 7sy, £ R(x;,v;) and wsy, = W(s[x;1,v;).

— RUs = ruy, Tuy, , where the identifiers of all constituent
events of RUs are picked fresh, and for all j € {1---n}:

Polimm POlimm
c e %

RU(x;) if x; € WS¢
Ty, =

0 otherwise

— PLs = pl, Poligen __ POligm pl,, , where the identifiers of all constituent events
of PLs are picked fresh, and for all j € {1---n}:

PL(X]) if Xj € WS§

ply; =
0 otherwise
- Ts=1t Poligen_ Poligm ty, where for all m € {1---k}:
_ JR(slxnl, ) if ¢/, =R(xp,vn)
" LW, vn) P (s [xnd, vn)f ), =W(%n, 0n)

such that in the first case the identifier of ¢, is that of ¢/,; and in the second
case the identifier of the first event in ¢, is that of ¢, and the identifier of

the second event is picked fresh.

poli poli . . .
— Us = wuy, — -+ = Wuyg,, where the identifiers of all constituent

events of Us are picked fresh, and

. WU(XJ‘) if X S WS&
Wux; = .
0 otherwise

We use the &. prefix to project the various events of the implementation trace 0
(e.g. E.rly;).



Given the transaction classes 7 /st of G’, we construct a strict total order
TCO : T /st x T /st as an extension of G’.(rby; (pot U mot U rfr))T. That is,
construct TCO as a total order such that:

Ve,e'. (e,€') € G'.(rbr"; (pot U mot Urfr))T = (fe],, [¢],,) € TCO

Recall that since G’ is Sl-consistent, we know acyclic((pot U mot U rft);rbr?)
holds, i.e. acyclic(rbt”; (por Umot Urfr)). As such, it is always possible to extend
(rbt”; (pot U moT U rfr)T to a total order as described above.

For each location x, let WT, £ {72 € T /st ‘ Wy NTe # @} denote those
transactions that write to x. We then define TMO, = TCO|wr, as a strict total
order on WTy. Given a strict total order r, we write r|, for the ™ item of r,
indexed from 0 (e.g. TMOy|,). For i € N, we then define:

SEE{Te | TMOyl =Te V 3r € Te. (inity, ) € G'.rf}
SE L E{Te| TMOgl; 1 =Te V3Ir € Te. Jw € TMOx; . (w,r) € G'.rf \ 11}

where init, denotes the write event initialising the value of x (with zero).

For all locations x and 7 € N, let P¥ = TCO\S;;. Note that for each i € N, the
S* contains at most one transaction that writes to x. We denote this transaction
by P¥.writer. For each lock x we then define:

P*.writer.pl,, P*.writer.wuy),
Piwriter.ply, P, .rly),
Powriter.ply, P|; .rux),

P¥.writer.pl,, Pf.writer.pl.),

[I>

LO,

P*.w

W

* writer.pl,, P¥.writer. wuy),

riter. Wi, P;€‘|j 7ly),

riter.wuy, Py .writer.pl, ),

ieNAE>IN0<j<|SF

.writer. wuy, Pf.writer. wuy)
ly, PEowriter.pl, ),

Tux, PFowriter.pl,),
ly, PEowriter.wuy),

<

ieNAE>iAN0<j<|SF

<

(
(
(
(
(
(
(PF.writer. wuy, P;;|j TUy),
(
(
(
(
(
(

<

B M ]

el Ba~Rae

Ty, PEowriter. wiy),

Tly, Pix|j Uy
Tly, P;E\j, .l
Ty, PELL rux),
Ty, Pix,|j, 7ly),
Ty, Pix,|j, TUy),

AN

);
);

<.

i, i ENAO < <[SHA0< < |SE|

S
RLOx £L0, U ANi=9Nj<j)V(i<i))

NNy

R ]
— oo

<.

Remark 4. Let log & UscLoc LOx and loy = UscLoc RLOy. Note that both lo;
and log satisfy the conditions stated in Def. 4. The los additionally satisfies the



‘read-read-synchronisation’ property in (RSYNC). In what follows we demonstrate
that given an SI-consistent execution graph G| it is always possible to construct
an RA-consistent execution graph G of the implementation with its lock order
defined as los. Note that as lo; C log, it is straightforward to show that replacing
los in such a G with lop, preserves the RA-consistency of G, as defined in Def. 4.
In other words, as lo; C los, we have:

acyclic(hbjoe U mo Urb) with hb £ (poU rf Ulog)t =
acyclic(hbjoe U mo U rb) with hb £ (po U rf Uloy)*

As such, by establishing the completeness of our implementation with respect
to log, we also establish its completeness with respect to lo;. In other words, we
demonstrate the completeness of our implementation with respect to both lock
implementations presented earlier in Appendix A.

We now demonstrate the completeness of our implementation. Given an SI-
consistent graph, we construct an implementation graph G as follows and demon-
strate that it is RA-consistent.

- G.E= U  0¢.E, with the tx(e) =0, for all e € G.E.
Te€G'.T /st
Observe that G'.FE C G.E.

— G.po is defined as G’.po extended by the po for the additional events of G,
given by each 0, trace defined above. Note that G.po does not introduce
additional orderings between events of G'.E. That is, Va,b € G'.E. (a,b) €
G'.po < (a,b) € G.po.

— Gorf = Uy eroos { (0, €.755) | 3. (x,7) € BRS¢ A (w,7) € G}

- Gmo=G".

— G.lo = UcLoc RLOy, with RLOy as defined above.

Notation Given an implementation graph G as constructed above (with
G.T =0), and a relation r C G.E x G.E, we override the rg notation and write
rg for:

{(a,b) er ‘ 3o, &p. a € Gga.E Ab € Hgb.E NEq # Eb}
Analogously, we write r; for {(a, b)er ‘ 3. a,b e 9§.E}.

Lemma 5. For all SI-consistent execution graphs G' = (E, po,rf,mo,lo), and
for all x € Loc, &,,&, € TXID, and i € N:

§a €SP NE €S = (a, &) € TCO

Proof. Pick arbitrary SI-consistent execution graph G' = (E,po,rf,mo,T), x €
Loc, &,,& € TXIp, and i € N. There are now four cases to consider: 1) £, =
P¥.writer and & = Pf,.writer; 2) { = Pf.writer and & # P}, .writer; 3)
&a # PF.writer and & = P} .writer; and 4) {q # Pf.writer and & # P, ,.writer.

In case (1) from the definitions of SF and PF.writer we have T¢, X Te, C mot
and thus from the definition of TCO we have (£4,&p) € TCO, as required. Similarly,



in case (2) from the definitions of S¥ and PF.writer we have Tg, X Tg, C€ rfr
and thus from the definition of TCO we have (£,,&,) € TCO, as required.

In case (3), from the definition of SF we know there exist r € Te, N Ry and
w € PF.writer N Wy such that (r,w) € rb and thus (a,w) € rby. On the other
hand from the definitions of Sf and S}, we know there exists w' € T, "Wy such
that (w,w’) € and thus (w,w’) € mot. As such we have (a,w’) € rbr;mor
and thus from the definition of TCO we have (£,,&,) € TCO, as required.

In case (4), from the definition of SF we know there exist r € Te, N Ry and
w € PF.writer N Wy such that (r,w) € rb and thus (a,w) € rby. On the other
hand from the definitions of Sf and Sf,, we know there exists v’ € Te, "Ry such
that (w,r") € rf and thus (w,r’") € rfr. As such we have (a,r’) € rbr;rfr and
thus from the definition of TCO we have (&,,&) € TCO, as required.

Corollary 1. For all SI-consistent execution graphs G' = (E, po,rf, mo,lo), and
for all x € Loc, &,,& € TXIp, and ¢,j € N:

§a ESTANEG ESF NI < j= (£, &) € TCO
Proof. Follows by induction from Lemma 5.
Given an implementation graph G = (E, po, rf, mo, lo), let

€1~rlxv §2plx) S |0X7

(

TUx, E2.0ly) € log, | 5. . < " .
EZ-TZX 55225“){)) c lox 327]7k' Pi |] :fl A Pz |k:§2 /\j > k
(

&1.1uUx, Eo.wuy ) € loy

hb' £ | pourfUlo\

Lemma 6. For all implementation graphs G = (E, po,rf, mo,lo) constructed as
above,

Va,b,&a, & a € e, EAbE O, . ENa™ b
= (a,b) € G.por V (§a, &) € TCO

Proof. Pick an arbitrary implementation graph G = (E, po, rf, mo,lo) constructed
as above. Since hb' is a transitive closure, it is straightforward to demonstrate
that hb’ = |J hb}, where:
ieN

(€17, E2.pl,) € lo,
hby = pouUrfUlo) Egi:ﬁxf?ii};))eelﬁi Ji,j. k. PF; =& A Pl =6 Nj>k

(&1.7uy, Ea.wuy) € log
and hbj; = hb{; hbj. It thus suffices to show:

Vi€ N.Va,b,&0,&.a €0, EADE O . ENa 5 b
= (a,b) € G.por VvV (§a,§b) e TCO

We proceed by induction over i.



Base case i =0 )
Pick arbitrary a,b,&,,& such that a € 0¢,.F and b € 0¢,.E, a h—b(f b. There are

. G.porUrfiUl a. G.if
then, four cases to consider: 1) a = "= b; or 2) a "B b; 3) a "B b; or 4)
G.|OE
a = b.

In case (1), from the construction of G.rfy we have G.rfy C G.por; moreover,
from the construction of G.lo; we have G.lo; C G.poy. Consequently we have
a G‘—p>0I b, as required.

In case (2) from the construction of G.po we then know that Te, X Te, € G'.po
and thus from the definition of TCO we have (£,,&) € TCO, as required.

In case (8) from the construction of G.rf we then know that Te, X Te, € G'.rfy
and thus from the definition of TCO we have (£,,&) € TCO, as required.

In case (4) from the definition of hbjy we know that there exists i, j,4',j such
that {o= P¥l;, &= Ppl; and either i) i <i'; orii) i=1Aj <j'

In case (4.1) from Corollary 1 we have (&,,&) € TCO, as required. In case
(4.7) from the definitions of PF we have (&4,&) € TCO, as required.

Inductive case i = n+1
hb’,
Pick arbitrary a,b,&,,& such that a € 0¢, . E, b € 0. E and a — b.

hb’;
Vjgn.Vc,d,éc,ﬁd-CGGEC-E/\deeéd-E/\C4d (IH)
= (c,d) € G.por V (&,8a) € TCO

From the definition of hbj, | we then know there exists e such that (a,e) € hbg
and (e,b) € hbl,. Let e € .. .E. Consequently, from the proof of the base case
we then know that (a,e) € G.por V (&,&) € TCO. Similarly, from (I.H.) we
have (e,b) € G.por V (&,&) € TCO. There are now four cases to consider:
1) (a,e) € G.por and (e,b) € G.por; 2) (a,e) € G.por and (&,&) € TCO; 3)
(€a, &) € TCO and (e,b) € G.por; 4) (£a,&e) € TCO and (&,&,) € TCO.

In case (1) from the definition of G.por we have (a,b) € G.po;. In cases (2-4)
from the definitions of G.por, TCO we have (&,,&) € TCO, as required.

Given an implementation graph G = (E, po, rf, mo, lo) constructed as above,
let stg(.): G.E — {1,2,3} denote the event stage reflecting whether it is in the
snapshot phase (1), reader lock release phase (2), or the update phase (3). That
is,

1 F,xee€ {f.rlx,f.mx,f.wsx}
2 A xe=CE.ruy

3 otherwise

L

stg(e)



Lemma 7. For all implementation graphs G = (E, po,rf, mo,lo) constructed as
above, and for all x € Loc, &q,&1,& € TXID and a € O¢,.E:

(E1.70x 3 Eo0.pl A Eapl, 3 a)
V(Errue 3 E.ply Aoply 3 a)
V (&1l 19 Ex.wuy A o Wiy h a)

V(&1.ruy o Eo.wuy A o Wiy bty a)
= stg(&.1ux) < stg(a) Vv (§1,&,) € TCO

A3j, kL. PX| =& A PY =€ Nk > 1

B !

Proof. Pick an arbitrary implementation graph G = (E, po, rf, mo,lo) constructed
as above, and pick arbitrary x € Loc, &4,&1,& € TXID and a € 0¢,.E such that
(17l 3 &ople Aol B 0) V (€rrue S &oply Abople B a) v (1l S
Eo wug N Wiy he a)V (&1.1uyx 1o Eo. Wy Ao Wiy e a)) and 37, k, 1. Pﬂk =& A
P;-‘|l =& ANk > 1. In case of the first disjunct from the construction of lo we then
also have &1 .71uy LY Ea.pl, N Eauply, ™ a. Similarly, in case of the third and fourth
disjuncts from the construction of lo we also have £1.1uy LY Ea.pl, N Ea.wuy " .
Moreover, since we have &3.pl, LY &.wuy and po C hb, we also have &1 .ruy LY

Eo.pl, A Ea.ply, " 4. It thus suffices to show:

€1.7Ux <3 Ea.ply N Eaply 5 a N Tj k1P| =& A PY| =€ Nk > 1
= stg(&1.1ux) < stg(a) V (&1,&,) € TCO

Since G.hb is a transitive closure, it is straightforward to demonstrate that

G.hb = |J hb;, where hbg = G.poU G.rf U G.lo and hb;11 = hbg; hb;. It thus
ieN
suffices to show:

Vi € N. Vx € Loc, &,,&1,& € TXID,a € ¢, . E.
€170 S Ea.ply N Eaply 5 a ATj kL PE| =61 A PE| =& Nk > 1
= stg(&1.ruy) < stgla) V (&1,&) € TCO

We thus proceed by induction over 1.

Base case i =0 |
Pick arbitrary x € Loc, &,,&1,&2 € TXID and a € 0¢,.F such that &;.1uy 3 &l

&a.pl, " o and 37, k, 1. P]’F|k =& A P]?‘|l =& ANk > 1. From the construction of
G we know that there exists r € G'.T¢, and w € G'. T, such that (r,w) € G'.rb.

Moreover, since k # 1 we know that (r,w) € G’'.rbt. Since we have &5.pl, by a,

. G.pojUrfiUlo G.po
there are four cases to consider: 1) &5.pl, = as or 2) Lopl, ST a; or

3) &.pl, 3% a; or 4) &.pl, 5 a
In case (1), from the construction of G.rfy we have G.rfy C G.por; moreover,

G._p)ol

from the construction of G.lo; we have G.lo; C G.por. We thus have &2.pl, a.



On the other hand, from the definition of stg(.) we know stg(a) > stg(&2.pl,) >
stg(&1.ruyx), and thus stg(a) > stg(&1.ruy), as required.

In case (2), since &5.pl, ¢ a, we have (w,a) € G'.por. As such, we have
(r,a) € G'.(rby;por). From the definition of TCO we thus have (£1,&,) € TCO,
as required.

Case (3) cannot happen as there are no rf edges from lock events. In case
(4), from the construction of lo we know there exists m,n such that m > j, and
& = Pp|,. As such, from Corollary 1 we have (&1,&,) € TCO, as required.

Inductive case i = n+1
Pick arbitrary x € Loc and &,,&1,& € TXID and a € ¢, . E such that &1.7uy LY

oply, E2.pl, X a and 3j, k, 1. Px| =& A PY| =& Nk >

\V,J S n. VY S LOC7£a’7§3a§4 S TXID? a// € Hga’E

(&3.1uy 19 E4.pl N Ey.pl, @ a') A 3j, kL P]’F|]C =& A PJ’F|Z =& Nk >
= stg(&z.ruy) < stg(a’) V (£3,8ar) € TCO
(ILH.)

There are two cases to consider:
(porUrfiUloy) ™

1) &.pl, — a; or
UrfiUlor)™; UrfgUlog);hby,
2) &a.ply (perbrfilon (p—°>E rfetlee) a, where m < n.

In case (1), from the construction of G.rfy we have G.rfy C G.por; moreover,

from the construction of G.lo; we have G.loy C G.poy. We thus have £2.pl, pﬂ;r a,
i.e. £a.ply 2 a. As such, from the proof of the base case we have stg(a) >
stg(&1.1uy), as required.

In case (2) from the construction of G we know that there exists r € 0¢,.E and
w € b¢,.E such that (r,w) € G'.rb. Moreover, since k # 1, from the construction
of G we know that & # & and thus we have (r,w) € G'.rbr. On the other hand,

) f1Ulo)* rfgUl
we know that there exist b, ¢ such that &5.pl, (polur—l>u 1) p PoEIEYoE e Brom
the construction of G.rfy we have G.rfy C G.por; moreover, from the construction

of G.lo; we have G.loy C G.por. We thus have &a.pl, P2V b, As such we have
Eapl, "5 b POEIIEUIE o Let ¢ € O¢.. There are now three cases to consider: a)

b % c;orb)b e c;ore)d % ¢ We first demonstrate that in all three cases we
have (£1,&.) € TCO.

In case (2.a), since &3.pl, ®% ¢, we know there exists ¢ € Te, such that
(w, ) € G'.por. As such, we have (r,c') € G'.(rbr;por). From the definition of
TCO we thus have (§1,&:) € TCO. In case (2.b), from the definition of G.rf we
know there exists ¢’ € Te, such that (w,c') € G'.rfy. As such, we have (r,c) €
G'.(rbr;rfr). From the definition of TCO we thus have (£1,&.) € TCO. In case
(2.c) from the construction of lo we know there exists z such that either b = &5.pl,
or b = &.wuz, and that there exist p,q such that & € Sy, { € S5 and p < q.
Given the definition of S* we then know that there exists w, € G'.Te, where either
i) there exists w, € Te, such that (w,,w) € G'.mov; or i) there exists r, € Te,



such that (w,,r,) € G'.rfx; or i) there exists v, € Te, such that (w,,r,) €
G’ .(mot;rfr). That is, we have either (w,w)) € G'.mot, or (w,r,) € G'.rft, or
(w,r,) € G'.(moT;rft). Moreover, since we have (r,w) € G'.rb, we then have
(r,wl) € G'.(rbr;mor), or (r,r,) € G'.(rbr;rfr), or (r,r,) € G'.(rbr; moT;rfy).
From the definition of TCO we thus have (&1,&.) € TCO.

Since ¢ "' a, there are now two cases to consider: i) ¢ hg a; orii) ¢ r;;_;)’ a.

In case (2.i), from Lemma 6 we have (c,a) € por V (&,&,) € TCO. As we
have (&1,&:) € TCO, we thus have (£1,&,) € TCO, as required.

In case (2.ii) let us split the path from c at the first occurrence of a non-

hb’ edge. That is, pick &3,€4,9,h,y,D,q,8,k such that ¢ }E; £s3.g LY &4.h hbg a,
k<m, PY,="Te, PY|,=Te,, p> q and either a) g = rly Nh = ply; or b)
g=ruy ANh =pl;orc)g=rly Nh = wuy; or d) g =ruy AN h = wuy. From
Lemma 6 we then have (¢, &3.9) € porV (&, &3) € TCO. As we have (£1,€.) € TCO,
we also have (§1,&3) € TCO. We next demonstrate that in all cases (2.4i.a-2.4i.d)

there exists t such that t < m and &3.1uy 13 &a.ply " g,
In case (2.ii.a) from the definition of lo we also have &s.1uy - Ea.ply. As

such, we have &3.7uy LY §a-ply "t . In case (2.1i.b) the desired result holds
immediately.

In cases (2.ii.c-2.1i.d) from the construction of lo we have &3.7uy LY §a.ply.

Moreover, since we have §4.ply ” &a.wuy, we also have §4.ply ” &a.wuy rﬂﬁﬁ a. As
po C hb and hb is transitively closed, we have &4.pl, hbk—)“ a. As such, we have
£3.1Uy LY §a-ply hbi;rl a. As k < m, the desired result holds immediately.

Consequently, from (I.H.) we have stg(&s.1uy) < stg(a) V (&3,&,) € TCO.
In the case of the first disjunct we have stg(&s.ruy)=stg(&1.7ux) < stg(a), as
required. In the case of the second disjunct, since we also have (£1,&3) € TCO
and TCO is transitively closed, we have (£1,€,) € TCO, as required.

Theorem 8 (Completeness). For all SI execution graphs G' and their coun-
terpart implementation graphs G constructed as above,

si-consistent(G’) = RA-consistent(G)

Proof. Pick an arbitrary SI execution graph G’ and its counterpart implementa-
tion graph G constructed as above and assume si-consistent(G') holds. From the
definition of RA-consistent(G) it suffices to show:

1. irreflexive(G.hb)
2. irreflexive(G.mo; G .hb)
3. irreflexive( G.rb; G.hb)

RTS. part 1

We proceed by contradiction. Let us assume that there exists a,0¢ such that
a € 6¢.E and (a,a) € G.hb. There are now two cases to consider: 1) (a,a) € hb';
or 2) (a,a) & hb'.



In case (1), from Lemma 6 we have (a,a) € G.poyV (T¢, Te) € TCO. The first
disjunct leads to a contradiction as the construction of G.po yields an acyclic
relation. The second disjunct leads to a contradiction as TCO is a strict total
order.

In case (2), let us split the a ™ o at the first occurrence of a non-hb’ edge.

lo\hb’
That is, pick &1,&2,%,1,5,k, g, h such that a he &g O\—> &.h L a, P?|. ="Te,

7 |j
= . lo\hb’ hb  hb
PFl, =Te, and j > k. As we have §1.9 — &.h — a — &1.g, from Lemma 7

and the definition of hb we then have stg(&1.9) < &1.9V (£1,&1) € TCO, leading
to a contradiction in both disjuncts (the second disjunct yields a contradiction as
TCO is a strict total order).

RTS. part 2

We proceed by contradiction. Let us assume that there exists a,0¢_,b,0¢, such that
a€b, .E,bebg.E, (a,b) € G.hb and (b,a) € G.mo. Let loc(a) = loc(b) = x
for some shared location x. There are now two cases to consider: 1) (b,a) € G.mor;
or 2) (b,a) € G.mok.

In case (1) we then have (bya) € G'.mor C G'.por. That is, we have

(b,a) € G.po C G.hb. We thus have a Gy, P a, contradicting our proof

in part 1. In case (2), from the construction of G.mo we have (b,a) € G'.mot

and thus from the construction of G.lo we then have (&.wuy, &,.71lx) € G.lo. As

G.hb G.po G.l G.po . G.hb
such we have a =" b =S Epwuy = &4l 28 4. That is, we have a — a,

contradicting our proof in part 1.

RTS. part 3
We proceed by contradiction. Let us assume that there exists a,0¢,,b,0¢, such
that a € ¢, .E, b € ¢,.E, (a,b) € G.hb and (b,a) € G.rb.

Let loc(a) = loc(b) = x for some shared location x. There are now two cases
to consider: 1) (b,a) € G.rby; or 2) (b,a) € G.rbg.

In case (1) we then have (b,a) € G'.rby C G'.poy. That is, we have (b,a) €
G.po C G.hb. We thus have a Gy, G0 a, contradicting our proof in part 1. In
case (2), from the construction of G.rb we have (b,a) € G'.rbt and thus from the
construction of G.lo we then have either (b, &, .wuy) € G.po and (§p.wuy, &q.7lx) €

G.lo; or (b,&p.rux) € po and (§p.1ux, Ea-ply) € G.lo. As such in both cases we

have (b,a) € G.hb. Consequently, we have a by, b a, contradicting our proof

i part 1.



D Soundness and Completeness of the Lazy SI
Implementation

Given an execution graph G of the lazy SI implementation, let us assign a
transaction identifier to each transaction executed by the program; and given a
transaction . Let RSg = WSg = (). Observe that given a transaction £ of the
lazy SI implementation, the trace of £, written 6¢, is of the form:

POlimm POlimm

POlimm POlimm POlimm POlimm
Fs Plipm pg Polipen g Polipm ppre poligm pp Poligm e POl gy
where:

— Fs denotes the sequence of events failing to obtain the necessary locks, i.e.
those iterations that do not succeed in promoting the writer locks;

— Is denotes the sequence of events initialising the values of LS,RS and WS with
(), and initialising s [x] with L for each location x;

— Ts denotes the sequence of events corresponding to the execution of (T) and

is of the form # t, where for all m € {1---k}:

e RS 1, WS, 1) 08 1

PO|izam PO|ixam .
UJT(X»,,“ Ums RSm—h WS’m—l) —  WWSx,, — lwxm if O’m :w(xma Um)

X if O =R (X, Vm)
tm =

where O,, denotes the mth event in the trace of the original T; Ir, =
R(s[xn],vm); lwy, = W(s[Xml,vm);

R(slxml, L) ifxm & RSm—1U WSm—_1
POlimm
Jsm
Poliram
Lt
A poli
Td(xrmvmv RSm—la WSm—l) = ligm WTSx,,
POlimm
Xm
POlimm
WSx,,
1] otherwise

fs,,, denotes the sequence of events attempting (but failing) to acquire the
read lock on x,,, rly,, = RL(X1,,), wrsy,, = W(RS, RSm), 5z, = R(Xm,Vm),
and wsy,, = W(s[xm],vm); and for all m > 0:

RS7n+1 é {

and

RS, U{xn} if On=R(zm,—)
RS, otherwise

R(s [Xm],L) if x,, Q RSm—1 U WS-t

A ) Polimm
'U)T'(Xm,Um7RSm717 WSWL71) = me

POlimm

rl,, @ otherwise

Xm



L

lwy,, =W(s[xm], vm), wwsy, = WWS, WS,); fs,, and 7l are as defined

above; and
WS,y 2 WS U{xp,} if Om:.W(xm, =)
WS, otherwise
Let RS¢ = RS, and WSe = WS,,; let RS U WS¢ be enumerated as {x1---x;}
for some 1.
— RUs denotes the sequence of events releasing the reader locks (when the given

L . poli pols
location is in the read set only) and is of the form ruy, ~— -+ —  Tuyg,,

where for all n € {1---i}:

RU(x1,) if x, & WS,
Tly, = )
0 otherwise

— PLs denotes the sequence of events promoting the reader locks to writer ones

(when the given location is in the write set), and is of the form pl, pogm,

POlimm

=" pl,., where for all n € {1---i}:

L= PL(x1,) if x, € WS¢
Ple. 0 otherwise

— Ws denotes the sequence of events committing the writes of (T) and is of the

POlimm POlimm

form ¢y, Cx;, Where for alln € {1---i}:

. — R(s[x,]1,v,) Poliggm Wy, =W(xp,v,) if x, € WSg
" 0 otherwise

— Us denotes the sequence of events releasing the locks on the write set, and is

pol; pol;
of the form wuy, ~— - —

WU(x1,) if x, € WS,
Wiy, = )
] otherwise

wuy,, where for alln € {1---i}:

Given a transaction trace 8¢, we write e.g. . Us to refer to its constituent Us
sub-trace and write Us.E for the set of events related by po in Us. Similarly, we

write £.E for the set of events related by po in 6¢. Note that G.E = |J &.E.
ecTx
Note that for each transaction & and each location x, the £.7ly, £.755, &.7Ux,

E.ply, E.wuy and €. wy are uniquely identified when they exist.
For each location x € WS¢, let fw, denote the maximal write (in po order
POlimm POlimm
% e

within ) logging a write for x in s[x]. That is, when ¢ = t; =" tm,
let fw, = wmax(x,[t1 - tm]), where
wmax(x, []) undefined
a ) lwy if t=wr(x,—, —, —) P2y 28 wws,

L+t
wmax(x [t]) wmax(x, L) otherwise



Similarly, for each location x € WS, let 4wy denote the minimal write (in po order

Poligm  Poligm

within £) logging a write for x in s[x]. That is, when 0 = ¢;
let iwy = wmin(x, [t1 - - tm]), where

wmin(x, []) undefined

if +— I W po
wmin(x, [t]++L) = hwy if t=wr(x, —, —, —) = lwy — wwsy
wmin(x, L) otherwise

D.1 Implementation Soundness

In order to establish the soundness of our implementation, it suffices to show
that given an RA-consistent execution graph of the implementation G, we
can construct a corresponding SI-consistent execution graph G’ with the same
outcome.

Given a transaction { € Tx with RS; UWSe = {x; - - -x;} and trace ¢ as above

with Ts = ¢ Poligm _ Polim tx, we construct the corresponding SI execution
trace 0& as follows:

 POlimm POlimm
oo %

AN t

where for all m € {1---k}:

! =R (%, ) Whent by = 7d(Xm, Uy, S ) "B 1

Xm
pol; pol;
! =W(Xpm, Um) when &y, = Wr(Xm, Vm, Sm)  — Wy, —  Wwsg,,

such that in the first case the identifier of ¢/, is that of ir,, ; and in the second
case the identifier of ¢/ is that of lwy, . We then define:

t; € 0. B A\ Ix,v. th=R(x,v) A w=W(x,0)
Nw € &.E = w 5 ) A
RFe £ ¢ (w,t}) (Veeﬁ.E.wgegt} = (loc(e)#x V egW)))
NwgEE= (Ye€{E. (e 5t = (loc(e) £xVe g W))
AL (& wy, 1) € Gorf) ANw=E" . fw,

Similarly, we define:

MO é {(w17w2)7

3wy, we € EENW Aloc(w)=loc(ws) A (wy,wsz) € G.po +
(w3, wy)

A 351, 52, X. w3:§1.fwx N ’U)4=§1.Zﬂ)x N (51.11)}(, §g.wx) € G.

We are now in a position to demonstrate the soundness of our implementation.
Given an RA-consistent execution graph G of the implementation, we construct
an SI execution graph G’ as follows and demonstrate that si-consistent(G’) holds.

- G'"E= | 0;.E, with the tx(.) function defined as:
ecTx

tx(a) £¢  where a €6



— G'.po= G.po|g'.p
— G"rf = Ugery RFe
— G'.mo = MO
G'lo=10

Observe that the events of each 9:5 trace coincides with those of the equivalence
class T¢ of G'. That is, 0;.E = Te.

Lemma 8. Given an RA-consistent execution graph G of the implementa-
tion and its corresponding SI execution graph G’ constructed as above, for all
a, ba gav gba X!

CaF & Na€&.ENDEE.ENloc(a) =1loc(h) =x=

((a,b) € G'.rf = £q.wuy EA &p.rly) (19)
A ((a,b) € G'.mo = Eq.wuy T3 &yl (20)
A ((a,b) € G'.rb = (x € WS¢, A &a.wux pa &b.1lx) V (x € WSe, N Eq.Tuy pal &v.ply)

(21)

Proof. Pick an arbitrary RA-consistent execution graph G of the implementation
and its corresponding SI execution graph G’ constructed as above. Pick an arbitrary
a,b,&, &, x such that £, # &, a € £, .E, a € £,.F, and loc(a) = loc(b) = x.

RTS. (19)
Assume (a,b) € G'.rf. From the definition of G'.rf we then know (£,.wy, &p.785) €

G.rf. On the other hand, from Lemma 2 we know that either i) x € WS¢, and

&y Wy G.4b Eo-rly; or i) x & WS, and &y.ruy Ghb Ea-ply; or ) &g wuy Gab

&p-1ly. In case (i) we then have &, .wy G—';f Ep.TSx Gio Ep Wiy, G—'h>b Eqorly Gjo &g Wy

That s, we have &,.wy G Do Eq.wy, contradicting the assumption that G is
RA-consistent. Similarly in case (i) we have &,.wy Gy &p.TSyx e Ep.TUy G

&a-pl, e &q-wy. That is, we have &, .wy G hb &g -wy, contradicting the assump-

tion that G is RA-consistent. In case (iii) the desired result holds trivially.

RTS. (20)
Assume (a,b) € G'.mo. From the definition of G'.mo we then know (£,.wy, §p.wy) €
G.mo. On the other hand, from Lemma 2 we know that either i) &.wu, e

Ea-Tly; or i) Eq.wuy G4b &p-1ly. In case (i) we then have &,.wy ax &y wy G-ge

-hb G. . . G .hbpoc
Ep. Wy, G—> Eqorly z8e &q.wy. That is, we have &,.wy G—> Epawy S gy,

contradicting the assumption that G is RA-consistent. In case (ii) the desired
result holds trivially.

RTS. (21)

Assume (a,b) € G'.rb. From the definition of G'.rb we then know that ei-
ther (§q.wy, &pwy) € G. or (£a.75x,&p-wy) € G.rb. In the former case the
desired result follows immediately from the proof of part (20). In the latter



case, from Lemma 2 we know that either i) &,.wu, Gae Ea-rly; or i) x & WS,

and Eq.1Uy Ghb &a.pl,; or i) x € WS¢, and &,.wu, G.4e &1y In case (i)
G. . G. . .

we then have &,.wy z8e Ep. Wiy, Gﬁhb Eqorly z8e PR Cgb &wy. That is, we

G hbioe & TSy G Ep.wy, contradicting the assumption that G is RA-

have &p.wy

Lemma 9. For all RA-consistent execution graphs G of the implementation and
their counterpart SI execution graphs G' constructed as above:

V€, & VYa € G Te,,be G'Te,.
(a, b) S G'.(po-r Urfru T)+ =
Ad e G'Te,.Vee G’ Te,. (c,d) € G.hb
A(Fy. (&q.wuy,d) € G.hbV Ve € &,.E. (c,d) € G.hb)

Proof. Let Sy = G'.(pot U rfr Umort), and Sp41 = So; Sn, for alln >= 0. It
is straightforward to demonstrate that G'.(por U rfrUmot)t = |J S;. We thus
iEN
demonstrate instead that:
Vi € N. V&, &.Va € G'.Te, b€ G'.Te,.
(a,b) € S; = 3d e G'Tg,. Ve € G'.Tg,. (c,d) € G.hb
A(Fy. (&a-wuy,d) € G.hbV Ve € &,.E. (c,d) € G.hb)

We proceed by induction on i.

Base case i =0

Pick arbitrary &,,&, a € G'.T¢,,b € G'.Tg, such that (a,b) € Sy. There are
now three cases to consider: 1) (a,b) € G'.por; or 2) (a,b) € G'.rfx; or 3)
(a, b) S G T-

In case (1), pick an arbitrary ¢ € G'.Te,. From the definition of G'.por we
have (¢,b) € G.po C G.hb, as required. Pick an arbitrary ¢ € £,.E. From the
definition of G'.pot we have (c,b) € G.po C G.hb, as required.

In case (2), we then know there exists w € G'.Te, and r € G'.T¢, such that

(w,r) € G'.rf. Let loc(w) = loc(r) = x. From Lemma 8 we then have &,.wuy o

&.rlx. Pick an arbitrary c € G'.Te,. As such we have ¢ Gio Eq wuy G.b Ep.rly Gi
&p.1sx. That is, we have (¢, &y.18y), (Eq. Wy, &p-75x) € G.hb, as required.

In case (3), we then know there exists w € G'.T¢, and w' € G'.Tg, such
that (w,w’) € G'.mo. Let loc(w) = loc(w’) = x. From Lemma 8 we then have

[e]

Eq Wy G &.rlx. Pick an arbitrary c € G'.Te,. As we also have &,.7ly Gpo w’,

and ¢ &%° €a-wuy, we then have (c,w'), (- wux, w’) € G.hb, as required.

Inductive case i=n+1

VjeN. V., & Yae G'Te,,be G'Te,.
(a,b) e S;ANj<n=
dd e G'T¢,. Ve e G'Te,. (¢,d) € G.hb
A(Fy. (&q.wuy,d) € G.hbV Ve € &,.E. (c,d) € G.hb)



Pick arbitrary &,,&, a € G'.Te,,b € G'.Te, such that (a,b) € S;. From the
definition of S; we then know there exist e, &, such that e € G'.Te,, (a,€) € Sy
and (e,b) € S,. Since (e,b) € Sp, from (LH.) we know there exists d € G'. T,
such that Vf" € G'.Te,. (f',d) € G.hb. On the other hand, from the proof of the
base case we know there exists f € G'.Te, such that V¢’ € G'.Te,. (¢, f) € G.hb;
and that 3y. ({c.wuy, f) € G.hbV V' € &,.E. (¢, f) € G.hb. Pick an arbitrary
c € G'"Te,. We thus know that (c,f) € G.hb. As f € G'.T¢,, we thus have
(f,d) € G.hb. As G.hb is transitively closed and we have (¢, f), (f,d) € G.hb and
Jy. (e.wuy, f) € G.hbV VYV € &.E. (¢, f) € G.hb, we then have (¢,d) € G.hb,
and 3y. (&c.wuy,d) € Ghb VvV € &, .E. (¢,d) € G.hb, as required.

Theorem 9 (Soundness). For all execution graphs G of the implementation
and their counterpart SI execution graphs G' constructed as above,

RA-consistent(G) = si-consistent(G’)

Proof. Pick an arbitrary execution graph G of the implementation such that
RA-consistent(G) holds, and its associated SI execution graph G’ constructed as
described above.

RTS. irreflexive(si-hb)

We proceed by contradiction. Let us assume —irreflexive( G'.(porUrfrUmotUsi-rb)).
Let S = @' .(porUrfrUmoTt)™. There are ow two cases to consider: either there is
a cycle without a si-rb edge; or there is a cycle with one or more si-rb edges. That

is, either 1) there exists a such that (a a) € S; or 2) there emist a1,b1, - an, by
G’ sj-rb G’ 5| rb S e 5| rb
such that a1 ~ = by % a9 b % - ap by, % ai.

In case (1) we then know there emstsf such that a€ G Te,. As such, from
Lemma 9 we know that there exists d € G'.Te, such that for all c € G'.Te,,
(¢,d) € G.hb. As such, we have (d,d) € G.hb, contradicting the assumption that
G 1is RA-consistent.

In case (2), for an arbitrary i € {1---n}, let j = i+1 when i #n; and j =1

when i = n. As a; G—sirb bi, we know there exists &,,,&, such that a; € Tga s

bi € Tg, . and that there exist r; € Te,  NRe and w; € Tg, NW such that
(ri,w;) € G'.rb. Let loc(rl) = loc(w;) = %;. From Lemma 8 we then know that

either i) &, .ruy, GAb &b, -ply,; o7 Qi) &, Wy, A &p,.1ly,. Note that for all y

) G. G.
such that &, . wuy exists, we know &, .7ly, 8e &b, -wuy and &y, .ply, 8° b, - Wy
As such, as (b;,a;) € S, from Lemma 9 and since G.hb is transitively closed, we
G.hb

know there exists d; € ’Ea_ such that either &, .ruy, A dj, or &a; . wuy, — dj.
That is, g, Uk Gab

observe that for all d; € 7'5% we have d; Gio Ea,; Uz, G.€. d; G4 o, Ux, - As such,

d;, where either uy, = Tuy, 0T Uy, = Wuy,. On the other hand,

we have d; b Ea,; - Ux; - As we also have &g, .Uy, G—'h>b d; and G.hb is transitively
closed, we have £, .ux G ko = &a; Uy, We then have Eay - Ux, Cﬂ;b Eay Uy G—'h>b e G—'h>b
o, Uz, — A Eay Us, - That 08, Eap Uz, — A &ay - Ux, , contradicting the assumption



that G is RA-consistent.

RTS. rfy Umor Urby C po
Follows immediately from the construction of G'.

D.2 Implementation Completeness

In order to establish the completeness of our implementation, it suffices to show
that given an SI-consistent execution graph G’ = (E, po, rf, mo,lo), we can con-
struct a corresponding RA-consistent execution graph G of the implementation.

Note that the execution trace for each transaction 7¢ € G'.T /st is of the

poli poli . .
form 0 = t; " =" ... " =" ¢ for some k, where each ¢/ is a read or write event.

As such, we have G'.E = G".T = Uz cqr 7/ Te = 0. E. We thus construct the
implementation trace ¢ as follows:

pol

POlimm POlimm POlimm POlimm imm
Is =" Ts — RUs — PLs — Ws — Us

where:
— Is denotes the sequence of events initialising the values of RS and WS with (),

and initialising s[x] with L for each location x;

— Ts is of the form # Poligm __ Polipm tr, where for all m € {1---k}:
rd(Xm, Vmy BSm—1, WSm—1) Peligm Iry,, if t], =R(Xm, Um)

POlimm POlimm

W (X, Uy RS m—1, WSm—1) —  wwsy,, — lwy, ift),=W(xm,vm)

tm =

where Ir,, 2 R(s[x,],vm); lwy, = W(s[x,,],vm,); the identifiers of Iry,
and lwy, are those of ¢/ , whilst the identifiers of other events in t,, are
picked fresh;

R(slxml,Ll) ifxm & RSm—1U WSm—_1

POlimm

Wrsy,,

POlimpm fs
m

Poliram
7d(Xpm, Vi, RSm_1, WSp_1) & L,

Poliram
=2 rsy,,

POlium
Xm

0 otherwise

wrsy, = W(RS, RS,,), fs,, denotes the sequence of events attempting (but
failing) to acquire the read lock on x,,, ly,, = RL(x1.,), 75y, = R(Xm, Um),
and wsy,, = W(s[xm],vm); RSo=0 and for all m > 0:

o A{RSmU{xm} if ¢ =R(%m, —)
m+1 =

RS, otherwise



and

R(slxml, L) if xm & RSm—1U WSpm_1
’u)'f'(Xm,’Um, RSmfla WSmfl) £ Poligm fsm

pol; .
=™ rly,. 0 otherwise

Iy, =W(s X1, vm), wwsy, = WWS, WS,,); fs,,and 7l are as defined
above; and

WSm+1 A WSm U {Xm} if tITn:W(Xma 7)
WS otherwise
Let R8¢ = RS, and WS = WS,,; let RS UWSe be enumerated as {x;---x;}
for some 1.
RUs denotes the sequence of events releasing the reader locks (when the given

POlimm POlimm

location is in the read set only) and is of the form ru,,
where for all n € {1---i}:

TUx, »

RU(x1,) if x, & WS,
TUy, = .
0 otherwise
with the identifier of each ruy, picked fresh;
PLs denotes the sequence of events promoting the reader locks to writer ones

(when the given location is in the write set), and is of the form pl, po‘i—li]m

o Polimm I

pl,., where for all n. € {1---i}:

| PL(x1,) if x, € WS¢
Plan 0 otherwise
with the identifier of each ruy, picked fresh;
Ws denotes the sequence of events committing the writes of (T) and is of the

POlimm POlimm

form ¢y, Cx;, where for all n € {1---i}:

o R T va) P g =, vn) i, € WS
o 1] otherwise

with the identifiers of events in each ¢, picked fresh;
Us denotes the sequence of events releasing the locks on the write set, and is

poli poli
e POl

of the form wuy, Wy, , where for all n € {1---i}:

WU(x1,) if x, € WS,
Wiy, =
n 0 otherwise

with the identifier of each wuy, picked fresh.



We use the . prefix to project the various events of the implementation trace
¢ (e.g. &.7ly;). Note that for each transaction £ and each location x, the £.7l,
&1y, E1uy, E.pl,, . wuy and €.wy are uniquely identified when they exist.

For each location x € WS¢, let fw, denote the maximal write (in po order

POlimm POlimm
— . — tm;

within &) logging a write for x in s[x]. That is, when 0 = t;
let fw, = wmax(x,[t1 -+ tm]), where

wmax(x, []) undefined

1 — - po po
wmax(x, L++[t]) = hwy if t=wr(x, —, —, =) = lwy = wwsy
wmax(x, L) otherwise

Similarly, for each location x € WS, let wy denote the minimal write (in po order

Poligmn  Poligm

within £) logging a write for x in s[x]. That is, when 0 = ¢;
let iwy = wmin(x, [t1 - - tm]), where

wmin(x,[]) undefined

wmin(x, [t]++L) £ lwx if t:w'zf(x, - =) 2wy B8 wws,y
wmin(x, L) otherwise

Analogously, for each location x € RSg, let iry denote the minimal read (in po

order within ) reading the value of x. That is, when 0¢ = t; Poligm _, POligm tm,

let iry = rmin(x, [t - - - t;n]), where

rmin(x, []) undefined
Iry if t=rd(x,—,—, —) 2y,
rmin(x, [t]++L) £ T
(.11 ) {rmin(x, L) otherwise
Given the G’ classes T /st, let us construct the strict total order TCO :
T /st x T /st as described in Appendix C.2. For each location x and i € N, let us
similarly define S¥, P¥, P¥.writer, LOy, RLOy, lo; and los.

Remark 5. Recall that both lo; and loy satisfy the conditions stated in Def. 4;
log additionally satisfies the ‘read-read-synchronisation’ property in (RSYNC). As
before, we demonstrate that given an SI-consistent execution graph G’, it is always
possible to construct an RA-consistent execution graph G of the implementation
with its lock order defined as loy. Recall that as lo; C los, it is straightforward to
show that replacing loy in such a G with loy, preserves the RA-consistency of G,
as defined in Def. 4. In other words, as lo; C log, we have:

acyclic(hbo, U mo U rb) with hb £ (po U rf Ulog)t =
acyclic(hbjo, U mo U rb) with hb £ (po U rf Uloy) ™

As such, by establishing the completeness of our implementation with respect
to log, we also establish its completeness with respect to lo;. In other words, we
demonstrate the completeness of our implementation with respect to both lock
implementations presented earlier in Appendix A.



We now demonstrate the completeness of our implementation. Given an SI-
consistent graph, we construct an implementation graph G as follows and demon-
strate that it is RA-consistent.

- G.E= U  6c.E, with the tx(e) =0, for all e € G.E.
Te€G'. T /st

— G.po is defined as G’.po extended by the po for the additional events of G,
given by each 0¢ trace defined above. Note that G.po does not introduce
additional orderings between events of G'.E. That is, Va,b € G'.E. (a,b) €
G'.po < (a,b) € G.po.

— G.rf = Ugery RFe with RF¢ £ {(w,&rsy) | x € Loc A (w, E.iry) € G'rf}.

— G.mo = {(&1.wy, E) | €1, €2, € TX Ax € LoC A (€1.fuwy, Ea.0wy) € G.mo} T

— G.lo = Ueroc RLOy, with RLOy as defined above.

Notation Given an implementation graph G as constructed above (with
G.T =0), and a relation r C G.E x G.E, we override the rg notation and write
re for:

{(a,b) € 1|30 6 a€be, EADE O, ENE#E)

Analogously, we write r; for {(a,b) € r|3¢. a,b € 0:.E}.

Lemma 10. For all SI-consistent execution graphs G' = (E, po,rf,mo,lo), and
for all x € Loc, &,,&, € TXIDp, and i,j € N:

Ca €STNG €STNI<]= (£, &) € TCO

Proof. Follows immediately from Corollary 1.

Given an implementation graph G = (F, po, rf, mo, lo), let us define hb’ and
hb} as described in Appendix C.2 for all i € N.

Lemma 11. For all implementation graphs G = (E, po,rf, mo,lo) constructed
as above,

Va,b,&a, & a € 0c, EAbE O, ENa™ b
= (a,b) € G.por V (&,,&) € TCO

Proof. Pick an arbitrary implementation graph G = (E, po, rf, mo,lo) constructed
as above. Since hb’ is a transitive closure, it is straightforward to demonstrate

that hb’ = |J hbj. It thus suffices to show:
1€EN

Vi € N.Va,b, &0, & a € 0, EAbE g, ENa b
= (a,b) € G.por V (€, &) € TCO

We proceed by induction over i.



Base case i =0 )
Pick arbitrary a,b,&,,& such that a € 0¢,.F and b € 0¢,.E, a h—b(f b. There are

. G.porUrfiUl a. G.if
then, four cases to consider: 1) a = "= b; or 2) a "B b; 3) a "B b; or 4)
G.|OE
a = b.

In case (1), from the construction of G.rfy we have G.rfy C G.por; moreover,
from the construction of G.lo; we have G.loy C G.por. Consequently we have

P b, as required.

In case (2) from the construction of G.po we then know that Te, X Te, € G'.po
and thus from the definition of TCO we have (£,,&) € TCO, as required.

In case (3) from the construction of G.rf we then know that Te, x Te, € G'.rfy
and thus from the definition of TCO we have (£,,&,) € TCO, as required.

In case (4) from the definition of hb{; we know that there exists i, 7,1, 3’ such
that £,= Pix|j, &= Pi’i|j, and either i) i <i'; or#i) i =1 Nj<j'.

In case (4.1) from Lemma 10 we have (§,,&) € TCO, as required. In case
(4.7) from the definitions of PF we have (&q,&) € TCO, as required.

Inductive case i = n+1
hb!,
Pick arbitrary a,b,&q,& such that a € 0¢,.E, b € 0¢,.FE and a — b.

hb,
Vj<n.Ved&e,lqg.c €0, ENdEbO, ENc—d (LH.)
= (C7 d) € G.por VvV (fc,&d) e TCO

From the definition of hb;, | we then know there exists e such that (a,e) € hbg
and (e,b) € hbl,. Let e € .. .E. Consequently, from the proof of the base case
we then know that (a,e) € G.por V (&,,&) € TCO. Similarly, from (I.H.) we
have (e,b) € G.por V (&,&) € TCO. There are now four cases to consider:
1) (a,e) € G.por and (e,b) € G.por; 2) (a,e) € G.por and (&,&) € TCO; 3)
(€ay&e) € TCO and (e,b) € G.por; 4) (€a,&e) € TCO and (&.,&) € TCO.

In case (1) from the definition of G.por we have (a,b) € G.poy. In cases (2-4)
from the definitions of G.por, TCO we have (&,,&) € TCO, as required.

Given an implementation graph G = (E, po, rf, mo, lo) constructed as above,
let stg(.): G.E — {1,2,3} denote the event stage as follows:

1 F ecéTs
stgle) £ {2 3¢, x e=Eruy
3 otherwise



Lemma 12. For all implementation graphs G = (E, po,rf, mo,lo) constructed
as above, and for all x € Loc, &,,&1,& € TXID and a € O¢,.E:

(E1.70x 3 Eo0.pl A Eapl, 3 a)
V(Errue 3 E.ply Aoply 3 a)
V (&1l 19 Ex.wuy A o Wiy h a)

V(&1.ruy o Eo.wuy A o Wiy bty a)
= stg(&.1ux) < stg(a) Vv (§1,&,) € TCO

A3j, kL. PX| =& A PY =€ Nk > 1

B !

Proof. Pick an arbitrary implementation graph G = (E, po, rf, mo,lo) constructed
as above, and pick arbitrary x € Loc, &4,&1,& € TXID and a € 0¢,.E such that
(17l 3 &ople Aol B 0) V (€rrue S &oply Abople B a) v (1l S
Eo wug N Wiy he a)V (&1.1uyx 1o Eo. Wy Ao Wiy e a)) and 37, k, 1. Pﬂk =& A
P;-‘|l =& ANk > 1. In case of the first disjunct from the construction of lo we then
also have &1 .71uy LY Ea.pl, N Eauply, ™ a. Similarly, in case of the third and fourth
disjuncts from the construction of lo we also have £1.1uy LY Ea.pl, N Ea.wuy " .
Moreover, since we have &3.pl, LY &.wuy and po C hb, we also have &1 .ruy LY

Eo.pl, A Ea.ply, " 4. It thus suffices to show:

€1.7Ux <3 Ea.ply N Eaply 5 a N Tj k1P| =& A PY| =€ Nk > 1
= stg(&1.1ux) < stg(a) V (&1,&,) € TCO

Since G.hb is a transitive closure, it is straightforward to demonstrate that

G.hb = |J hb;, where hbg = G.poU G.rf U G.lo and hb;11 = hbg; hb;. It thus
ieN
suffices to show:

Vi € N. Vx € Loc, &,,&1,& € TXID,a € ¢, . E.
€170 S Ea.ply N Eaply 5 a ATj kL PE| =61 A PE| =& Nk > 1
= stg(&1.ruy) < stgla) V (&1,&) € TCO

We thus proceed by induction over 1.

Base case i =0 |
Pick arbitrary x € Loc, &,,&1,&2 € TXID and a € 0¢,.F such that &;.1uy 3 &l

&a.pl, " o and 37, k, 1. P]’F|k =& A P]?‘|l =& ANk > 1. From the construction of
G we know that there exists r € G'.T¢, and w € G'. T, such that (r,w) € G'.rb.

Moreover, since k # 1 we know that (r,w) € G’'.rbt. Since we have &5.pl, by a,

. G.pojUrfiUlo G.po
there are four cases to consider: 1) &5.pl, = as or 2) Lopl, ST a; or

3) &.pl, 3% a; or 4) &.pl, 5 a
In case (1), from the construction of G.rfy we have G.rfy C G.por; moreover,

G._p)ol

from the construction of G.lo; we have G.lo; C G.por. We thus have &2.pl, a.



On the other hand, from the definition of stg(.) we know stg(a) > stg(&2.pl,) >
stg(&1.ruyx), and thus stg(a) > stg(&1.ruy), as required.

In case (2), since E2.pl, °% a, we know there exists o/ € T¢, such that
(w,a’) € G'.por. As such, we have (r,a’') € G'.(rbr;por). From the definition of
TCO we thus have (£1,&.) € TCO, as required.

Case (3) cannot happen as there are no rf edges from lock events. In case
(4), from the construction of lo we know there exists m,n such that m > j, and
& = Pp|,,. As such, from Lemma 10 we have (£1,&q) € TCO, as required.

Inductive case i = n+1
Pick arbitrary x € Loc and &,,&1,& € TXID and a € ¢, . E such that &1.7uy LY

oply, E2.pl, X a and 3j, k, 1. Px| =& A PY| =& Nk >

VJ S n. Vy S LOCa§a'a§3a§4 S TXID) Cl/ € 95{1,.E-

(&3.1uy o E4.pl, NEq.pl, Ptf a') A3j, kL. P]?‘|k =& A P]’-“l =& Nk >
= stg(&3.ruy) < stg(a’) V (£3,8ar) € TCO
(ILH.)

There are two cases to consider:
(porUrfiUloy) ™

1) &.pl, — a; or
UrfiUlor)™; UrfgUlog);hby,
2) &a.ply (perbrfilon (p—°>E rfetlee) a, where m < n.

In case (1), from the construction of G.rfy we have G.rfy C G.por; moreover,

from the construction of G.lo; we have G.loy C G.poy. We thus have £2.pl, pﬂ;r a,
i.e. £a.ply 2 a. As such, from the proof of the base case we have stg(a) >
stg(&1.1uy), as required.

In case (2) from the construction of G we know that there exists r € 0¢,.E and
w € b¢,.E such that (r,w) € G'.rb. Moreover, since k # 1, from the construction
of G we know that & # & and thus we have (r,w) € G'.rbr. On the other hand,

) f1Ulo)* rfgUl
we know that there exist b, ¢ such that &5.pl, (polur—l>u 1) p PoEIEYoE e Brom
the construction of G.rfy we have G.rfy C G.por; moreover, from the construction

of G.lo; we have G.loy C G.por. We thus have &a.pl, P2V b, As such we have
Eapl, "5 b POEIIEUIE o Let ¢ € O¢.. There are now three cases to consider: a)

b % c;orb)b e c;ore)d % ¢ We first demonstrate that in all three cases we
have (£1,&.) € TCO.

In case (2.a), since &3.pl, ®% ¢, we know there exists ¢ € Te, such that
(w, ) € G'.por. As such, we have (r,c') € G'.(rbr;por). From the definition of
TCO we thus have (§1,&:) € TCO. In case (2.b), from the definition of G.rf we
know there exists ¢’ € Te, such that (w,c') € G'.rfy. As such, we have (r,c) €
G'.(rbr;rfr). From the definition of TCO we thus have (£1,&.) € TCO. In case
(2.c) from the construction of lo we know there exists z such that either b = &5.pl,
or b = &.wuz, and that there exist p,q such that & € Sy, { € S5 and p < q.
Given the definition of S* we then know that there exists w, € G'.Te, where either
i) there exists w, € Te, such that (w,,w) € G'.mov; or i) there exists r, € Te,



such that (w,,r,) € G'.rfx; or i) there exists v, € Te, such that (w,,r,) €
G’ .(mot;rfr). That is, we have either (w,w)) € G'.mot, or (w,r,) € G'.rft, or
(w,r,) € G'.(moT;rft). Moreover, since we have (r,w) € G'.rb, we then have
(r,wl) € G'.(rbr;mor), or (r,r,) € G'.(rbr;rfr), or (r,r,) € G'.(rbr; moT;rfy).
From the definition of TCO we thus have (&1,&.) € TCO.

Since ¢ "' a, there are now two cases to consider: i) ¢ hg a; orii) ¢ r;;_;)’ a.

In case (2.1), from Lemma 11 we have (c,a) € porV (&, &) € TCO. As we
have (&1,&:) € TCO, we thus have (£1,&,) € TCO, as required.

In case (2.ii) let us split the path from c at the first occurrence of a non-

hb’ edge. That is, pick &3,€4,9,h,y,D,q,8,k such that ¢ }E; £s3.g LY &4.h hbg a,
k<m, PY|, =Te, P, ="Te, p>q and either a) g = rly N h = ply; or
b) g = ruy Nh = pl; orc)g=rly Nh = wuy; ord) g = ruy Nh = wuy.
From Lemma 11 we then have (c,&5.9) € por V (&,&3) € TCO. As we have
(&1,€.) € TCO, we also have (&1,&3) € TCO. We next demonstrate that in all

cases (2.ii.a-2.%.d) there exists t such that t < m and &3.1uy - §a-ply " .
In case (2.ii.a) from the definition of lo we also have &s.1uy - Ea.ply. As

such, we have &3.7uy LY §a-ply "t . In case (2.1i.b) the desired result holds
immediately.

In cases (2.ii.c-2.1i.d) from the construction of lo we have &3.7uy LY §a.ply.

Moreover, since we have §4.ply ” &a.wuy, we also have §4.ply ” &a.wuy rﬂﬁﬁ a. As
po C hb and hb is transitively closed, we have &4.pl, hbk—)“ a. As such, we have
£3.1Uy LY §a-ply hbi;rl a. As k < m, the desired result holds immediately.

Consequently, from (I.H.) we have stg(&s.1uy) < stg(a) V (&3,&,) € TCO.
In the case of the first disjunct we have stg(&s.ruy)=stg(&1.7ux) < stg(a), as
required. In the case of the second disjunct, since we also have (£1,&3) € TCO
and TCO is transitively closed, we have (£1,€,) € TCO, as required.

Theorem 10 (Completeness). For all SI ezecution graphs G’ and their coun-
terpart implementation graphs G constructed as above,

si-consistent(G’) = RA-consistent(G)

Proof. Pick an arbitrary SI execution graph G’ and its counterpart implementa-
tion graph G constructed as above and assume si-consistent(G') holds. From the
definition of RA-consistent(G) it suffices to show:

1. irreflexive(G.hb)
2. irreflexive(G.mo; G .hb)
3. irreflexive( G.rb; G.hb)

RTS. part 1

We proceed by contradiction. Let us assume that there exists a,0¢ such that
a € 6¢.E and (a,a) € G.hb. There are now two cases to consider: 1) (a,a) € hb';
or 2) (a,a) & hb'.



In case (1), from Lemma 11 we have (a,a) € G.por V (T¢, Te) € TCO. The
first disjunct leads to a contradiction as the construction of G.po yields an acyclic
relation. The second disjunct leads to a contradiction as TCO is a strict total
order.

In case (2), let us split the a ™ o at the first occurrence of a non-hb’ edge.

lo\hb’
That is, pick &1,&2,%,1,5,k, g, h such that a he &g O\—> &.h L a, P?|. ="Te,

7 |j
- . lo\hb’ hb  hb ;
PFl, =Te, and j > k. As we have &1.9 — &.h — a — &.g, from Lemma 12

and the definition of hb we then have stg(&1.9) < &1.9V (£1,&1) € TCO, leading
to a contradiction in both disjuncts (the second disjunct yields a contradiction as
TCO is a strict total order).

RTS. part 2

We proceed by contradiction. Let us assume that there exists a,0¢_,b,0¢, such that
a€b, .E,bebg.E, (a,b) € G.hb and (b,a) € G.mo. Let loc(a) = loc(b) = x
for some shared location x. There are now two cases to consider: 1) (b,a) € G.mor;
or 2) (b,a) € G.mok.

In case (1) we then have (bya) € G'.mor C G'.por. That is, we have

(b,a) € G.po C G.hb. We thus have a Gy, P a, contradicting our proof

in part 1. In case (2), from the construction of G.mo we have (b,a) € G'.mot

and thus from the construction of G.lo we then have (&.wuy, &,.71lx) € G.lo. As

G.hb G.po G.l G.po . G.hb
such we have a =" b =S Epwuy = &4l 28 4. That is, we have a — a,

contradicting our proof in part 1.

RTS. part 3
We proceed by contradiction. Let us assume that there exists a,0¢,,b,0¢, such
that a € ¢, .E, b € ¢,.E, (a,b) € G.hb and (b,a) € G.rb.

Let loc(a) = loc(b) = x for some shared location x. There are now two cases
to consider: 1) (b,a) € G.rby; or 2) (b,a) € G.rbg.

In case (1) we then have (b,a) € G'.rby C G'.poy. That is, we have (b,a) €

G.po C G.hb. We thus have a Gy, G0 a, contradicting our proof in part 1. In
case (2), from the construction of G.rb we have (b,a) € G'.rbt and thus from the
construction of G.lo we then have either (b, &, .wuy) € G.po and (§p.wuy, &q.7lx) €

G.lo; or (b,&p.rux) € po and (§p.1ux, Ea-ply) € G.lo. As such in both cases we

have (b,a) € G.hb. Consequently, we have a by, b a, contradicting our proof

i part 1.



E Soundness and Completeness of the Eager RSI
Implementation

Notation Given an execution graph (F, po, rf, mo,lo) we write 7 /st for the
set of equivalence classes of 7 induced by st; [a],, for the equivalence class that
contains a; and 7T¢ for the equivalence class of transaction £ € TXID: ¢ =
{a]tx(a)=¢}. We write rsi-consistent(G’) to denote that G’ is RSI-consistent;
and write RA-consistent(G) to denote that G is RA-consistent.

Given an execution graph G of the RSI implementation in Fig. 3, let us
assign a transaction identifier to each transaction executed by the program; and
given a transaction &, let RS¢ and WS¢ denote its read and write sets, respectively.
Observe that given a transaction & of the RSI implementation in Fig. 3 with
RS UWSe = {xl, e ,xi}, the trace of £, written ¢, is of the following form:

POlim polim

6c = F5* "™ Ry Py Ry Pl prg Polgm g Poligm
where

- FS z denotes the sequence of events failing to obtain a valid snapshot.
— Rs denotes the sequence of events acquiring a valid snapshot, and is of the

pol; pol; pol; pol; pol; pol; pol;
form rly, PRy L Pl g g g Poligm poligm g POl y  Poligm
pol; .
<3V, where for all n € {1---4}:
pO\ imm . .f RS
T G =) TSk, 7 Wsx, if x € RS¢ _ ) usx, WXERS
rly, =RL(%p) S, = ) Vi, = ]
0 otherwise ) otherwise

with 755, 2 R(Xp,Vn), wsy, = W(s[x,],v,) and vs;, = R(X,,v,), for some
Up-
— RUs denotes the sequence of events releasing the reader locks (when the given

POlimm POlimm

location is in the read set only), and is of the form ru,, ~——
where for all n € {1---i}:

Tuxi )

RU(x,) if x, & WSg
Ty, = )
] otherwise

— PLs denotes the sequence of events promoting the reader locks to writer ones

(when the given location is in the write set), and is of the form pl Poligm

POlimm

pl,,, where for all n.€ {1---i}:

| PL(x,) ifx, € WS¢
Pran = 0 otherwise



— Ts denotes the sequence of events corresponding to the execution of (T)) in

. . POlimm POlimm
Fig. 3 and is of the form ¢; |—> ‘—)

R(s[x,]1,v,) if Op=R(xp, vpn)
W(xp, vn) poan;m W(slx,l,v,) if Op=W(x,,v,)

i, where for all m € {1---k}:

m =

where O,, denotes the mth event in the trace of the original T;
— Us denotes the sequence of events releasing the locks on the write set. That
is, the events in Us correspond to the execution of the last line of the

POlimm POlimm

implementation in Fig. 3, and is of the form wuy, — — Wy, , where
for all n € {1---i}:

WU(yl if
iy, = (y1,) ifx, E.WS§
0 otherwise

Given a transaction trace f¢, we write e.g. {.Ls to refer to its constituent Ls
sub-trace and write Ls.F for the set of events related by po in Ls. Similarly, we

write £.E for the set of events related by po in 6. Note that G.E = |J &.E.
ecTx

E.1 Implementation Soundness

In order to establish the soundness of our implementation, it suffices to show that
given an RA-consistent execution graph of the implementation G = (E, po, rf, mo, lo),
we can construct a corresponding RSI-consistent execution graph G’ with the
same outcome.

Given a transaction & € Tx with RS¢ UWS; = {x1---x;} and trace 0 =

polimm polimm Polimm Polimm POlimm . POlimnm

Fs* Polgm pg Polwm ppye Poligm pp o Poligm g poliem e T = 1y POl
POlimm POlimm POlimm

.. Pk tx, we define Géét{ ligm  polix t;., such that for all m € {1---k}:

t! =R(xp, rb,) when t,, = R(s[x,]1,7b,)

POlimm

t! =W(xp,rby) when t,, = W(xp,,rb,) — W(slxpl,rby)

such that in the first case the identifier of ¢/ is that of ¢,,; and in the second
case the identifier of ¢/ is that of the first event in t,,. We then define:

th € Tsg A 3x,v. tf=R(x,v) A w=W(x,v)
/\(wef.E:>wp—o>t;-/\
RFe £ < (w, 1)) (Vec B wB el th = (loc(e)#x VegW)))
ANw g EE= (VectE (e th = (loc(e) Zx Ve gW))
A(w, €.15x), (w, €. vsx) € G.rf)

We are now in a position to demonstrate the soundness of our implementation.
Let GNT £ G.E \ (Ugery 0¢-E). Given an RA-consistent execution graph G
of the implementation, we construct an RSI execution graph G’ as follows and
demonstrate that rsi-consistent(G’) holds.



- G"E= | 0;.E, with the tx(.) function defined as:
ecTx
N {f if a € 0;

t =
*() 0 otherwise

G'.po= G.polg' E

— G'rf = (Ugerx RFe) U (GrfNG.E x GNT)
— G'.'mo=G.

— G'lo=0

Observe that the events of each 9{5 trace coincides with those of the equivalence
class T¢ of G'. That is, 0;.E = Te.

Lemma 13. Given an RA-consistent execution graph G of the implementation
and its corresponding RSI execution graph G’ constructed as above, for all
a, ba gaa fba X!

CaF o Na€&.ENDEE.EANloc(a) =loc(b) =x =

((a,b) € G'.rf = Eawuy 3" &yorly) (22)
A ((a,b) € G'.mo = Eawuy 3° &yorly) (23)
A ((a,b) € G'.mos rf = & wuy T3 &p.1ly) (24)
A ((a, b) € G .rb = (x € WS¢, A &awux Gab Eb.1lx) V (x € WSe, N Eq.Tux Ghe §b.plx() :

25

Proof. Pick an arbitrary RA-consistent execution graph G of the implementation
and its corresponding RSI execution graph G’ constructed as above. Pick an arbi-
trary a,b,&q, &y, x such that &, # &, a € £,.F, a € £,.F, and loc(a) = loc(b) =
X.

RTS. (22)
Assume (a,b) € G'.rf. From the definition of G'.rf we then know (a,&,.78x), (a,&q.v8x) €

G.rf. On the other hand, from Lemma 2 we know that either i) x € WS¢, and

& wuy, G4k Ea.rly; or i) x & WS¢, and &p.rug .4k Ea-pl,; or tit) & wuy ¢.4b

&y.rly. In case (i) we then have a ayf £q.T5¢ o Ep. Wy G.4b Ea.1ly “8° . That

loc

is, we have a G Do a, contradicting the assumption that G is RA-consistent.
Lo . .. . G. . G.
Similarly in case (ii) we have a oyt Eq TSy 8 &y Uy e &a-ply, 28 a. That

is, we have a G Do a, contradicting the assumption that G is RA-consistent. In
case (iii) the desired result holds trivially.

RTS. (23)

Assume (a,b) € G'.mo. From the definition of G'.mo we then know (a,b) € G.
On the other hand, from Lemma 2 we know that either i) &.wu,, Ghb &a.rly; or i)
Eu wuy Ghb &yl In case (i) we then have a oy, e Ep.wuy Ghb a1y Gre



That is, we have a & bioc a, contradicting the assumption that G is RA-consistent.
In case (ii) the desired result holds trivially.

RTS. (24)
Assume (a,b) € G'.mo;rf. We then know there exists w such that (a,w) € G'.
and (w,b) € G'.rf. From the definition of G'.mo we then know (a,w) € G.
There are now two cases to consider: 1) w € &; or 2) w € &. In case (1) since
(a,w) € G'.mo the desired result follows from part 23.

In case (2) from the definition of G'.rf we know that (w,&.1sx) € G.rf.

From Lemma 2 we know that either i) x € WS¢, and &p.wuy G4h>b Eqorly; or

i) x & WS¢, and &.ruy Ghb Ea-pl; or iii) &g wuy Gab &.rly. In case (i) we

G. G.rf G.po G.hb G.po .
then have a "=3° w =3 £q-TSy 8 Eowu, — Eq.rly 28° 4. That is, we have

a G50 qp GG a, contradicting the assumption that G is RA-consistent. Similarly

. . G. G.rf G. G.hb G. )
in case (ii) we have a 3" w T3 €,.rsy ge &pruy — Ea.pl, 8% 4. That is,

we have a 5° w G5 a, contradicting the assumption that G is RA-consistent.
In case (iii) the desired result holds trivially.

RTS. (25)
Assume (a,b) € G'.rb. From the definition of G'.rb we know (£,.75x,b), (£4.08x, b) €

G.rb. On the other hand, from Lemma 2 we know that either i) &.wu, G—'h>b Eaorly;
or i) x € WSe, and &q.Tuy G4b &a.ply; or 1) x € WSe, and &, .wu, cae &.rly. In

x’

case (i) we then have b Ggo Ep.wuy, G.4b Ea.1ly Gpo £q.TSx P That 18, we have

b O £,.TSx G b, contradicting the assumption that G is RA-consistent. In

Let

rsi-hb’ £ rsi-hb \ (si-rb; rsi-hb”)

Lemma 14. For all RA-consistent execution graphs G of the implementation
and their counterpart RSI execution graphs G’ constructed as above,

1. (G'.rsi-po C G.hb) A (G’ .(rsi-po;si-rb) C G.hb)
2. (@ C G.hb) A (G'.(rsi-mo; si-rb) C G.hb)
3. (G .rsi-rf C G.hb) A (G’ (rsi-rf;si-rb) C G.hb)
4. (G .rsi-hb’ C G.hb)

Proof (Proof (Part 1)). Pick an arbitrary RA-consistent execution graph G of
the implementation and its counterpart RSI execution graph G' constructed as
above. Pick arbitrary (a,b) € G'.rsi-po and (b,c) € G’.si-rb. There are then two
cases to consider: 1) (a,b) € G'.rsi-poy; or 2) (a,b) € G'.rsi-poy.



In case (1) from the construction of rsi-po we then have (a,b) € G.po C G.hb,
as required by the first conjunct. For the second conjunct, we know there exists
&y, Eeymyw such that byr € . Re, c,w € EW, and (r,w) € G'.rb. Let loc(r) =
loc(w) = x. Given the definition of Rg and the construction of G' we know
(&p.rsx, w) € G.rb.

As we have (a,b) € G'.rsi-por and b and &.rsy are both transactional events
in &, from the definition of G'.po and G.po we then know (a,&.rsy) € G.po. On

the other hand, from Lemma 13 we have either i) x € WS¢, and & wu, e Eorly;

g . . G. G.
or i) x & WS¢, and &p.ruy EA Eepl,. In case (i) we have a =5° rsy —=5°

G.hb G.po . G.hb ) L . .
Epwuy = &perly e ie a3 ¢, as required. Similarly, in case (ii) have

a 4%° TSx Ggo o Ty e &v.pl, Ggo c, i.e. q e c, as required.

In case (2) from the definition of G'.rsi-por we then know that a,b € G'.\W
and thus from the construction of G'.rsi-poy we have (a,b) € G.po C G.hb, as
required by the first conjunct. For the second conjunct, since we have b € G’ W,
we cannot have (b,c¢) € G'.si-rb and thus the desired result holds vacuously.

Proof (Proof (Part 2)). Pick an arbitrary RA-consistent execution graph G of
the implementation and its counterpart RSI execution graph G’ constructed as

above. For the first conjunct pick arbitrary (a,b) € G’. . From the definition
of G'. we then know there exists w,w’, €., & such that &, # &, w,a € £, E,
w' b € &.E and (w,w') € G'.mo. From the definition of G'.mo we then have

(w,w") € G.mo. Let loc(w) = loc(w') = x. From Lemma 13 we then know that

G.hb G.po G.hb G.po, . G.hb
Eowuy — &.rly. We then have a -8 Eoowuy = &porly e b, i.e.a = b, as
required.

For the second conjunct pick arbitrary c¢ such that (b,c) € si-rb. From the
definition of si-rb and the construction of G’ we then know there exist y, ry, wy, &
such that & # &, loc(wy) = loc(ry) =y, (ry,wy) € G'.rb, and wy,c € £ W.
As we demonstrated for the first conjunct we have a Ggo o Wiy e &orly.
That is, a Gae &y.rly. On the other hand, from Lemma 13 we then know that
either 1) y € WS¢, and &.wu, b Eerly; or i) y & WSe, and &y.1u,y Gab §e-ply.

. G.hb G. G.hb G. ) G.hb
In case (i) we have a = &.rl, e Eo-wuy = &1l 8¢, e a ¢, as

required. Similarly, in case (ii) we have a b &.rly Ggo Ea Ty e &v-pl,, Ggo c,

. G.hb .
i.e. a — ¢, as required.

Proof (Proof (Part 3)). Pick an arbitrary RA-consistent execution graph G of
the implementation and its counterpart RSI execution graph G' constructed as
above. It suffices to show that:

G (INT); rf;st) € G.hb (26)
G'.(INT];rf;st); G'.si-rb C G.hb (27)



G'.rfr C G.hb (28)

@' rfr; G si-rb C G.hb (29)

G'.(mo;rf)T C G.hb (30)

G’ .(mo;rf)T; G'si-rb C G.hb (31)

G'.(rf;[NT]) € G.hb (32)

G'.(rf; [INT]); G’ si-rb C G.hb (33)
RTS. (26)

Pick arbitrary (w,a) € G .(INT);rf;st) where a € &,.E. Let loc(w) = x.
From the construction of G'.rf we then know (w,&,.75%), (w,&,.v8x) € G.rf and

G.f G. . G.hb
(€4.75%,0), (Ea.05x,a) € G.po. As such we have w =3 £q4.1s5 =5 a, i.e. w =3 a,
as required.

RTS. (27)

Pick arbitrary (w,c) € G'.(INT|; rf;st); G'.si-rb. We then know there exist a, &y, &,
such that (w,a) € G'.(INT];rf;st), (a,c) € G'si-rb. a € £,.E, ¢ € &..E and
€a # &c. Let loc(w) = x. As we demonstrated in the previous part we then know
(w,&.18%), (W, &q.v8¢) € Gorf and (§,.75x,a), (£4.Vsx,a) € G.po. Moreover, from
the definition of si-rb and the construction of G’ we know there exist y, Ty, wy, &,
such that loc(wy) = loc(ry) =y, (ry,wy) € G'.rb, and wy,c € &.W. From
the construction of G'.rb we then know that ({q.75y,wy), (§a-vsy, wy) € G.rb.
On the other hand, from Lemma 13 we know that either i) y € WS¢, and
Ea Wity e Eeorly; or 1) y & WSe, and &q.1uy G b §e-ply. In case (i) we have
w &q.TSyx Ggo §a-V8y Ggo Ea- Wy b &p.rly Ggo c, i.e. a e ¢, as required.
Similarly, in case (i) we have w oy £q.TSx Ggo £q.vsy Ggo Ea-TUy e &v-pl,, Gge

. G.hb .
¢, i.e. w —» ¢, as required.

RTS. (28)

Pick arbitrary (a,b) € G'.rfr. We then know there exist w,r,&,, & such thatw,a €
aE, rb € &.E, & # & and (w,r) € G'.rf. Let loc(w) = loc(r) = x. From
Lemma 13 we then know that &,.wu, b &y.rly. Consequently from the struc-
ture of G and the construction of G' we have a G-go Eq Wiy b &.rly Goge b,

. G.hb .
i.e. a — b, as required.

RTS. (29)

Pick arbitrary (a,c) € G'.rfr; G'si-rb. b such that (a,b) € G'.rfx and (b,c) €
G’ si-rb. From the definition of G'.rft we then know there exist w,r, &y, & such
thatw,a € &,.E, r,b € &.E, &, # & and (w,r) € G'.rf. Let loc(w) = loc(r) = x.
From Lemma 13 we then know that &,.wu, G%hb &p.1ly.

On the other hand, from the definition of G’.si-rb we know there exist ', w', &,
such that ' € &.E, w',c € £ W, & # & and (r',w') € G'.rb. Let loc(w') =



loc(r') =y. From Lemma 13 we then know that either i) y € WS¢, and &,.wu, o

Eoorly; or i) y € WSe, and &.1uy b &e-pl,,.
In case (i) we have a Ggo Ea- Wiy Ghe b1l Ggo Ep Wity Gae &e.rly G,
That is, (a,c) € G.hb, as required. Similarly, In case (ii) we have a G-go

£ wuy, e &1l Ggo &by e &e-pl,, G . That is, (a,¢) € G.hb, as
required.

RTS. (30)
Pick arbitrary (a,b) € G'.(mo;rf)r. We then know there exist &4, &y, w,w’, T such
that wya € 4. E, b€ &.F, &4 # &, (w,w') € G'.mo and (w',r) € G .rf.
From Lemma 13 we then have &,.wu, b &1l Consequently from the
. ’ G.po G.hb G.po
structure of G and the construction of G' we have a 8 o wuy — Ep.rly -8 b,

. G.hb .
i.e. a — b, as required.

RTS. (31)
Pick arbitrary (a,c) € G'.(mo; rf)1; G'.si-rb. We then know there exist b such that
(a,b) € G'.(mo;rf)T and (b,c) € G'.si-rb. From the definition of G'.(mo;rf)T we
then know there exist &4, &, w,w’, v such that w,a € £,.E, r,b € &.E, &, # &,
(w,w') € G'.mo and (w',r) € G'.xf. From Lemma 13 we then have &,.wu, cke
fb.rlx.

On the other hand, from the definition of G'.si-rb we know there exist
" w” & such that v’ € &.E, w" c € £ W, & # & and (", w") € G'.rb. Let
loc(w”) = loc(r”) = y. From Lemma 13 we then know that either i) y € WSg,

and &.wuy b Ec.rly; or i) y € WSe, and &.ruy b &e-ply-
In case (i) we then have a @ge Eq Wy ¢.4b &orly Gge Ep. Wity ¢.4b Eeorly G-go
c. That is, (a,c) € G.hb, as required. Similarly, In case (ii) we then have

a Gio Eq Wiy G.4b &orly Gio Ep-TUy Gab &e-pl,, Gio c. That is, (a,c) € G.hb, as
required.

RTS. (32)
Pick arbitrary (w,r) € G'.(rf; [INT]). Asr € G'NT, from the construction of
G’ .rf we have (w,r) € G.rf C G.hb, as required.

RTS. (33)
The desired result holds trivially as G'.(rf; INT]); G'.si-rb = (.

Proof (Proof (part 4)). Let rsi-hby = rsi-poUrsi-rf U Usi-rb and rsi-hb,, 1
rsi-hbg; rsi-hb,,, for alln > 0. Similarly, let rsi-hbj £ rsi-hbg \si-rb and rsi-hb!, |,
rsi-hby; rsi-hb,,, for all n > 0. It is then straightforward to demonstrate that

rsi-hb’ 2 J rsi-hb!,. It thus suffices to show that:
neN

Vn € N. rsi-hb], C G.hb

(1> 1>



We proceed by induction on n.

Base case n =0
Follows immediately from the definition of rsi-hb{, and the results established in
1-5.

Inductive case n = m—+1
Vi € N. i < n = rsi-hb, C G.hb (LH.)

Pick arbitrary (a,b) € rsi-hb!,. From the definition of rsi-hb!, we then know there
exists ¢ such that (a,c) € rsi-hbj, and (c,b) € rsi-hb,,. Let rsi-hb_; = id. There are
now two cases to consider: 1) (c,b) € rsi-hb{; rsi-hb,,_1; or (¢, b) € si-rb; rsi-hb,,_1.
In case (1) from the proof of base case we have (a,c) € G.hb. On the other hand
from the definition of rsi-hbl, we have (¢,b) € rsi-hbl, and thus from (I.H.)
we have (¢,b) € G.hb. Consequently, since G.hb is transitively closed we have
(a,b) € G.hb as required.

In case (2) we know there exists d such that (c,d) € si-rb; and (d,b) €
rsi-hb,,—1. Since we have (a,c) € rsi-hb}y, and (¢, d) € si-rb, from the definition of
rsi-hby and the proofs of parts 1-3 we have (a,d) € G.hb. Moreover we either
have i) m = 0; or i) m > 0. In case (2.i) since (d,b) € rsi-hb,,_1, from the
definition of rsi-hb,,_1 we have b = d and thus (a,b) € G.hb, as required. In case
(2.4) from (I.H.) we then have (d,b) € G.hb. As such, since G.hb is transitively
closed, we have (a,b) € G.hb, as required.

Lemma 15. For all RA-consistent execution graphs G of the implementation
and their counterpart RSI execution graphs G’ constructed as above:

Vn € N. Va, b, w, £, x.
(a,b) € G'.rsi-hb, Nae GPWAbe G (RNTe) =
(we @.WnTe) = (a,w) € G.hb) A (§.vsx defined = (a,{.vsx) € G.hb)
where rsi-hby £ rsi-po U rsi-rf U Usi-rb and rsi-hb, 11 £ rsi-hb,,; rsi-hbg, for
allmn > 0.

Proof. Pick an arbitrary RA-consistent execution graph G of the implementation
and its counterpart RSI execution graph G’ constructed as above. We then proceed
by induction on n.

Base case n =0
Pick arbitrary a,b,§,x such that (a,b) € (rsi-hbg), a € G'’W, be G'.(RNTe),
E.vsy defined and w € G'. (W N Te). From the definition of rsi-hby we then have
either 1) (a,b) € G'.rsi-poAa & G'.Te; or 2) (a,b) € G'.(mor Urfy U (mo;rf)T);
or 3) (a,b) € G'.(INTY; rf; st).

In case (1) from the definition of G'.rsi-po we then know that {a} x 6¢.E C
G.po and thus (a,.vsx), (a,w) € G.po C G.hb, as required.

In case (2) from the definitions of rft, mot, (mo;rf)T we know there exists
&, e,d,y such that a,c € G' T, a,c € £.E, byd € G'Tg, b,d € £.E, (c,d) €



G’ .(moUrfU(mo; rf)) and loc(c) = loc(d) = y. As such, from Lemma 13 we know

& wuy b &.rly. On the other hand we have a Ggo & wuy, €.rly Gge E.vsy and

G. G. G.hb G. ) G.hb
&orly 8% w. As such we have a =%° & wuy = Eorly =8 E.vsy, 1.e. a = £.usy,

. .o G. . G. . .
as required. Similarly we have a =8 & wuy e §.rly 8w, ie a Gb w, as
required.
In case (3) from the construction of G' we know there exists y such that

loc(a) =y, and (a,&.rsy), (a,&.vsy) € G.rf. As such we have a ayf £.rsy G-go

. G.hb . . G.po
§.vsy, t.e. a = £.usk, as required. Moreover, since we have £.rsy =8 w, we

G.hb G.po . G.hb .
have a =" £.rsy 8w, e a 5w, as required.

Inductive case n = m+1

Pick arbitrary a,b,&,x such that (a,b) € (rsi-hby,), a € G'’W, be G'.(RNTe),
&.vsy defined and w € G'.(W N T¢). From the definition of rsi-hb,, we then know
there exists ¢ such that (a,c) € rsi-hb,, and (c,b) € rsi-hby. There are then two
cases to consider: 1) ¢ € Te; or 2) ¢ & Te.

Case (1) leads to contradiction as (c,b) € rsi-hbg, ¢,b € T¢, b € R and rsi-hbg
does not include any internal edges to read events.

In case (2) since a is a write event, from the definition of rsi-hb’ we then
have (a,c) € rsi-hb’ and thus from Lemma 14 we have (a,c) € G.hb. On the
other hand, since ¢ ¢ Te, (c,b) € rsi-hbg and b is a read event, from the definition
of rsi-hby we know that either 1) (c,b) € G'.rsi-poAc & Te; or 2) (¢,b) €
G'.(mor Urfr U (mo;rf)T); or 3) (¢,b) € G'.(INT];rf;st). Following an analogous

. G.hb G.hb
argument as that in the base case, we then have ¢ =~ £.vsy and ¢ = w. As

G.hb  G.hb . G.hb . .
such, we have a = ¢ = £.vsy, i.e. a — £.0Sx, as required. Similarly, we have
G.hb  G.hb . G.hb .
a = ¢ 5w, e a = w, as required.

Theorem 11 (Soundness). For all execution graphs G of the implementation
and their counterpart RSI execution graphs G’ constructed as above,

RA-consistent(G) = rsi-consistent(G’)

Proof. Pick an arbitrary execution graph G of the implementation such that
RA-consistent(G), and its associated RSI execution graph G' constructed as de-
scribed above. It then suffices to show 1) rfiUmorUrby C po; 2) acyclic(G’.rsi-hby,.);
3) acyclic(G'.(rsi-hbjoe; m0)); and 4) acyclic(G'.(rsi-hbje; rb)).

RTS. rfi U 1Urbr C po
Follows immediately from the construction of G' and the RA-consistency of G.

RTS. acyclic(G’.rsi-hby,.)

We proceed by contradiction. Let us assume there exists a such that (a,a) €
G'.rsi-hbj,.. There are then two cases to consider: i) (a,a) € rsi-hb’; or i)
(a,a) € rsi-hb \ rsi-hb’. In case (1) from Lemma 14 part 4 we then have (a,a) €
G.hb, contradicting the assumption that G is RA-consistent. In case (2) we



then know there exists b such that a € G'"Reg, b € G''W, (a,b) € si-tb and
(b,a) € rsi-hb. Moreover, since b € G''W, from the definition of si-rb and rsi-hb’
we have (b,a) € rsi-hb’. Since we also have (a,b) € si-rb C rsi-hb, from the def-
inition rsi-hb" we have (b,b) € rsi-hb’. Consequently, from Lemma 14 part 4 we
have (b,b) € G.hb, contradicting the assumption that G is RA-consistent.

RTS. acyclic(G'.(rsi-hbjee; mo))

We proceed by contradiction. Let us assume there exist a,b such that (a,b) €
G’ .rsi-hby,. and (b,a) € G'.mo. From the definition of G'. we then know
that a,b € G''W and (a,b) € G.mo. On the other hand, since a € G'.'W and
(a,b) € rsi-hb, from the definition of rsi-hb’ we have (a,b) € rsi-hb’. Consequently,
from Lemma 14 part 4 we have (a,b) € G.hb. We then have a Gaby Gy a,
contradicting the assumption that G is RA-consistent.

RTS. acyclic(G' .(rsi-hbjyc; b))
We proceed by contradiction. Let us assume there exist w,r such that (w,r) €
G’ .rsi-hby,. and (r,w) € G'.rb. From the definition of G'.rb we then know that
we GW,re G R. Sincew e G''W, from the definition of rsi-hb’ we have
(w,r) € rsi-hb’. Consequently, from Lemma 14 part 4 we have (w,r) € G.hb. Let
loc(w) = loc(r) = x. There are then two cases to consider: 1) r € G' NT; or
2) 3. reé. E.

In case (1) from the definition of G’.rb we know (r,w) € G.rb. As such, we

have w <8° ¢ G5° w, contradicting the assumption that G is RA-consistent.

In case (2) we then know there exists w' such that (w',r) € G'.rf (W', w) €
G'.mo. There are now three cases to consider: a) w € &..E; or b) w & &..E A
w' € &.E; or ¢) w,w & &..E. In case (2.a.) from the construction of G' (in

particular, G'.rf) we know that (r,w) € G'.po;y C G.po; C G.hb. As such, we

G.hb  G.hb . . ) )
have w =" r =5 w, contradicting our assumption that G is RA-consistent.

In case (2.b), since w' is a write event, w' € &..F, r is a read event, w is
a write event and (w,r) € G’.rsi-hb, from Lemma 15 we have (w,w’) € G.hb.
Moreover, since (w',w) € G’'.mo, from the definition of G'.mo we also have

(w',w) € G.mo. As such we have w Gy G w, contradicting the assumption
that G is RA-consistent.

In case (2.c), from the construction of G' we then know (§,.75x, w) € G.rb and
(&.vsx, w) € G.rb. On the other hand, since r is a read event, w is a write event
and (w,r) € G .rsi-hb, from Lemma 15 we have (w,&,.vsx) € G.hb. As such we

have w &5° & Sy G w, contradicting the assumption that G is RA-consistent.

E.2 Implementation Completeness

In order to establish the completeness of our implementation, it suffices to show
that given an RSI-consistent execution graph G’ = (FE,po,rf, mo,lo), we can
construct a corresponding RA-consistent execution graph G of the implementation.
Before proceeding with the construction of a corresponding implementation graph,
we describe several auxiliary definitions.



Given a transaction class 7 € G'.T /st, we write WS, for the set of locations
written to by T¢: WS = UeETgﬂW loc(e). Similarly, we write RS, for the set of
locations read from by 7¢, prior to being written by 7T¢. For each location x read
from by 7¢, we additionally record the first read event in 7¢ that retrieved the
value of x. That is,

RSTsé{(Xar)‘rG’EORX/\—EeGEQEX.eE;r}

Note that the execution trace for each transaction T¢ € G'.T /st is of the form

pol; pol; .. . .
e =1 — - =" t, comprising a series of read or write events. As such,

we have G'.E = G'.T = UTEGG'.T/stTﬁ = 0;.E. Let RS7, UWS, = {x1 - X, }.
We then construct the implementation trace 0 as:

POlimm POlimm POlimm POlimm
B = Rs "l pus Pliwm prg Poligm g Poliwm

where
POlimm POlimm POlimm POlimm POlimm POlimm POlimm
— Rs=rly, =" -+ =" rly, — Sy — - =S, — Vi —
poli . . . .
< 3™V, where the identifiers of all constituent events of Rs are picked
fresh, and

POlimm . o
1 —RLx;) S, = {@ 3 (xr) € RS vl () =,
V. — {vsxj if Ir. (x;,7) € RS¢ Avaly(r) =v;
X5

0 otherwise

with 7sy, £ R(xj,0;), vsy, = R(x;,v;) and wsyx, = W(s[x;]1,v;).

— RUs = ruy, po‘i%mm po‘i%mm Ty, , where the identifiers of all constituent
events of RUs are picked fresh, and for all j € {1---n}:

RU(XJ) if Xj g WS§
ruxj =

0 otherwise

— PLs = pl, Poligen __ POligm pl,, , where the identifiers of all constituent events
of PLs are picked fresh, and for all j € {1---n}:

PL(XJ) lf Xj S WS5
plXj =
) otherwise

—Ts=1t Poligen_ Poligm i, where for all m € {1---k}:

{R(s (%], vn) if ¢/ =R(xpn, vn)

m = [iam

W(xp,vn) ™ W(s[x,],00) i £, =W(xp, vp)



such that in the first case the identifier of ¢,, is that of ¢/,; and in the second
case the identifier of the first event in #,, is that of ¢/, and the identifier of
the second event is picked fresh.

POlimm POlimm
P %

— Us = wuy, Wiy, , where the identifiers of all constituent
events of Us are picked fresh, and

WU(Xj) if Xj S WSE
Wy, = .
’ 0 otherwise

In what follows we write £, as a shorthand for the events in the implementation
trace of f¢, i.e. B¢ = {a ‘ a € GE.E}. We use the . prefix to project the various
events of the implementation trace 0 (e.g. £.7ly; ).

For each location x we then define:

LOx & {(&-rlx, E-ply), (€orly, Eowuy), (E.ply, Ewng) | G Te N Wy # 0}
£#E Nda,b, T
(€rlx, & ply), (Erly, & owuy), | a € G Te NbE GT
(&.1ux, &' .ply), (§.7ux, & - wuy) | ALoc(a) = loc(b) = x
Na € G'"Re A (a,b) € G'rb
E.rly, € pl, ),Eﬁ rly, & wuy), e

Eples €1l (E:ple, €'pLy), |77 2 G TeNb e G To

(¢
E& Ly, € wu)
U Ply, S - WUy ), N !
Eg Wik, &.7l), (€ wiiz, £.pL), ﬁ%iif)a)e_afl.oc(b) -

& wuy, & wuy)

E#£E Nda, b, x.
a€ G TeNbe G Ty
NG Ter N Wy =10
Aloc(a)=loc(b)=x
A(a,b) € G".(mo’;rf)

(&.pl,, & rly), (Epl,, & ruy),
(Ewuy, & 1ly), (Ewuy, & Tuy)

Note that each LO, satisfies the conditions in Def. 4.

We are now in a position to demonstrate the completeness of our implemen-
tation. Given an RSI-consistent execution graph G’, we construct an execution
graph G of the implementation as follows and demonstrate that RA-consistent(G)
holds.

- GE= |J 6:EUG NT.Observe that G'.E C G.E.
Te€G'.T /st

— G.po is defined as G'.po extended by the po for the additional events of G,
given by each 0¢ trace defined above. Note that G.po does not introduce
additional orderings between events of G’.E. That is, Va,b € G'.E. (a,b) €
G'.po < (a,b) € G.po.

_ (w,§.78%), | Ir. (x,7) € RS
= G = Useroos {(w,f.vsx) A(w,r) e G'rf

}U (G rfNG.Ex G NT).

— G.lo = Uycro0s LOx, with LOy as defined above.



Notation In what follows, given an RSI implementation graph G as constructed
above we write G.NT for the non-transactional events of G, i.e. GNT £
{a ‘ -3.a€ G.Eg}. Moreover, as before, given a relation r C G.E x G.E, we
override the r; notation and write ry for {(a,b) € r|3¢. a,b € 6. E}.

Lemma 16. Given an RSI-consistent execution graph G' and its corresponding
implementation graph G constructed as above, for all a,b,&,,&:

(a,b) € G.hb =
(3. a,be G.E¢ = (a,b) € G.po)
A(ﬁag. abe G.Ee =

JA,B.0 C Ax B C G .rsi-hb

A€ GNT = A={a}) A (b€ GNT = B={b})

A [a € G.Ega =
A=G"Te, V (stg(a, &) < 2N A=G"Te, N Re)
V (stg(a,€.) <4Ad e W a S dAA={d})]

A [b S G.Egb =
B=G'T;, V (stg(b,&) > 3A B=G"Te, NW) | )

where
1 ifa €&, Rse,
2 g .RU.
stgla, ) 2> 1€ Ll
3 ifa€&,.Plsg,
4 otherwise

Proof. Pick an arbitrary RSI-consistent execution graph G’ and its corresponding
implementation graph G constructed as above. Let hby £ G.(po U rf Ulo) and
hb,4+1 £ hbg; hb,,, for all n € N. It is then straightforward to demonstrate that
G.hb = {J; e hbi. We thus demonstrate instead that:
Vn € N. Va,b,&,,&. (a,b) € G.hb,, =
(3. a,be G.E¢ = (a,b) € G.po)
A(ﬂg. a,be G.Ee =

JA,B.0 C A x B C G'.rsi-hb

A (a€ GNT = A={a}) A (b€ GNT = B={b})

A [a € G.Ega =

A=G"Te, V (stg(a, &) <2NA=G"Te, N Re)

V (stg(a, &) <4A3d € EW. a B dAA={d})]
N[be G.Eg =

B=G'T;, V (stg(b,&) > 3A B=G".Te, NW) | )

We proceed by induction on n.



Base case n =10
There are three cases to consider: 1) (a,b) € G.po; or 2) (a,b) € G.rf; or 3)
(a,b) € G.lo.

In case (1) there are five cases to consider: a) 3§. (a,b) € G.E¢; or b)
abe GNT; orc)ae GNT andb € G.E¢,; or d) a € G.E¢, and b €
GNT;ore)ac GE¢,be G.Eg, and & # &. In case (1.a) we then have
(a,b) € G.por, as required. In case (1.b) from the construction of G.po we have
(a,b) € G'.po, as required. In case (1.c) from the construction of G.po we have
({a} x G".T¢,) € G'.po, as required. In case (1.d) from the construction of G.po
we have (G'.Te, x {b}) € G'.po, as required. In case (1.e) from the construction
of G.po we have (G'.Te, x G'.Te,) € G'.po, as required.

In case (2) there are five cases to consider: a) 3€. (a,b) € G.E¢; or b) a,b €
GNT;orc)ac GNT andbe G.E¢,; ord)a€ G.E¢, andbe GNT; ore)
a€ G.Ee,be G.Ee, and &, # &. Case (2.a) holds vacuously as (a,b) € G.rfy =
(. In case (2.b) from the construction of G.rf we have (a,b) € G'.rf, as required. In
case (2.c) from the construction of G.rf we know that there exists r € G'.Te, such
that (a,r) € G'.rf. As such we have ({w} x G'.Teg,) € G'.(INT]; rf;st) C G’ .rsi-hb,
as required. In case (2.d) from the construction of G.rf we then have (a,b) € G'.rf;

that is a “X a and (a,b) € G'.rf, as required. In case (2.e) from the construction
of G.rf we know that there exists r € G'.Te, such that (a,r) € G'.rf. As such we
have (G'.Te, x G'.Tg,) € G'.rfr C G'.rsi-hb, as required.

In case (3) there are five cases to consider: a) 3. (a,b) € G.E¢; or b)
a,b€ GNT;orc)a€ GNT andbe G.Eg,; ord) a€ G.E¢, andbe GNT;
ore)a€ G.Ee,,be G.Ee, and &, # &. In case (3.a) from the construction of lo
we have (a,b) € G.po, as required. Cases (3.b-3.d) hold vacuously as there are no
lo edge to or from non-transactional events. In case (3.e) from the construction of
lo we know there exist x, ¢, d such thatc € G'.Tg,, d € G'.Tg,, and either i) (c,d) €
G'.rf; orii) (c,d) € G'.(mo;rf); oriii) (¢,d) € G'.mo; oriv) loc(c) = loc(d) = x,
a==E&.rlxVa=CE .rug, b=E,.pl, Vb= & .wuy and c € G'.Rg and (¢,d) € G'.rb.
In cases (3.e.i, 3.e.4i) we have G'.Tg, x G'.Te, € G'.(rfr U (mo;rf)1) C rsi-rf C
rsi-hb, as required. In case (3.e.iii) we have G'.Te, x G'.T¢, € G'.mot C rsi-hb,
as required. In case (3.e.iv) we then have stg(a,&,) < 2, stg(h,&) > 3, and
G'.(Te, NRe) X G'.(Te, N W) C G'.si-rb C rsi-hb, as required.



Inductive case n = m—+1

Vi € N.Va,b,&,,&. i <mA(a,b) € G.hb; =
(3. a,be G.E¢ = (a,b) € G.po)
/\(ﬂg. a,be G.Ee =
JA,B.0 C Ax B C G'.rsi-hb
A (a€ GNT = A={a}) A (b€ GNT = B={b})
Nac OB > (LH)
A=G"Te, V (stg(a, &) <2NA=G"Te, NRe)

V (stg(a,6) < 4N EELW. a CF dNA={d})]
N [b € G.Egb =

B=G'T, V (stg(b,&) > 3A B=G".Te, N\ W) | )

Since (a,b) € hby,, from the definition of hb, we know there exists ¢ such
that (a,c) € hby and (¢,b) € hby,,. There are then five cases to consider: 1)
3. (a,b) € G.E¢; or 2) a,be GNT; or 3)aec GNT andb € G.Eg,; or 4)
a€ G.Ee, andbe GNT; orb)aec G.Ee,,be G.Ee, and &, # &.

Case 1

In case (1) pick arbitrary & such that a,b € G.E¢. There are then three additional
cases to consider: a) c€ GNT; b) c€ G.E¢; or c) there exists §’ # & such that
cec G.E&/ .

In case (1.a) from the proof of the base case and the (I.H.) we know there
exist A, B,C # 0 such that C = {c}, A x C C G'.rsi-hb, C x B C G'.rsi-hb and
thus Ax B C G'.rsi-hb and either: i) A= G'.T¢ and B = G'.T¢; orii) A= G'.Te¢
and B = (G'.(Te " W); or iii) stg(a,§) <2, A= G (Te NRe) and B = G'.T¢;
or w) stg(a,§) <2, A= G'.(TeNRe), stg(h,§) >3 and B= G .(TeNW); or v)

stg(a, &) <4,3d e W. a GB ANA = {d} and B = G".T¢; or vi) stg(a,&) <4,

G.po’

ddeEW.a 5 dNA={d} and B=G'.(TeNW).

Case (i) cannot arise as we would have A = B and thus A x A C G'.rsi-hb,
contradicting the assumption that G’ is RSI-consistent. Case (i) cannot arise
as we would have (G'.(Te N W) x (G'.(Te "N W) C G'.rsi-hb, contradicting the
assumption that G’ is RSI-consistent. Case (iii) cannot arise as we would have
(G (TeNRe) X (G .(TeNRe) C G'.rsi-hb, contradicting the assumption that G’ is
RSI-consistent. In case (iv) since we have stg(a,&) < 2 and stg(b,&) > 3, from
the definition of stg(.,.) and the construction of G we have (a,b) € G.po, as
required. Cases (v-vi) cannot arise as we would have 3d € EW. (d,d) € G'.rsi-hb,
contradicting the assumption that G’ is RSI-consistent.

In case (1.b) from the proof of the base case we have (a,c) € G.po. On the
other hand from (I.H.) we have (¢,b) € G.po. As G.po is transitively closed, we
have (a,b) € G.po, as required.



In case (1.c) from the proof of the base case (in cases 1.e, 2.e and 3.e) we have
either A) G'.T¢ x G'.Ter C G'.rsi-hb; or B) stg(a,§) < 2, stg(c, &) > 3, and
0 C G(TeNRe) x G'(Te NW) C G'.rsi-hb. On the other hand from (I.H.) we
know there exist C, B # () such that C x B C G'.rsi-hb and either: i) C' = G'.Tes
and B = G'T¢; or i) C = G Ter, stg(h,§) > 3 and B = G'.(Te N W); or
ii1) stg(c,&’) <2, C = G'.(Te¢ NRe) and B = G'.T¢; or w) stg(c, &) < 2,
C = G (Te NRe), stg(h,&) >3 and B = G'.(Te N W); or v) stg(c, &) < 4,
3d € E€W. ¢ “X dAC = {d} and B = G'.T¢; or vi) stg(c,&') < 4, Id €
EW. ¢ OB dNC = {d}, stg(h,&) >3 and B = G'.(Te NW).

Cases (A.i-A.vi) lead to a cycle in G'.rsi-hb, contradicting the assumption that
G’ is RSI-consistent. In cases (B.ii, B.iv, B.vi) we then have stg(a,&) < 2 and
stg(b,&) > 3. Consequently from the definition of stg(.,.) and the construction
of G we have (a,b) € G.po, as required. Case (B.i) leads to a cycle in G’.rsi-hb,
contradicting the assumption that G' is RSI-consistent. In cases (B.iii) we have
stg(e, &) > 3 and stg(c,&') < 2, leading to a contradiction. In case (B.v) we then
know 3d € & W. 0 C G'.(Te NRe) x {d} C G'.rsi-hb A {d} x G'.T¢ C G’ .rsi-hb.
That is, we have O C G'.(Te N Re) x G'.(T¢ N Re) C G'.rsi-hb, contradicting the
assumption that G' is RSI-consistent.

Case 2
There are two additional cases to consider: a) ¢ € GNT; or b) there exists &
such that c € G.E¢.

In case (2.a) from the proof of the base case we have (a,c) € G'.rsi-hb. On
the other hand from (I.H.) we have (c,b) € G'.rsi-hb. As G'.rsi-hb is transitively
closed, we have (a,b) € G'.rsi-hb, as required.

In case (2.b) from the proof of the base case we know there exists Cy # () such
that {a} x Cy C G'.rsi-hb and either: A) C1 = G'.T¢; or B) stg(c,&) > 3 and
Ci1 = G'.(Te N W). On the other hand, from (I.H.) we know there exists Co # ()
such that Cy x {b} € G'rsi-hb and either: i) Co = G'.T¢; or i) stg(c,&) <2 and

Cy = G .(Te NRe); or #i) stg(c,§) <4 and Id € EW. ¢ CB AN Cy = {d}.

In cases (A.i-A.iii) and (B.i, B.iii) from the transitivity of G’.rsi-hb we have
(a,b) € G'.rsi-hb, as required. Case (B.ii) cannot arise as otherwise we would
have 3 < stg(c, &) < 2, leading to a contradiction.

Case 3
There are three additional cases to consider: a) c € GNT; b) ce G.Eg,; orc)
there exists . # & such that c € G.Ex,.

In case (3.a) from the proof of the base case we have (a,c) € G’.rsi-hb. On the
other hand from (I.H.) we know there exists B # () such that {c} x B C G’.rsi-hb
and B = G'.Te, V (stg(b, &) > 3AB = G'.(Te, NW)). As G’ .rsi-hb is transitively
closed we then know there exists B # 0 such that {a} x B C G'.rsi-hb and
B=G"Te V(stg(h,&) >3ANB = G'.(Tg, N W)), as required.

In case (3.b) from the proof of the base case we know there exists B # () such
that {a} x B C G'.rsi-hb and B = G'.T¢, V (stg(c, &) > 3AB = G'.(Tg,NW)). On



the other hand, from (I.H.) we have ¢ %8 b and thus from the definition of stg(.,.)
and the construction of G we have stg(b, &) > stg(c,&). As such, we we know
there exists B # 0 such that {a} x B C G'.rsi-hb and B = G'. T, V (stg(b, &) >
3AB=G"(Te, NW)), as required.

In case (3.c) from the proof of the base case we know there exists C1 # () such
{a} x Cy C G'.rsi-hb and either A) C1 = G'.T¢,; or B)(stg(c,&) > 3ANCy =
G'.(Te. N W)). On the other hand, from (I.H.) we know there exist Ca, B # ()
such that Cy x B € G'.rsi-hb and either: i) Co = G'.T¢, and B = G'.T¢,; or ii)
Cy = G'.Te, and (stg(h,&) > 3AB = G'.(Te, "W)); oriii) stg(c, &) < 2ACy =
G'.(Te. NRe) and B = G'.Tg,; or i) stg(c,&) < 2N Co = G (Te, N Re) and

(st(b.&) = 3AB = G'.(Te, NW)); or v) stg(c. &) < An3d € W ¢ 5 dn

Co = {d} and B = G'Ts,; or vi) stg(c.&) < AA3d € £oW. ¢ O dACy = {d)

and (stg(b,&) > 3ANB = G'.(Te, N W)).

In cases (A.i-A.vi) and (B.i, B.ii, B.v, B.vi) from the transitivity of G'.rsi-hb
we know there exists B # 0 such that {a} x B C G'.rsi-hb and B = G'.T¢, V
(stg(b,&) > 3ANB = G'.(Te, N W)), as required. Cases (B.iii, B.iv) cannot arise
as we would otherwise have 3 < stg(c,&.) < 2, leading to a contradiction.

Case 4
There are three additional cases to consider: a) c€ GNT; b) ce G.E¢,; or c)
there exists £, # &, such that c € G.E¢_.

In case (4.a) from (I.H.) we have (c,b) € G’.rsi-hb. On the other hand from
the base case we know there exists A # () such that A x {c} C G'.rsi-hb and A =

G Te, V (stg(a,€a) < 2AA = G'.(Te, "Re)) Vstg(a, &) < 4ATd € &g W. a X
dNA = {d}. As G'.rsi-hb is transitively closed we then know we know there exists
A # 0 such that A x {b} C G'.rsi-hb and A = G'.T¢, V (stg(a,&) <2ANA =

G.po’

G'(Te, "Re)) Vstg(a,&) <4ANIde & W.a = dANA={d}, as required.
In case (4.b) from (LH.) we know there exists A # 0 such that A x {b} C
G'.rsi-hb and A = G'.T;, V (stg(c, &) < 2N A= G'.(Te, NRe)) V stg(c, &) <

4AN3d € EW. a RGN A = {d}. On the other hand, from the proof of

the base case we have a ©8° ¢ and thus from the definition of stg(.,.) and the

construction of G we have stg(a,&,) < stg(c,&,). As such, we know there exists
A # 0 such that A x {b} C G'.rsi-hb and A = G'.Tg, V (stg(a,&) < 2N A=

G'.(Te, NRe)) Vstg(a, &) <4ANTd e WV. a GRANA = {d}, as required.
In case (4.c) from the proof of the base case we know there exist A,Cy # ()
such that A x Cy C G'.rsi-hb and either: i) A= G'.T¢, and Cy = G'.Te,; or ii)
A= G"Te, and (stg(c,&) > 3ANCrL = G (Te, NW)); or iii) stg(a, &) < 2NA =
G (Te, N Re) and Cr = G’ Te,; or i) stg(a, &) <2ANA= G .(Te, N Re) and

(stg(c. &) = BACI = G'.(Te, NW)); or v) ste(a, &) < 4n3d € €. a “ dn

G.po’

A={d} and Cy = G".Tg,; or vi) stg(a,&) <4NIFd € W a = dANA = {d}
and (stg(c, &) > 3NC1 =G . (Te, "W).



On the other hand, from (I.H.) we know there exists Co # () such Cy x {b} C
G'.rsi-hb and either A) Cy = G'.T¢,; or B) (stg(c, &) <2ACy = G (Te, NRE));

or C) (stg(c,&) <4ANTJeecé&W.c G'—p>°? eNCqy = {e}).

In cases (A.i-A.vi), (C.i-C.vi) and (B.i, B.iii, B.v) from the transitivity
of G'.rsi-hb we know there exists A # 0 such that A x {b} C G'.rsi-hb and
A= GTe, V(stgla,&) <2ANA =G (Te, N Re)) V (stgla, &) <4AN3d €

&aW. a GRGNA= {d}), as required. Cases (B.ii, B.iv, B.vi) cannot arise as
we would otherwise have 3 < stg(c,&.) < 2, leading to a contradiction.

Case 5
There are four additional cases to consider: a) c€ GNT; b)ce G.Ee,; orc)
c € G.Eg,; or d) there exists & such that & # &q, & # & and ¢ € G.Eg,.

In case (5.a) from the proof of the base case we know there exists A # ()
such that A x {c} C G'.rsi-hb and A= G'.T¢, V (stg(a,&) <2NA= G (Te, N

G.po’

Re)) V (stg(a,&) <4A3Id e W.a = dANA={d}). On the other hand
from (I.H.) we know there exists B # () such that {c} x B C G’.rsi-hb and
B = G'Te, V (stg(h, &) > 3AB = G'.(Te, N W)). As such, sine G’.rsi-hb is
transitive we know there exist A, B # () such that A x B C G'.rsi-hb; that A =

G Te, V(stg(a, £) < 2AA = G'.(Te, "RE))V (stg(a, &) < 4A3d € &, W. a 8
dNA={d}); and that B = G'.T¢, V (stg(b,&) > 3AB = G'.(T¢, " W)), as
required.

In case (5.b) from (I.H.) we know there exist A, B # 0 such that A x B C
G'.rsi-hb; that A = G'. Tz, V (stg(c, &) < 2N A= G'.(Te, NRe)) V (stg(e, &) <

AN3d € EW. a B dANA={d}); and that B = G'.Te, V (stg(h,&) >
3AB = G'.(Te, N W)). On the other hand from the proof of the base case we
have (a,c) € G'.po and thus from the definition of stg(.,.) and the construction
of G we have stg(a,&,) < stg(c,&,). As such we know there exist A, B #*
0 such that A x B C G'rsi-hb; that A = G'.Te, V (stg(a,&u) < 2N A =

G'(Te, NRE)) V (stg(a,&) < AN3d € EW. a S5 dAA = {d}) and that

B=G"Te, V (stg(h,&) > 3N B = G'.(Te, "W)), as required.
In case (5.¢) from the proof of the base case we know there exist A, B #
0 such that A x B C G'.rsi-hb; that A = G'.T¢, V (stg(a,&) < 2N A =

G'.(Te, NRE)) V (stg(a,&) < 4A3d € EW. a B dAA={d}), and that

B = G'Te, V (stg(c,&) > 3AB = G'.(Te, N W)). On the other hand from
(I.H.) we have (¢,b) € G'.po and thus from the definition of stg(.,.) and the
construction of G we have stg(c,&,) < stg(h,&,). As such we know there exist
A, B # 0 such that A x B C G'.rsi-hb; that A = G'.Te, V (stg(a,&) <2NA =

G'.(Te, NRe)) V (stgla, &) < 4A3d € EW. a GBS g A A = {d}) and that

B=G"Te, V (stg(h,&) > 3N B = G'.(Te, NW)), as required.
In case (5.d) from the proof of the base case we know there exist A,Cy # ()
such that A x C1 C G'.rsi-hb; that A= G'.Te, V (stg(a, &) <2ANA=G'.(T¢, N



G.po’

Re)) V (stg(a, &) <4A3Td e & W.a = dAA={d}), and that either A)
Ci1 = G Te,; or B) (stg(c,&) >3NC1 = G .(Te, "W).

On the other hand, from (I.H.) we know there exist Cay, B # () such that
Cy x B C @'.rsi-hb; that B = G'.Te, V (stg(b,&) > 3AB = G'.(Te, N W));
and that either: i) Co = G'.Te,; or ii) stg(c,&) <2ANCy = G'.(Te, N Re); 41)

stg(c,&) <ANTd e EW. ¢ 8 dACy = {d}).

In cases (A.i-A.iii) and (B.i, B.iii) from the transitivity of G'.rsi-hb we know
there exists A, B # ) such that Ax B C G'.rsi-hb; that A = G'.T¢, V (stg(a,&,) <

G.po’

2ANA =G (Te, N Re)) V (stga, &) <4ATd € W a = dANA={d});
and that B = G'.T¢, V (stg(b,&) > 3A B = G'.(T¢, N W)), as required. Case
(B.ii) cannot arise as we would otherwise have 3 < stg(c,&.) < 2, leading to a
contradiction.

Theorem 12 (Completeness). For all RSI execution graphs G’ and their
counterpart implementation graphs G constructed as above,

rsi-consistent(G’) = RA-consistent(G)

Proof. Pick an arbitrary RSI execution graph G' and its counterpart implementa-
tion graph G constructed as above and let us assume that rsi-consistent(G") holds.
From the definition of RA-consistent(G) it then suffices to show:

1. irreflexive( G.hb)
2. irreflexive(G.mo; G.hb)
3. irreflexive( G.rb; G .hb)

RTS. part 1

We proceed by contradiction. Let us assume that there exists a such that (a,a) €
G.hb. There are now two cases to consider: 1) a € GNT; or 2) 3¢. a € G.E;
In case (1) from Lemma 16 we have (a,a) € G'.rsi-hb, contradicting the assump-
tion that G' is RSI-consistent. Similarly, in case (2) from Lemma 16 we have
(a,a) € G.po, leading to a contradiction as G.po is acyclic by construction.

RTS. part 2
We proceed by contradiction. Let us assume that there exist a,b such that (a,b) €
G.hb and (b,a) € G.mo. From the construction of G.mo we then know that
(b,a) € G'.mo. Let 1loc(a) = loc(b) = x. There are then five cases to consider:
1) 3. (a,b) € G.E¢; or 2) a,be GNT; or 8)ae GNT andbe G.Eg,; or 4)
a€ G.Ee, andbe GNT; orb)a€ G.E¢,,be G.Ee, and &, # &.

In case (1) from Lemma 16 we have (a,b) € G.po, and since a,b € G =
G''W, from the construction of G.po we have (a,b) € G'.po. Moreover, since

a,b are write events in the same transaction &, (a,b) € G'.poy N W? C G’ .rsi-hb.
As such we have a € S p 4 a, contradicting the assumption that G’ is

RSI-consistent.



In cases (2, 3) since a,b € GW = G’ W, from Lemma 16 we have (a,b) €

. G’ .rsi-hb
G .rsi-hb. As such we have a © %

G’ is RSI-consistent.

Similarly, in cases (4, 5) since a,b € GW = G''W, from Lemma 16 we
have either i) (a,b) € G'.rsi-hb; or i) 3d € €aW. a % d A (d,b) € G'.rsi-hb.

On the other hand, since in case (ii) a,d € G.E¢,, a SR and a,d are both

b —> a, contradicting the assumption that

. G'.po’ . .
write events, we also have a B . Moreover, since G'.poy "N W? C G'.rsi-hb,

we have (a,d) € G'.rsi-hb”. As such we have a Glrsihe” g Grghb g and from the

transitivity of G’ rsi hb in both cases we have (a,b) € G'.rsi- hb Consequently, we

G’ r5| hb

have a b —> a, contradicting the assumption that G’ is RSI-consistent.

RTS. part 3

We proceed by contradiction. Let us assume that there exists a,b such that
(a,b) € G.hb and (b,a) € G.rb. Let loc(a) = loc(b) = x. There are then
five cases to consider: 1) 3. (a,b) € G.E¢; or 2) a,be GNT; or 3) ac GNT
andb e G.Ee,; or ) a € G.E¢, andbe GNT; or5)ac G.Ee,be G.Eg,

and ga 7é €b-

In case (1) from Lemma 16 we have (a,b) € G.po. On the other hand since
(b,a) € G.rb, from the construction of G we know that (b,a) € G.po. As such,

since G.po is transitively closed and a Ggo p Ggo a, we have (a,a) € G.po,
leading to a contradiction as G is acyclic by construction.

In case (2) from the construction of G.rb we know that (a,b) € G'.rb. On

the other h(md from Lemma 16 we have (a,b) € G'.rsi-hb. As such we have

o CrEhby Gyb a, contradicting the assumption that G’ is RSI-consistent.

In case (3) from the construction of G.rb we know that b = &,.rsx Vb = &p.vsy.
Consequently, from Lemma 16 we have {a} x G'.T¢, C G'.rsi-hb. On the other

hand, from the construction of G.rb we know there exists r € G'.Tg, such that

G'rsi-hb G b . .
(r,a) € G'.rb. As such, we have a = 3" r "5 a, contradicting the assumption

that G’ is RSI-consistent.

In case (4) from the construction of G.rb we know that (a,b) € G'.rb. More-
over, since a € GW, from Lemma 16 we have either i) (a,b) € G'.rsi-hb; or i)
Ad e W a SR AN (d,b) € G'.rsi-hb. As such, since a,d are both write events
and o °X d, we also have a “R g, Moreover, since G'.poy N W? C G .rsi-hb,

we have (a,d) € G'.rsi-hb’. As such we have a Glrsihb” g Ghrgh  nd from

the transitivity of G'.rsi-hb in both cases (i, ii) we have (a,b) € G’ rsi-hb. Con-

G’ r5| hb

sequently, we have a b % a, contradicting the assumption that G’ is

RSI-consistent.
In case (5) from the construction of G.rb we know that b = &p.15x Vb = &.v8x.
Consequently, from Lemma 16 and since a is a write event, we have either i)



G Te, x G Te, C G'.rsichb; or i) 3d € €, W. a &8 dA{d} x G'.T¢, € G .rsi-hb.

. . G.po’ G’ .po’
As such, since a,d are both write events and a B d, we also have a B2 4.
Moreover, since G'.poy N W? C G'.rsi-hb, we have (a,d) € G’.rsi-hb’. As such we

have a € =5 @ S8y o from the transitivity of G'.rsi-hb in both cases (i,

ii) we have {a} x G'.T¢, € G'.rsi-hb. On the other hand, from the construction of

G.rb we know there exists r € G'.Te, such that (r,a) € G'.rb. Consequently, we
have a © S p 4P a, contradicting the assumption that G’ is RSI-consistent.



F Soundness and Completeness of the Lazy RSI
Implementation

Given an execution graph G of the lazy RSI implementation, let us assign a
transaction identifier to each transaction executed by the program; and given a
transaction £. Let RS? = WSg = (). Let us write G.NT for those events in G.E
that do not occur in a transaction. Observe that given a transaction £ of the lazy
RSI implementation, the trace of £, written 6, is of the form:

POlimm POlimm POlimm POlimm POlimm POlimm POlimm
Fs = Is — Ts — VRs — RUs — PLs — Ws — Us
where:

— Fs denotes the sequence of events failing to obtain the necessary locks (i.e.
those iterations that do not succeed in promoting the writer locks) or validate
the snapshot;

— Is denotes the sequence of events initialising the values of LS, RS and WS with
(), initialising ws with [] and initialising s[x] with (L, 1) for each location
x;

— Ts denotes the sequence of events corresponding to the execution of (T) and

POlimm p
_> e

is of the form # Cligm tr, where for all m € {1---k}:

rd(Xm, Vmy RS m—1, WSm—1) pOh#]m Ir if O =R(xpm,Vm)

Xm

tm= § Wr(Xm, Vm, RSm—1, WSpm—_1) Poligem WWSy,, if Om=W(xtm, vm)
" R(s D (v, =) " o, " (e, ws,)

where O,, denotes the mth event in the trace of T; Iry,, = R(s[x,n], (—, vm));

R(s[xm1, (L, 1)) ifxm & RSm—-1U WSn_1

POlimpm fs
m

POlimam
lx
m

Poliram
=2 wrsy,,

POlimum

T'Sx

’I”d(Xm, Ums RSm—h WSm—l) £

pol;
S wsy

m

] otherwise

fs,,, denotes the sequence of events attempting (but failing) to acquire the
read lock on x,, rly,, £ RL(x1y,), wrsy, = W(RS, RSy,), sy, = R(xpm, 00 ),
wsy, = W(s[xnl, (02 v )); and for all m > 0:

Xm? “Xm

RS s )RS U{xn} if Op=R(xm, —)
™) RS m otherwise



and

R(slxmd, (L, 1) if xm & RSm_1 U WSm_1
wT(Xm7’Um7 R‘Smflv WSmfl) £ Polim fsm

pol; :
e ] otherwise

Xm

wwsy, = WWS, WS,,); lwy, = W(slxn], (¥, vm)); fs,, and 7l are as
defined above; and for all m > 0:

a | WS U{xnt if Op=W(xm, —)
WSm+l = .
WS, otherwise
a ) WSmA+[(Zm, vm)] I O =W(Xm, V)
WSm+1 = .
WSy, otherwise

Let R3¢ = RS, WS¢ = WS, and wse = wsy,; let RSg UWSe be enumerated
as {x1 ---x;} for some i, and wsg be enumerated as {(x1,v1) - (x;,v;)} for
some j.

VRs denotes the sequence of events validating the reads and is of the form

POlimm POlimm
_) e

Uy, Uy, where for all n € {1---4}:

v — R(s[x,], (v ,—)) Poligm Ury, =R(xpn, vy ) if x, € RS¢
" 0 otherwise

RUs denotes the sequence of events releasing the reader locks (when the given

POlimm POlimm

location is in the read set only) and is of the form ruy, =~ — = TUy,,
where for all n € {1---i}:

RU(x1,) if x, & WS¢
TUy, = )
0 otherwise

PLs denotes the sequence of events promoting the reader locks to writer ones

(when the given location is in the write set), and is of the form pl, po‘i—li]m

o POlimm I

pl,., where for all n € {1---i}:

L= PL(x1,) if x, € WS,
P, = 1] otherwise

Ws denotes the sequence of events committing the writes of (T) and is of

the form ¢y, v, Poligen POl Cx;0;, Where for all n € {1---j}: ¢, 0, =
W(Zn, vn)
Us denotes the sequence of events releasing the locks on the write set, and is

POlimm POlimm
P %

of the form wuy,

v, — {WU(xln) if x,, € WS¢

Wy, , where for all n € {1---i}:

] otherwise



Given a transaction trace ¢, we write e.g. £.Us to refer to its constituent Us
sub-trace and write Us.E for the set of events related by po in Us. Similarly, we
write £.E for the set of events related by po in 6¢. Note that G.E = |J &.E.

¢eTx

Note that for each transaction £ and each location x, the £.rly, £.rsy, £.vry,
E.ruy, €.pl, and . wuy are uniquely identified when they exist. Let &.wy the last
(in po order) write to x in Ws, when it exists.

For each location x € WS¢, let fw, denote the maximal write (in po order

within §) logging a write for x in s[x]. That is, when 6 = t; Poligen . Poligm tm,
let fw, = wmax(x, [t1 ---tm]), where
wmax(x, []) undefined
lwy if t=wr(x,—, —,—) 2wy B wwsy

wmax(x, L++[t]) £
( i) {wmax(x,L) otherwise

F.1 Implementation Soundness

In order to establish the soundness of our implementation, it suffices to show
that given an RA-consistent execution graph of the implementation G, we can
construct a corresponding RSI-consistent execution graph G’ with the same
outcome.

Given a transaction { € Tx with RS; UWSe = {x; - - -x;} and trace 6¢ as above

with Ts = #; poh—")‘m e poljf ™ t;,, we construct the corresponding RSI execution
trace 0& as follows:

02— é t{ poll;nn o poh;lm t]/c

where for all m € {1---k}:

! =R (%, Um) Whent £ = 7d(Xm, U, S ) "5 1

Xm

/ POlimm polimm
th =W(Xpm, Um) when t, = wr(Xm, Um, Sm) —  WwWSy, — -

such that in the first case the identifier of ¢/, is that of Iry, ; and in the second
case the identifier of ¢/ is that of lw,, . Note that for each write operation w in
92, there exists a matching write operation in 6¢. Ws, denoted by mw(w). That is,

mv(w)=w' £ 3i. A (GENW)|, =wA (6e. Ws)|, = o’



We then define:

t; € 0. B A\ Ix,v. th=R(x,v) A w=W(x,0)
Nw € &.E = w 5t A
(w, 1) (Vec B wB e th = (loc(e)#x V egW)))
TINw g EE= (YeetE. (e ti = (loc(e) #xVe gW))
A((3E. (€ wy, E1sy) € Gurf) ANw=E . fw,)
V(w € GNT A (w,rsy) € G.rf))

RF £

re GNTA
U< (w,r) ((w € GNT A (w,r) € G.rf)
V(' w' =mu(w) A (w',r) € G.rf))

Similarly, we define:

MO £ {(w1, ws) | Fw], wh. wi = mu(wi) A wh = mw(ws) A (wh,wh) € G.mo}
U{(w,w) |w,w" € GNT A (w,w') € G.mo}
U}(w,w’) w € GNT ATw". w' =mu(w) A (w”’,w') € G. %
A (w

w b
U{ (', w)|w € GNT AFw". w" =mu(w) A (v, w") € G.

We are now in a position to demonstrate the soundness of our implementation.
Given an RA-consistent execution graph G of the implementation, we construct
an RSI execution graph G’ as follows and demonstrate that rsi-consistent(G")
holds.

- G'.E= | 6;EUGNT, with the tx(.) function defined as:
eeTX

tx(a) 2 ¢ when ac O¢ tx(a) 20 when a€ GNT

G’'.po= G.polg' E
— G'rf = Ugery RFe
— G'.mo = MO
G'lo=10

Observe that the events of each 0’5 trace coincides with those of the equivalence
class T¢ of G'. That is, Gé.E =Te.

Lemma 17. Given an RA-consistent execution graph G of the implementation
and its corresponding RSI execution graph G’ constructed as above, for all

a, ba gaa fba X!

CaF & Na€&.ENDEE&.EAloc(a) =1loc(b) =x=

((a,b) € G'.rf = &q.wuy EA Ep.7lx) (34)
A ((a,b) € G'.mo = Eq.wux L &y.1ly) (35)
A ((a,b) € G'.rb = (x € WS¢, A &a.wux a4 Eb.1lx) V (x € WSe, N Eq.Tux Ge &.ply))
(36)
A ((a,b) € G'.(mo;rf) = &4 wux EAG &p.1lx) (37)



Proof. Pick an arbitrary RA-consistent execution graph G of the implementation
and its corresponding RSI execution graph G’ constructed as above. Pick an arbi-
trary a,b, &y, &y, x such that &, # &, a € £,.F, a € &,.F, and loc(a) = loc(b) =
X.

RTS. (34)
Assume (a,b) € G'.rf. From the definition of G'.rf we then know (£,.wy, &y.785) €

G.rf. On the other hand, from Lemma 2 we know that either i) x € WS¢, and

&y Wy, G.hb Ea.rly; or i) x & WS¢, and &p.rug Ghb &a-ply; or Hit) & wuy Gab

&p.rly. In case (i) we then have &, .wy ayf &p.754 Gge Ep Wiy ¢.4b Ea.1ly Ggo Eq Wy

That is, we have &,.wy G Do &y wy, contradicting the assumption that G is

. o . . G.rf G. G.hb
RA-consistent. Similarly in case (i) we have ;. wy 25 &porsy e &poruy —

&a-pl,, Gio &q-wy. That is, we have &, .wy G btoc &q-wy, contradicting the assump-
tion that G is RA-consistent. In case (i) the desired result holds trivially.

RTS. (35)
Assume (a,b) € G'.mo. From the definition of G'.mo we then know there ex-
ist wy € £,.Ws and wy € &.Ws such that (wi,ws) € G. and loc(w;) =

loc(ws) = x. On the other hand, from Lemma 2 we know that either i) &.wu, Ea

. . . ‘ G.
Ea-Tly; or Qi) Eq.wuy Gab &.rly. In case (i) we then have wq .y wy =8°

G.hb G.po ) G. G.hbyye .y
Epowuy = Eq.1ly =8 wy. That is, we have w1 — wy = wy, contradicting

the assumption that G is RA-consistent. In case (i) the desired result holds
trivially.

RTS. (36)
Assume (a,b) € G'.rb. From the definition of G'.rb we then know that there exist
w € &. Ws such that loc(w) = x and (&,.75x,w) € G.rb. From Lemma 2 we then

know that either i) &.wuy, Ghb €o.Tly; orii) x € WSe, and &q.1uy G &a-ply; or

iii) x € WS¢, and &q.wuy ¢.4b &p-1ly. In case (i) we then have w 8% ¢ wuy ¢.4b

G.po G.rb ) G.hby, G.rb .
Eo.1ly 8 Ea.Tsx = w. That is, we have w == &,.15y —» w, contradicting

trivially.

Lemma 18. For all RA-consistent execution graphs G of the implementation
and their counterpart RSI execution graphs G' constructed as above and S =



G’ .(rsi-po U rsi-rf U moT)t:

V€, &, a,b. Ya,b.
(a,b) € S = (a,b€ G’ NT A (a,b) € G.hb)
V(e e G'Te, Nbe G T, Néa =& A (a,b) € G.po)
ac G Te, Nbe G Te, Néa # &
VAIde G'Teg,.Vee G Te,. (c,d) € G.hb
ANa €W = (mw(a),d) € G.hb
ae G NTANbe G'Te,
(Aﬂd € G'Te,. (a,d) € G.hb)
a€ G T, Nbe G'NT
V| AVee G'Te,. (¢,b) € G.hb
A(Je €&, Ws. (e,b) € G.hbV Ve € &,.E. (¢,b) € G.hb)

Proof. Let So = G'.(rsi-po U rsi-rf Umort), and Sp+1 = So; Sp, for alln >=0. It
is straightforward to demonstrate that S = |J S;. We thus demonstrate instead
€N
that: ©
Vi € N. V¢, &, a,b. Va,b.
(a,b) € S; = (a,b€ G NT A (a,b) € G.hb)
V(e e G'Te, Nbe G Te, Néa =& A (a,b) € G.po)
a€ G Te, Nbe G'Tey N # &
Nd e G Te,.Ye e G'Tg,. (¢,d) € G.hb
A (e € &,.Ws. (e,d) € G.hb
We € €,.E. (¢,d) € G.hb)
v(ae G'NTAbe G'Te, )
A3d € G'Tg,. (a,d) € G.hb
a€ G T, N\be G NT
NVe e G Te,. (c,b) € G.hb
A (e € &,.Ws. (e,b) € G.hb
We € €,.E. (¢,b) € G.hb)

We proceed by induction on i.

Base case i =0

Pick arbitrary £q,&, a,b such that &, # & and (a,b) € Sy. There are now
four cases to consider: A) a € G'.Te,,b € G'Te,; or B) a,b € G'"'NT; or C)
a€ G'NT,be G'Tg,; or D)ac G'Tg,,be G NT.

In case (A) there are three additional cases to consider: 1) (a,b) € G’.rsi-po;
or 2) (a,b) € G'.rsi-rf; or 3) (a,b) € G'.mor.

In case (A.1), pick an arbitrary ¢ € G'.Te,. From the definition of G'.pot
we have (¢,b) € G.po C G.hb, as required. Now assume that a € W. From the
definition of G'.po we then have (mw(a),d) € G.po C G.hb, as required.

In case (A.2), we then know there exists w € G'.Tg, and v € G'.Te,
such that (w,r) € G'.rf. Let loc(w) = loc(r) = x. From Lemma 17 we

then have &, wuy b &.rlx. Pick an arbitrary ¢ € G'.Te,. As such we have



¢ 98 Eq Wiy Gte &p.riy Goge &p-1sx. That is, we have (c,&p.1sx) € G.hb, as re-
quired. Now assume that a € W. We then have (mw(a), &, wuy) € G.po. As such,
from the transitivity of G.hb we also have (mw(a),&.75x) € G.hb, as required.

In case (A.3), we then know there exists w € G'.Te, and w' € G'. T, such
that (w,w’") € G'.mo. Let loc(w) = loc(w') = x. From Lemma 17 we then have

Eq Wy G.4b &.rlx. Pick an arbitrary c € G'.Te,. As we also have &,.7ly %O wWa,

wq Gpo Eq-wly, and c Gpo Ea-wuy, we then have (c,ws) € G.hb and (w1, ws) €
G.hb, as required. Now assume that a € W. We then have (mw(a),&,.wuy) € G.po.
As such, from the transitivity of G.hb we also have (mw(a), ws) € G.hb, as required.

In case (B) there are three additional cases to consider: 1) (a,b) € G'.rsi-po;
or 2) (a,b) € G'.rsi-rf; or 3) (a,b) € G'.mor.

In case (B.1) we then have (a,b) € G'.po and from the definition of G'.po we
have (a,b) € G.po C G.hb, as required. In case (B.2) we then have (a,b) € G'.rf
and from the definition of G'.rf we have (a,b) € G.rf C G.hb, as required. Case
(B.3) does not apply as a,b € G' NT.

In case (C) there are three additional cases to consider: 1) (a,b) € G'.rsi-po;
or 2) (a,b) € G'.rsi-rf; or 3) (a,b) € G'.mor.

In case (C.1) we then have (a,b) € G'.po and from the definition of G'.po
we have (a,b) € G.po C G.hb, as required. In case (C.2) we know there exists
r € G'.Tg, such that (a,r) € G'.rf. Let loc(a) = loc(r) = x. From the definition
of G'.rf we then have (a,&p.1sx) € G.rf C G.hb, as required. Case (C.3) does not
apply as a € G’ NT.

In case (D) there are three additional cases to consider: 1) (a,b) € G'.rsi-po;
or 2) (a,b) € G'.rsi-rf; or 3) (a,b) € G'.mor.

In case (D.1) we then have (a,b) € G'.po. Pick an arbitrary ¢ € G'.Te,. From
the definition of G'.po we have (¢,b) € G'.po. As such, from the definition of
G'.po we have (¢,b) € G.po C G.hb, as required. Now assume that a € W. We
then have (mw(a),b) € G.po C G.hb, as required.

In case (D.2) we then have (a,b) € G'.rf and from the definition of G'.rf
we know that mw(a) € &,.Ws and (mw(a),b) € G.rff C G.hb, as required. Pick
an arbitrary ¢ € G'.Te,. We then know (c,mw(a)) € G.po. We then have

c 480 mw(a) b, As such, from the definition of G.hb we have (¢,b) € G.hb, as
required. Case (D.3) does not apply as b€ G' N'T.



Inductive case i=n+1

Vj € N. V&, €y, a,b. Va, b.
(a,b) e S;Nj<n=(a,be G NTA (a,b) € G.hb)
V(e e G'Te, Nbe G T, Néa =& A (a,b) € G.po)
a€ G Te, Nbe G'Tgy Néa # &
Ad e G'Te,. Ve e G'Te,. (c,d) € G.hb
A (e € &.Ws. (e,d) € G.hb
We € &,.E. (¢,d) € G.hb)
v(aEG’.NT/\bE G'Te, )
A3d € G'Te,. (a,d) € G.hb
a€ G Te, N\be G NT
AVe e G Te,. (¢c,b) € G.hb
A(Je € &,.Ws. (e,b) € G.hb
We € &,.E. (¢,b) € G.hb)
(LH.)

Pick arbitrary &q.,&, a € G Te,,b € G'.Tg, such that (a,b) € S;. From the
definition of S; we then know there exist e,&. such that e € G'.Te_, (a,e) € Sp
and (e,b) € S,,. The desired result then follows from the inductive hypothesis and
case analysis on a,b annd c.

Theorem 13 (Soundness). For all execution graphs G of the implementation
and their counterpart RSI execution graphs G’ constructed as above,

RA-consistent(G) = rsi-consistent(G’)

Proof. Pick an arbitrary execution graph G of the implementation such that
RA-consistent(G) holds, and its associated RSI execution graph G’ constructed
as described above.

RTS. irreflexive( G’ .rsi-hb)

We proceed by contradiction. Let us assume —irreflexive(G'.rsi-hb) Let S =
G'.(rsi-po U rsi-rf U mot) ™. There are now two cases to consider: either there
is an rsi-hb cycle without a si-rb edge; or there is a cycle with one or more si-rb

edges. That is, either 1) there exists a such that (a,a) € S; or 2) there exist

G’ .si-rb S G’ si-rb S S G’ si-rb S
ay, b1, ,an,b, such that a; 2P D ay TSy S S, T3, S

aq.

In case (1) we then know that either i) there exists & such that a € G'.Tg,;
or i) a € G'NT. In case (1.i) from Lemma 18 we then have (a,a) € G.po,
contradicting the assumption that G is RA-consistent. Similarly, in case (1.i1)
from Lemma 18 we know that (a,a) € G.hb, contradicting the assumption that
G is RA-consistent.

In case (2), for an arbitrary i € {1---n}, let j = i+1 when i # n; and

j =1 when i = n. As q; G'—S';rb bi, we know there exists &,,,&, such that

ai € Te,., bi € Te, , and that there exist r; € Te,. NRe and w; € Tg, NW



such that (r;,w;) € G'.rb. Let loc(r;) = loc(w;) = x;. From Lemma 17 we
then know that either i) &,,.ruy, Ao v, -ply,; o7 i) q, wuy, GLb &, .Tlx,. Note

that for all w' € &, . Ws, we know &, .7ly, G8° ' and &b, Dl GO . As such,
as (bj,a;) € S, from Lemma 18 and since G.hb is transitively closed, we know

there exists d; € Tfaj such that either &, .Tuy, G4 dj, or &, . wuy, b d;. That
18, Eq;-Us, b d;j, where either uy, = Ty, OT Uy, = Wly,. On the other hand,
observe that for all d; € 7'5% we have d; Gio o,y Ux
we have d; G—'h>b Ea; - Ux, - As we also have &, . uy, G—'h>b d; and G.hb is transitively

G.hb G.hb G.hb G.hb
closed, we have &, .ux, — faj.uxj. We then have €4, Uy, — EapUgy — o+ —

. G.hb
ie. di = &g, Uy, . As such,

1

i

Ea, - Us, A Ear Uz, - That 1s, &g, . Ux, A &ay Uz, , contradicting the assumption

that G is RA-consistent.

RTS. rfi U 1Urbr C po
Follows immediately from the construction of G'.

RTS. irreflexive( G'.(rsi-hb; mo))
We proceed by contradiction. Let us assume —irreflexive( G'.(rsi-hb; mo)).
That is, there exists a,b such that (a,b) € rsi-hb and (b,a) € mo. There are now
five cases to consider: 1) there exists & such that a,b € T¢; or 2) there exists
oy &y such that &, # &, a € Te, and b € Tg,; or 3) there exists § such that a € T
and b € G' NT; or 4) there exists £ such that b € T¢ and a € G'NT; or 5)
a,be G NT.

In case (1) we then have (b,a) € mor C poy (from the proof of the previous

part) and since a,b are both write events, we have (b,a) C rsi-hb. We then have

i-hb | rsi-hb L . . .
a"=° b "5 a, contradicting our proof above that rsi-hb is irreflezive.

In case (2) we then have (b,a) € mot C rsi-hb. We then have a rSEb gy v a,

contradicting our proof above that rsi-hb is irreflexive.

In case (3) from Lemma 18 we know (mw(a),b) € G.hb. From the definition
of G'.mo we also have (b,mw(a)) € G.mo. We then have mw(a) by Gy mw(a),
contradicting the assumption that G is RA-consistent.

In case (4) from Lemma 18 we know there exists d € T¢ such that (a,d) € G.hb.
From the definition of G'.mo we also have (mw(b),a) € G.mo. Moreover, from
the construction of G’ we know (d,mu(b)) € G.po We then have a Ghb g Gpe

mw(b) Gy a, contradicting the assumption that G is RA-consistent.
In case (5) from Lemma 18 we know (a,b) € G.hb. From the definition of

G’'.mo we also have (b,a) € G.mo. We then have a b AR, contradicting
the assumption that G is RA-consistent.

RTS. irreflexive(G’.(rsi-hb; rb))
We proceed by contradiction. Let us assume —irreflexive( G'.(rsi-hb; rb)).
That is, there exists a,b such that (a,b) € rsi-hb and (b,a) € rb. There are now



five cases to consider: 1) there exists £ such that a,b € T¢; or 2) there exists
oy &y such that &, # &, a € Te, and b € Te,; or 8) there exists { such that a € Te
and b € G'NT; or 4) there exists & such that b € T¢ and a € G' NT; or 5)
a,be G’ NT.

In case (1) we then have (b,a) € rby C por (from the proof of the earlier part)
and thus (b,a) € G.po. Moreover, from Lemma 18 we know (a,b) € G.po We

then have a Gio b Gio a, contradicting the assumption that G is RA-consistent.

In case (2) we then have (b,a) € si-rb U mot C rsi-hb. We then have a e

b a, contradicting our proof above that rsi-hb is irreflezive.

In case (3) from Lemma 18 we know (mw(a),b) € G.hb. From the definition

of G'.rb we also have (b,mu(a)) € G.rb. We then have mw(a) b G mw(a),

contradicting the assumption that G is RA-consistent.

In case (4) from Lemma 18 we know there exists d € T¢ such that (a,d) €
G.hb. Let loc(a) = loc(b) = x. From the definition of G'.rb and our race-
freedom stipulation of nmon-transactional writes with the same transaction we
also have (&.vry,a) € G.rb. Moreover, from the construction of G' we know

(d, &p.vry,b) € G.po We then have a Ghb g Gge Ep. 0Ty, G a, contradicting the
assumption that G is RA-consistent.
In case (5) from Lemma 18 we know (a,b) € G.hb. From the definition of

G'.rb we also have (b,a) € G.rb. We then have a Gy Gp a, contradicting the
assumption that G is RA-consistent.

F.2 Implementation Completeness

In order to establish the completeness of our implementation, it suffices to show
that given an RSI-consistent execution graph G’ = (E, po, rf, mo, lo), we can con-
struct a corresponding RA-consistent execution graph G of the implementation.

Note that the execution trace for each transaction 7¢ € G'.T /st is of the

POlimm pol; . .
form 0; = t; = =" ... T =" 4 for some k, where each ] is a read or write

event. As such, we have G'.T = Uz cqr 7/« T¢ = 0¢-E. For each transaction ¢,
we construct the implementation trace 6 as follows:

m POlimm POlimm POlimm po
VRs Pl pus Pl prs Pols g P!

2 Us

Olim

POlimm POlimm p
Fs =" Is — Ts
where:

— Fs denotes the sequence of events failing to obtain the necessary locks (i.e.
those iterations that do not succeed in promoting the writer locks) or validate
the snapshot;

— Is denotes the sequence of events initialising the values of LS, RS and WS with
(), initialising ws with [] and initialising s [x] with (L, 1) for each location

X5



— Ts denotes the sequence of events corresponding to the execution of (T) and

is of the form # Polig _ Poligm tr, where for all m € {1---k}:
rd(Xm, Ums RSm—1, WSm—1) Poligm Iry,, if Op=R(Xpm,Vm)
tm= 9§ wr(Xm, Vm, BSm_1, WSm_1) pohi’m WWSy,, if Op=W(xp, Vm)

pOE;lm R(s [xm, (v, ) pOEym hoy.. pO\-:;m. W(ws, wSnm)
where O,,, denotes the mth event in the trace of T; Ir,, = R(s[xn], (=, vm));

R(slxml,(L,1)) ifxm & RSm—1U WSm_1
Poliram Fom
po‘i—rﬁ'm Tly

POlimum

N wrs
Td(xma Um,y RSmflv Wsmfl) = pol; m
=2 rsy,,

POliram

WSx m

m

0 otherwise

fs,, denotes the sequence of events attempting (but failing) to acquire the
read lock on %, rly, = RL(x1,,), wrsy, = W(RS, RSy), 75x,, = R(Xm, v ),

X’I‘n,
0

Wwsy,, = W(s[xm], (v ;0 )); and for all m > 0:

m? “Xm

RS s )RS U{xn} if Op=R(xm, —)
T RS, otherwise

and

R(S [Xm]7(L7L)) if xm g RSm—1 U WS,—1
POlimm
fsm

pol; :
2l 0 otherwise

(1>

wr(xm,?}m, RSm717 Wsmfl)

wwsy,, = WWS, WSp); lwy,, = W(slxm], (v, vm)); fs,, and rly, are as
defined above; and for all m > 0:

S A{WSmU{xm} i Oy =W (%, —)
m+1 —

WS, otherwise
ws s WSm++[(Zm, vm)] i Om=W(xp, V)
ot WSy, otherwise

Let RS¢ = RSy, WS¢ = WS, and wse = wsy,; let RS¢ U WS, be enumerated
as {x---x;} for some i, and ws¢ be enumerated as {(x1,v1) - - - (x;,v;)} for
some j.



— VRs denotes the sequence of events validating the reads and is of the form

POlimm Polimm

Vg, — o — g, where for alln € {1---i}:

_ JR(sxad, (00, =) P oy =R, 00 ) if %, € RSe
" ] otherwise

— RUs denotes the sequence of events releasing the reader locks (when the given

S . poli poli
location is in the read set only) and is of the form ruy, ~— -+ —  Tuyg,,

where for all n € {1---i}:

RU(x1,) ifx, & WS;
Tly =
n 0 otherwise

— PLs denotes the sequence of events promoting the reader locks to writer ones
(when the given location is in the write set), and is of the form pl, po‘i%mm

POlimm

pl,,, where for all n. € {1---i}:

L PL(x1,) if x, € WS,
P =0 otherwise
— Ws denotes the sequence of events committing the writes of (T) and is of

POlimm POlimm

the form cx, o, Cx;0;, Where for all no€ {1---j}: ¢, 0, =
W(Xm 'Un)
— Us denotes the sequence of events releasing the locks on the write set, and is

POlimm POlimm

of the form wuy, Wy, , where for all n € {1---i}:

WU(x1,) if x, € WS¢
Wiy, = )
0 otherwise
Given a transaction trace 0¢, we write e.g. £.Us to refer to its constituent Us
sub-trace and write Us.F for the set of events related by po in Us. Similarly, we

write {.F for the set of events related by po in 0¢. Note that G.E = |J &(.E.
ecTX

Note that for each transaction £ and each location x, the £.rly, £.rsy, £.vry,
E.ruy, €.pl, and . wuy are uniquely identified when they exist. Let &.wy the last
(in po order) write to x in Ws, when it exists.

Note that for each write operation w in (92, there exists a matching write
operation in f¢. Ws, denoted by mw(w) is a one-to-one function such that: That
is,

mv(w)=w' £ 3i. A (GENW)|, =wA (6e. Ws)|, = o’



We then define:

re G'NT
RF £ ¢ (w,7) |A((we GNT A (w,r) € G.rf
V(3¢ 3w e L ENW. (W, r) € G'rf Aw=mu(w')))
U {(w,f.rsx), (we GNT A (w,€.rs¢) € Grf) }
(w,€ory) |V(IE. T € L ENW. (W, rsx) € G'.rf A w=mu(w'))

Similarly, we define:

MO £ {(w1, w2) | Jw}, wh. w1 =mu(w]) A wy = mw(wh) A (w),wh) € G'.mo}
U{(w,w')|w,w" € GNT A (w,w') € G

U{(w,w') |w € GNT AT w=mw(w”) A (v, w') e G

Ug(w’,w) w' e GNT A" w=mi(w”) A (w,w") € G'.mo}

For each location x we then define:

L0g & {(Erls €:01), (€11, E.00), (€L, E03) | GVTe 1 Wy £ 0}
§# ¢ Nda, b, x.
(Erly, & ply), (Erly, & wuy), | a€ G TeNbe G T/
(&.rux, &' ply), (E.rux, & wuy) |  Aloc(a) = loc(b) = x
Na € G Re A (a,b) € G'rb
’ ! 57’55//\3@,[)71'.
(&-rlx, € -ply), (§.1rx, & wuy), / /
O3 (€l €rL0) (€l €pl). (€01 ), |05 0T 0D € HTE
(g-wum fl-ﬂX)a (f'wu}ca §l-plx)7 (£~wu}ca gl-wUX) A (a7 b) caq.

£ #£ & Nda,b, .

, , a€ G Tenbe G Te
U (f.plx,f 'ﬂx)7 (§~plxa€ 'TUX), /\Gl.%/ AW, =0

(§wuy, & rly), (§wuy, & Tuy) Aloc(a)=loc(b)=x
A(a,b) € G'.(mo’;rf)

Note that each LO4 satisfies the conditions in Def. 4.

We are now in a position to demonstrate the completeness of our implemen-
tation. Given an RSI-consistent execution graph G’, we construct an execution
graph G of the implementation as follows and demonstrate that RA-consistent(G)
holds.

- G.F= U 0:£EUG NT. Observe that G'.E C G.E.
Te€G'. T /st

— G.po is defined as G’.po extended by the po for the additional events of G,
given by each 0¢ trace defined above. Note that G.po does not introduce
additional orderings between events of G’.E. That is, Va,b € G'.E. (a,b) €
G'.po < (a,b) € G.po.

— G.rf =RF.

— G.mo = MO.

— G.lo = Uyero0s LOx, with LOy as defined above.



Notation In what follows, given an RSI implementation graph G as constructed
above we write G.NT for the non-transactional events of G, i.e. GNT £
{a ‘ -3.a€ G.Eg}. Moreover, as before, given a relation r C G.E x G.E, we
override the r; notation and write ry for {(a,b) € r|3¢. a,b € 6. E}.

Lemma 19. Given an RSI-consistent execution graph G' and its corresponding
implementation graph G constructed as above, for all a,b,&,,&:

(a,b) € G.hb =
(3. a,be G.E¢ = (a,b) € G.po)
A(ﬁag. abe G.Ee =

JA4,B.0 c Ax B C G'.rsi-hb

A(ae GNT = A={a}) A (b€ GNT = B={b})

A [a € G.Ega =
A=G"Te, V (stg(a, &) < 2N A=G"Te, N Re)
V (stg(a,&) <4ATdE EaW. a T dAA = {mi'(d)}) ]

A [b S G.Egb =
B=G'T;, V (stg(b,&) > 3A B=G"Te, NW) | )

where
1 ifa &€&, RUse, U&q.PLse, UE,. Wse, U&,. Use,
2 g .RU.
stg(a, &) = z.fa €& 5¢a
3 ifa€&,.Plsg,
4 otherwise

Proof. Pick an arbitrary RSI-consistent execution graph G’ and its corresponding
implementation graph G constructed as above. Let hby £ G.(po U rf Ulo) and
hb,4+1 £ hbg; hb,,, for all n € N. It is then straightforward to demonstrate that
G.hb = {J; e hbi. We thus demonstrate instead that:
Vn € N. Va,b,&,,&. (a,b) € G.hb,, =
(3. a,be G.E¢ = (a,b) € G.po)
A(ﬂg. a,be G.Ee =

JA,B.0 C A x B C G'.rsi-hb

A (a€ GNT = A={a}) A (b€ GNT = B={b})

A [a € G.Ega =

A=G"Te, V (stg(a, &) <2NA=G"Te, N Re)

V (stg(a, &) <4AId € EW. a B dAA= {1 (d)}) ]
N[be G.Eg =

B=G'T;, V (stg(b,&) > 3A B=G".Te, NW) | )

We proceed by induction on n.



Base case n =10
There are three cases to consider: 1) (a,b) € G.po; or 2) (a,b) € G.rf; or 3)
(a,b) € G.lo.

In case (1) there are five cases to consider: a) 3§. (a,b) € G.E¢; or b)
ab € GNT; orc)ae€ GNT and b € G.Eg,; or d) a € G.E¢, and b €
GNT;ore)ae GEg,be GEg and & # &. In case (1.a) we then have
(a,b) € G.por, as required. In case (1.b) from the construction of G.po we have
(a,b) € G'.po, as required. In case (1.c) from the construction of G.po we have
({a} x G'.T¢,) € G'.po, as required. In case (1.d) from the construction of G.po
we have (G'.Te, x {b}) € G'.po, as required. In case (1.e) from the construction
of G.po we have (G'.Te, x G'.Te,) € G'.po, as required.

In case (2) there are five cases to consider: a) 3¢. (a,b) € G.E¢; or b) a,b €
GNT;orc)ace GNT andbe G.E¢,; ord)ae G.E¢, andbe GNT; ore)
a€ G.E¢,be G.Eg, and &, # &. Case (2.a) holds vacuously as (a,b) € G.rf; =
0. In case (2.b) from the construction of G.rf we have (a,b) € G'.rf, as required. In
case (2.c) from the construction of G.rf we know that there exists r € G'.Te, such
that (a,r) € G'.rf. As such we have ({w} x G'.T¢,) € G'.(INT]; rf;st) C G’.rsi-hb,
as required. In case (2.d) from the construction of G.rf we then have (mw!(a),b) €

G'.rf; that is a “R 4 and (mwt(a),b) € G'.rf, as required. In case (2.e) from
the construction of G.rf we know that there exists w € G'.Te,, r € G'.Te, such
that (w,r) € G'.rf. As such we have (G'.T¢, x G'.Tg,) C G'.rfx C G'.rsi-hb, as
required.

In case (3) there are five cases to consider: a) 3. (a,b) € G.E¢; or b)
a,b€ GNT;orc)a€ GNT andbe G.Eg,; ord) a€ G.E¢, andbe GNT;
ore)a€ G.Ee,,be G.Ee, and &, # &. In case (3.a) from the construction of lo
we have (a,b) € G.po, as required. Cases (3.b-3.d) hold vacuously as there are no
lo edge to or from non-transactional events. In case (3.e) from the construction of
lo we know there exist x, ¢, d such thatc € G'.Tg,, d € G'.Tg,, and either i) (c,d) €
G'.rf; orii) (c,d) € G'.(mo;rf); oriii) (¢,d) € G'.mo; oriv) loc(c) = loc(d) = x,
a==E&.rlxVa=CE .rug, b=E,.pl, Vb= & .wuy and c € G'.Rg and (¢,d) € G'.rb.
In cases (3.e.i, 3.e.4i) we have G'.Tg, x G'.Te, € G'.(rfr U (mo;rf)1) C rsi-rf C
rsi-hb, as required. In case (3.e.iii) we have G'.Te, x G'.T¢, € G'.mot C rsi-hb,
as required. In case (3.e.iv) we then have stg(a,&,) < 2, stg(h,&) > 3, and
G'.(Te, NRe) X G'.(Te, N W) C G'.si-rb C rsi-hb, as required.



Inductive case n = m—+1

Vi € N.Va,b,&,,&. i <mA(a,b) € G.hb; =
(3. a,be G.E¢ = (a,b) € G.po)
/\(ﬂg. abe G.Ee =
JA,B.0 C Ax B C G'.rsi-hb
A (a€ GNT = A={a}) A (b€ GNT = B={b})
A [a € G.Ega =
A=G"Te, V (stg(a, &) <2NA=G"Te, NRe)

V (stg(a, &) S AN E EaW. a OB dAA = {mu(d)})]
A\ [b € G.Egb =

B=G'"Te, V (stg(b,&) > 3A B=G".Te, N W) | )
(LH.)

Since (a,b) € hb,, from the definition of hb, we know there exists ¢ such
that (a,c) € hby and (c,b) € hb,,. There are then five cases to consider: 1)
3. (a,b) € G.E¢; or 2) a,be GNT; or 3)aec GNT andb € G.Eg,; or 4)
a€ GEe, andbe GNT; or5)ae G.Ee,,be G.Ee, and &, # &.

Case 1

In case (1) pick arbitrary & such that a,b € G.E¢. There are then three additional
cases to consider: a) c € GNT; b) c € G.E¢; or ¢) there exists ' # & such that
ceE G.EE/.

In case (1.a) from the proof of the base case and the (I.H.) we know there
exist A, B,C # 0 such that C = {c}, A x C C G'.rsi-hb, C x B C G'.rsi-hb and
thus Ax B C G'.rsi-hb and either: i) A= G'.T¢ and B = G'.T¢; orii) A= G'.T¢
and B = (G'.(Te " W); or iii) stg(a,§) <2, A= G .(Te NRg) and B = G'.T¢;
or w) stg(a,€) <2, A= G .(Te N Re), stg(h,§) >3 and B= G'.(Te " W); or

v) stg(a,§) <4, 3d € EW. a G'—p>°? dANA={mw(d)} and B = G'.T¢; or vi)

G.po’

stg(a,f) <4,3deéW.a 5 dANA={mw (d)} and B= G'.(TeNW).

Case (i) cannot arise as we would have A = B and thus A x A C G'.rsi-hb,
contradicting the assumption that G’ is RSI-consistent. Case (i) cannot arise
as we would have (G'.(T¢ N W) x (G'.(Te "N W) C G'.rsi-hb, contradicting the
assumption that G’ is RSI-consistent. Case (iii) cannot arise as we would
have (G'.(Te N Re) x (G'.(Te N Reg) C G'.rsi-hb, contradicting the assump-
tion that G’ is RSI-consistent. In case (i) since we have stg(a,&) < 2 and
stg(b,§) > 3, from the definition of stg(.,.) and the construction of G we
have (a,b) € G.po, as required. Cases (v-vi) cannot arise as we would have
3d € EW. (mw(d),mw1(d)) € G'.rsi-hb, contradicting the assumption that G’
is RSI-consistent.

In case (1.b) from the proof of the base case we have (a,c) € G.po. On the
other hand from (I.H.) we have (¢,b) € G.po. As G.po is transitively closed, we



have (a,b) € G.po, as required.

In case (1.c) from the proof of the base case (in cases 1.e, 2.e and 3.e¢) we have
either A) G'.T¢ x G'.Ter C G'.rsi-hb; or B) stg(a,§) < 2, stg(c, &) > 3, and
0 C G (TeNRe) x G'(Te N W) C G .rsi-hb. On the other hand from (I.H.) we
know there exist C, B # () such that C x B C G'.rsi-hb and either: i) C = G'. T
and B = G'T¢; or i) C = G Ter, stg(h,§) > 3 and B = G'.(Te N W); or
ii1) stg(c,&’) <2, C = G'.(Te NRe) and B = G'.T¢; or w) stg(c, &) < 2,
C = G (Te NRe), stg(h,&) >3 and B = G'.(Te N W); or v) stg(c, &) < 4,
Id € & W. ¢ CB G C = {mw=1(d)} and B = G'.T¢; or vi) stg(c,&') < 4,
Jde & W. e X dnC = {mi1(d)}, stg(b,€) >3 and B = G'.(TeNW).

Cases (A.i-A.vi) lead to a cycle in G'.rsi-hb, contradicting the assumption that
G’ is RSI-consistent. In cases (B.ii, B.iv, B.vi) we then have stg(a,&) < 2 and
stg(b, &) > 3. Consequently from the definition of stg(.,.) and the construction
of G we have (a,b) € G.po, as required. Case (B.i) leads to a cycle in G’.rsi-hb,
contradicting the assumption that G’ is RSI-consistent. In cases (B.iii) we have
stg(e, &) > 3 and stg(c, &) < 2, leading to a contradiction. In case (B.v) we then
know3d € & W. 0 C G'.(TeNRe) x {mw1(d)} C G.rsi-hbA{mw='(d)} x G'.T¢ C
G'.rsi-hb. That is, we have ) C G'.(T¢e NRe) x G'.(Te " Re) C G'.rsi-hb, contra-
dicting the assumption that G’ is RSI-consistent.

Case 2
There are two additional cases to consider: a) c € GNT; or b) there exists &
such that c € G.E¢.

In case (2.a) from the proof of the base case we have (a,c) € G'.rsi-hb. On
the other hand from (I.H.) we have (c,b) € G'.rsi-hb. As G’.rsi-hb is transitively
closed, we have (a,b) € G'.rsi-hb, as required.

In case (2.b) from the proof of the base case we know there exists Cy # () such
that {a} x C1 C G'.rsi-hb and either: A) C1 = G'.T¢; or B) stg(c,&) > 3 and
C1 = G'.(Te N W). On the other hand, from (I.H.) we know there exists Ca # ()
such that Cy x {b} € G'rsi-hb and either: i) Co = G'.T¢; or i) stg(c,&) <2 and

Cy = G'.(TeNRE); oriid) stg(c,§) <4 and3d € EW. ¢ GRe’ dACy = {mw~1(d)}.

In cases (A.i-A.iii) and (B.i, B.iii) from the transitivity of G’.rsi-hb we have
(a,b) € G'.rsi-hb, as required. Case (B.ii) cannot arise as otherwise we would
have 3 < stg(c,&) < 2, leading to a contradiction.

Case 3
There are three additional cases to consider: a) c € GNT; b) ce G.Eg,; orc)
there exists & # & such that c € G.Ex,.

In case (3.a) from the proof of the base case we have (a,c) € G'.rsi-hb. On the
other hand from (I.H.) we know there exists B # () such that {c} x B C G’.rsi-hb
and B = G'.Te, V (stg(b, &) > 3AB = G'.(Te, NW)). As G’ .rsi-hb is transitively
closed we then know there exists B # () such that {a} x B C G'.rsi-hb and
B=G"Te V(stg(h,&) >3ANB = G'.(Tg, N W)), as required.



In case (3.b) from the proof of the base case we know there exists B # () such
that {a} x B C G'.rsi-hb and B = G'.T¢, V (stg(c, &) > 3AB = G'.(Tg,NW)). On

the other hand, from (I.H.) we have ¢ Y8 by and thus from the definition of stg(.,.)
and the construction of G we have stg(b,&,) > stg(c,&). As such, we we know
there exists B # 0 such that {a} x B C G'.rsi-hb and B = G'. T, V (stg(b, &) >
3AB=G".(Tg, NW)), as required.

In case (3.c) from the proof of the base case we know there exists Cy # () such
{a} x Cy C G'.rsi-hb and either A) C1 = G'.T¢.; or B)(stg(c,&) > 3NC1 =
G'.(Te. NW)). On the other hand, from (I.H.) we know there exist Co, B # ()
such that Co x B € G'.rsi-hb and either: i) Co = G'.T¢, and B = G'.Tg,; or
it) Co = G'.Te, and (stg(h,&) > 3N B = G'.(Tg, " W)); or iii) stg(c, &) <
2NCy = G'(Te,NREe) and B = G'.Te,; oriv) stg(c, &) <2NCy = G'.(Te,NRE)

and (stg(b,&) > 3AB = G'.(Te, "W)); or v) stg(c,&) <4ANTd € EIW. ¢ R

dACy = {mw1(d)} and B = G'.Ts,; or vi) stg(c,&,) <4A3d € EW. ¢ X

dACy={mw (d)} and (stg(h,&) > 3AB = G'.(Tg, N W)).

In cases (A.i-A.vi) and (B.i, B.ii, B.v, B.vi) from the transitivity of G'.rsi-hb
we know there exists B # 0 such that {a} x B C G'.rsi-hb and B = G'.T¢, V
(stg(b,&) > 3AB = G'.(Te, NW)), as required. Cases (B.iti, B.iwv) cannot arise
as we would otherwise have 3 < stg(c,&.) < 2, leading to a contradiction.

Case 4
There are three additional cases to consider: a) c € GNT; b)ce G.Ee,; orc)
there exists & # &q such that c € G.E¢,.

In case (4.a) from (I.H.) we have (¢,b) € G'.rsi-hb. On the other hand from
the base case we know there exists A # () such that A x {c} C G'.rsi-hb and A =

G Te, V(stg(a, &) < 2AA = G'.(Te, NRE)) Vstgla, &) < 4A3d € &, W. a T8

dNA = {mw(d)}. As G'.rsi-hb is transitively closed we then know we know
there exists A # () such that A x {b} C G'.rsi-hb and A= G'.T¢, V (stg(a,&,) <

2AA =G (Te, NRe)) Vstg(a,&) <ANTd e EW. a X dA A= {mu(d)},
as required.

In case (4.b) from (LH.) we know there exists A # 0 such that A x {b} C
G'.rsi-hb and A= G'.Te, V (stg(c,&,) <2NA= G .(Te, "N Re)) Vstg(e, &) <

ANTd e W a GRANA = {mw=1(d)}. On the other hand, from the proof of

the base case we have a ©8° ¢ and thus from the definition of stg(.,.) and the

construction of G we have stg(a,&,) < stg(c,&,). As such, we know there exists
A # 0 such that A x {b} C G'.rsi-hb and A = G'.T¢, V (stg(a,&) <2NA =

G'.(Te, N Re)) V stg(a,&,) < AA3d € EW. a S8 dAaA = {m(d)}, as
required.

In case (4.c) from the proof of the base case we know there exist A,Cy # ()
such that A x Cy C G'.rsi-hb and either: i) A= G'.T¢, and Cy = G'.Te,; or ii)
A= G"Te, and (stg(c,&) > 3ANC1 = G (Te, NW)); or iii) stg(a, &) < 2NA =
G (Te, N Re) and C1 = G'.Te,; or i) stg(a, &) <2ANA= G .(Te, N Re) and



(stele.&) = 34 C1 = G(Te, NW)); or v) stg(a.€) <4 3d € EW.a ™5

dNA={mw (d)} and C; = G'.Te_; or vi) stg(a,&,) <4ANTFd €W, a Gﬂ)?
dAA={mw'(d)} and (stg(c,&) 2 3N C1 = G'(Te, NW)).

On the other hand, from (I.H.) we know there exists Cy # () such Co x {b} C
G'.rsi-hb and either A) Cy = G'.Tg,; or B) (stg(c, &) <2ACo = G'.(Te,NRE));

G.po’

or C) (stg(c,&) <4NTe€éW.c = eNCy={mul(e)}).

In cases (A.i-A.wi), (C.i-C.vi) and (B.i, B.iii, B.u) from the transitivity
of G'.rsi-hb we know there exists A # 0 such that A x {b} C G'.rsi-hb and
A= GTe, Vv (stgla,&) <2ANA =G (Te, N Re)) V (stgla, &) < 4AN3d €

& W. a CBANA= {d}), as required. Cases (B.ii, B.iv, B.vi) cannot arise as
we would otherwise have 3 < stg(c,&.) < 2, leading to a contradiction.

Case 5
There are four additional cases to consider: a) c € GNT; b) ce G.Ee,; orc)
c € G.Eg,; or d) there exists {. such that & # &q, & # & and ¢ € G.Eg,.

In case (5.a) from the proof of the base case we know there erists A # ()
such that A x {c} C G'.rsi-hb and A = G".T¢, V (stg(a,&a) <2ANA =G (T, N

RE)) V (stg(a,&) <AATd € EaW. a ¥ dA A= {mw'(d)}). On the other

hand from (I.H.) we know there exists B # () such that {c¢} x B C G’.rsi-hb
and B = G'.Tg, V (stg(h,&) > 3N B = G'.(Tg, "N W)). As such, sine G'.rsi-hb
is transitive we know there exist A, B # () such that A x B C G'.rsi-hb; that
A= G T, V(stgla, &) <2NA =G (Te, NRe)) V (stg(a,&) < 4A3d e

G.po’

EaW.a = dNA={mu(d)}); and that B = G'.T¢, V (stg(b,&) > 3N B =
G'(Te, "NW)), as required.

In case (5.b) from (I.H.) we know there exist A, B # 0 such that A x B C
G'.rsi-hb; that A = G'. Tz, V (stg(c, &) < 2N A= G'.(Te, NRe)) V (stg(e, &) <
)

ANTdeEW. a X dAA={mw1(d)}); and that B = G'.Te, V (stg(b, &) >
3AB = G'.(Te, N W)). On the other hand from the proof of the base case we
have (a,c) € G'.po and thus from the definition of stg(.,.) and the construction
of G we have stg(a,&,) < stg(c,&,). As such we know there exist A, B # ()
such that A x B C G'.rsi-hb; that A = G'.T¢, V (stg(a, &) <2ANA= G (T, N

Re)) V (stg(a, &) < 4A3d € EW. a GBS g A A = {mw='(d)}) and that

B=G"Te, V (stg(h,&) > 3N B = G'.(Te, NW)), as required.

In case (5.¢) from the proof of the base case we know there exist A, B # ()
such that A x B C G'.rsi-hb; that A= G'.T¢, V (stg(a, &) <2ANA= G (T, N

Re)) V (stg(a, &) < 4A3Td € EW. a R ANA = {mw=1(d)}), and that

B = G'Tg, V (stg(c,&) > 3AB = G'.(Te, N W)). On the other hand from
(I.H.) we have (¢,b) € G'.po and thus from the definition of stg(.,.) and the

construction of G we have stg(c,&,) < stg(b,&,). As such we know there exist
A, B # 0 such that A x B C G'.rsi-hb; that A = G'.T¢, V (stg(a,&,) <2NA =



G.po’

G'.(Te, NRe)) V (stg(a, &) <4NTde&eW.a = dAA={mw ! (d)}) and
that B = G'.T¢, V (stg(b,&) > 3A B = G'.(Tg, N W)), as required.

In case (5.d) from the proof of the base case we know there exist A,Cy # ()
such that A x Cy C G'.rsi-hb; that A= G'.Te, V (stg(a,&) <2ANA =G (Te, N

G.po’

Re)) V (stg(a, &) <4ANId €& W.a = dANA={mw t(d)}), and that either
A) Cy =G Te,; or B) (stg(c,&) >3NC1 =G . (Te, "W).

On the other hand, from (I.H.) we know there exist Co, B # 0 such that
Cy x B C G'.rsi-hb; that B = G'.Tg, V (stg(h,&) > 3AB = G'.(Te, N W));
and that either: i) Co = G'.Te,; or ii) stg(c,&) < 2ANCy = G'.(Te, N Rg); iii)

stg(c,&) <ANTe € EW. ¢ TR e N Cy = {mi'(e)}).

In cases (A.i-A.iii) and (B.i, B.ii) from the transitivity of G'.rsi-hb we know
there exists A, B # () such that Ax B C G'.rsi-hb; that A = G'.T¢, V (stg(a,&,) <

G.po’

2ANA = G'(Te, NRe)) V (stgla, &) <ANTd € EW.a = dANA = {mw(d)});
and that B = G'.T¢, V (stg(b,&) > 3AB = G'.(T¢, N W)), as required. Case
(B.ii) cannot arise as we would otherwise have 3 < stg(c,&.) < 2, leading to a
contradiction.

Theorem 14 (Completeness). For all RSI execution graphs G’ and their
counterpart implementation graphs G constructed as above,

rsi-consistent(G’) = RA-consistent(G)

Proof. Pick an arbitrary RSI execution graph G' and its counterpart implementa-
tion graph G constructed as above and let us assume that rsi-consistent(G") holds.
From the definition of RA-consistent(G) it then suffices to show:

1. irreflexive( G.hb)
2. irreflexive(G.mo; G.hb)
3. irreflexive( G.rb; G .hb)

RTS. part 1

We proceed by contradiction. Let us assume that there exists a such that (a,a) €
G.hb. There are now two cases to consider: 1) a € GNT; or 2) 3. a € G.E¢
In case (1) from Lemma 19 we have (a,a) € G'.rsi-hb, contradicting the assump-
tion that G’ is RSI-consistent. Similarly, in case (2) from Lemma 19 we have
(a,a) € G.po, leading to a contradiction as G.po is acyclic by construction.

RTS. part 2
We proceed by contradiction. Let us assume that there exist a,b such that (a,b) €
G.hb and (b,a) € G.mo. Let loc(a) = loc(b) = x. There are then five cases
to consider: 1) 3¢. (a,b) € G.E¢; or 2) a,b € GNT; or 8) a € GNT and
be G.Eg;or4)ac GEg andbe GNT; or5)ac G.Eg,be G.Ee, and
ga 7é fb'

In case (1) from the construction of G.mo we have (mw=1(b),mw '(a)) €
G'.mo. Moreover, from Lemma 19 we have (a,b) € G.po, and thus from the



construction of G.po we have (mw~!(a),mw 1(b)) € G’.po. Moreover, since
mv~!(a),mw1(b) are write events in the same transaction &, we have (mw~!(a),

mw (b)) € G'.poy N W? C G'.rsi-hb. As such we have mw~(a) @b mw 1 (b)

94 mw~1(a), contradicting the assumption that G' is RSI-consistent.

In case (2) from the construction of G.mo we have (b,a) € G'. Moreover

Gr5|hb
b —> a,

from Lemma 19 we have (a,b) € G’.rsi-hb. As such we have a
contradicting the assumption that G’ is RSI-consistent.
In case (3) from the construction of G.mo we have (mw1(b),a) € G'.

Moreover, since b € G and thus mu~ (b) e G'W, from Lemma 19 we have

(a,b) € G'.rsi-hb. As such we have a @b w_l(b) -y a, contradicting the

assumption that G' is RSI-consistent.

In cases (4, 5) from the construction of G we know that mw~*(a) Ggo g GAP
b, and thus from the transitivity of G.hb we have (mw='(a),b) € G.hb. As
stg(mw1(a), &) = 1, from Lemma 19 we have (mw~'(a),b) € G'.rsi-hb. On

the other hand, from the construction of G.mo we have (b,mw~'(a)) € G'.

G’ rsn hb

Consequently, we have mw~'(a) b C5° ~Y(a), contradicting the assump-

tion that G’ is RSI-consistent.

RTS. part 3

We proceed by contradiction. Let us assume that there exists a,b such that
(a,b) € G.hb and (b,a) € G.rb. Let loc(a) = loc(b) = x. There are then
five cases to consider: 1) 3¢. (a,b) € G.E¢; or 2) a,b€ GNT; or 8) a€ GNT
and b € G.E¢,; or 4) a € G.E¢, andbe GNT; or5)aec GE¢,be G.Eg,

and &§q, # &p-

Case (1) cannot arise as from the definition of G.rb we know a is a write
event in & Ws while b is a read event in £.Ts and no po edge exists between the
events of €. Ts and £ Ws.

In case (1) from Lemma 19 we have (a,b) € G.po. This however leads to a
contradiction as from the definition of G.rb we know a is a write event in £. Ws
while b is a read event in £.Ts and no po edge exists between the events of £&. Ws
and £.Ts.

In case (2) from the construction of G.rb we know that (a,b) € G'.rb. On

the other hand, from Lemma 19 we have (a,b) € G'.rsi-hb. As such we have

q Gy Glb a, contradicting the assumption that G’ is RSI-consistent.

In case (3), as b is a read event and thus stg(b,&) = 1, from Lemma 19

we have (a,b) € G'.rsi-hb. On the other hand, from the construction of G.rb we

have (b,a) € G'.rb. Consequently, we have a G rei-hb

assumption that G' is RSI-consistent.
In case (4) since a is a write, from the construction of G we know that

mw 1 (a) Ggo o 4P b, and thus from the transitivity of G.hb we have (mw~1(a),b) €
G.hb. As stg(mw1(a),&) =1, from Lemma 19 we have (mw~'(a),b) € G’ .rsi-hb.
On the other hand, from the construction of G.rb we have (b,mw=1(a)) € G’.rb.

b —> a, contradicting the



Consequently, we have mw~*(a) Gaghb g Gy mw1(a), contradicting the assump-
tion that G’ is RSI-consistent.

Similarly, in case (5) since a is a write event, from the construction of G we

know that mw!(a) Ggo g GAP b, and thus from the transitivity of G.hb we have

(mw~1(a),b) € G.hb. As stg(mw~(a),&,) = stg(h,&) = 1, from Lemma 19 we

have (mw~'(a),b) € G'.rsi-hb. On the other hand, from the construction of G.rb we

have (b,mw~'(a)) € G'.rb. Consequently, we have mw~1(a) Grshb g, Gy mw ! (a),

contradicting the assumption that G’ is RSI-consistent.
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