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 Owicki-Gries  / Rely-Guarantee

C1 || C2

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

P1  ∧  P2

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

Q1  ∧  Q2

C1 P1

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

Q1

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

C2 P2

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

Q2

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

P1    P2^ 



3

 Concurrent Separation Logic

^ 

R   

Local

*

Shared

P1

r1 : J1

P2

r2 : J2

* * …

C1 || C2

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

P1  *  P2

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

Q1  *  Q2r1:J1 , r2:J2 , …  ⊢

C1 P1

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

Q1

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

r1:J1 , r2:J2 , …  ⊢ C2 P2

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

Q2

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

r1:J1 , r2:J2 , …  ⊢



4

 From CAP to TaDA

^ 

R   

Local

*

Shared

P1

r1 : R1

P2

r2 : R2

* * …

C1 || C2

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

P1  *  P2

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

Q1  *  Q2

C1 P1

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

Q1

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

C2 P2

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

Q2

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3



5

CoLoSL: Concurrent Local Subjective Logic

^ 

R   

Local

*

Shared

…

C1 || C2

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

P1      P2

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

Q1       Q2

C1 P1

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

Q1

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

C2 P2

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

Q2

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

P1 P2

∪* ∪* ∪*

∪* ∪*



Example - Dijkstra’s Self-stabilising Ring

x y z

0 0 0

while (x < 10) {
if (x==z) then

x++;
}

while (y < 10) {
if (y < x) then

y++;
}

while (z < 10) {
if (z < y) then

z++;
}

|| ||

6



x y z

1 0 0

while (x < 10) {
if (x==z) then

x++;
}

while (y < 10) {
if (y < x) then

y++;
}

while (z < 10) {
if (z < y) then

z++;
}

|| ||

7

Example - Dijkstra’s Self-stabilising Ring



x y z

1 1 0

while (x < 10) {
if (x==z) then

x++;
}

while (y < 10) {
if (y < x) then

y++;
}

while (z < 10) {
if (z < y) then

z++;
}

|| ||
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Example - Dijkstra’s Self-stabilising Ring



x y z

1 1 1

while (x < 10) {
if (x==z) then

x++;
}

while (y < 10) {
if (y < x) then

y++;
}

while (z < 10) {
if (z < y) then

z++;
}

|| ||
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Example - Dijkstra’s Self-stabilising Ring



x y z

10 10 10

while (x < 10) {
if (x==z) then

x++;
}

while (y < 10) {
if (y < x) then

y++;
}

while (z < 10) {
if (z < y) then

z++;
}

|| ||
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Example - Dijkstra’s Self-stabilising Ring



while (x < 10) {
if (x==z) then

x++;
}

while (y < 10) {
if (y < x) then

y++;
}

while (z < 10) {
if (z < y) then

z++;
}

|| ||
∃ v.
    x ↦ v         * y ↦ v       *   z ↦ v
  ⋁ x ↦ v+1   * y ↦ v       * z ↦ v
  ⋁ x ↦ v+1   * y ↦ v+1   * z ↦ v

I

I  = {X  :  x ↦ v     *  z ↦ v   ⇝   x ↦ v+1 *  z ↦ v
Y  :  x ↦ v+1 *  y ↦ v   ⇝   x ↦ v+1 *  y ↦ v+1
Z  :  y ↦ v+1 *  z ↦ v   ⇝   y ↦ v+1 *  z ↦ v+1

11

Example - Dijkstra’s Self-stabilising Ring



I  = {X  :  x ↦ v     *  z ↦ v   ⇝   x ↦ v+1 *  z ↦ v
Y  :  x ↦ v+1 *  y ↦ v   ⇝   x ↦ v+1 *  y ↦ v+1
Z  :  y ↦ v+1 *  z ↦ v   ⇝   y ↦ v+1 *  z ↦ v+1

while (y < 10) {
if (y < x) then

y++;
}

T2 =

∃ v.
    x ↦ v         * y ↦ v       *   z ↦ v
  ⋁ x ↦ v+1   * y ↦ v       * z ↦ v
  ⋁ x ↦ v+1   * y ↦ v+1   * z ↦ v

I

12

Example - Dijkstra’s Self-stabilising Ring
Localisation : Naïve Attempt



P  * Q
I

13

Forgetting Resources

⇒ P 
I



I  = {X  :  x ↦ v     *  z ↦ v   ⇝   x ↦ v+1 *  z ↦ v
Y  :  x ↦ v+1 *  y ↦ v   ⇝   x ↦ v+1 *  y ↦ v+1
Z  :  y ↦ v+1 *  z ↦ v   ⇝   y ↦ v+1 *  z ↦ v+1

while (y < 10) {
if (y < x) then

y++;
}

T2 =

∃ v.
    x ↦ v         * y ↦ v       *   z ↦ v
  ⋁ x ↦ v+1   * y ↦ v       * z ↦ v
  ⋁ x ↦ v+1   * y ↦ v+1   * z ↦ v

I

14

Example - Dijkstra’s Self-stabilising Ring
Localisation : Naïve Attempt



while (y < 10) {
if (y < x) then

y++;
}

T2 =

∃ v.
    x ↦ v         * y ↦ v       
  ⋁ x ↦ v+1   * y ↦ v       
  ⋁ x ↦ v+1   * y ↦ v+1   

15

I

I  = {X  :  x ↦ v     *  z ↦ v   ⇝   x ↦ v+1 *  z ↦ v
Y  :  x ↦ v+1 *  y ↦ v   ⇝   x ↦ v+1 *  y ↦ v+1
Z  :  y ↦ v+1 *  z ↦ v   ⇝   y ↦ v+1 *  z ↦ v+1

Example - Dijkstra’s Self-stabilising Ring
Localisation : Naïve Attempt



while (y < 10) {
if (y < x) then

y++;
}

T2 =

∃ v.
    x ↦ v         * y ↦ v       
  ⋁ x ↦ v+1   * y ↦ v       
  ⋁ x ↦ v+1   * y ↦ v+1   

16

I

I  = {X  :  x ↦ v     *  z ↦ v   ⇝   x ↦ v+1 *  z ↦ v
Y  :  x ↦ v+1 *  y ↦ v   ⇝   x ↦ v+1 *  y ↦ v+1
Z  :  y ↦ v+1 *  z ↦ v   ⇝   y ↦ v+1 *  z ↦ v+1

Example - Dijkstra’s Self-stabilising Ring
Localisation : Naïve Attempt



I  = {X  :  x ↦ v     *  z ↦ v   ⇝   x ↦ v+1 *  z ↦ v
Y  :  x ↦ v+1 *  y ↦ v   ⇝   x ↦ v+1 *  y ↦ v+1
Z  :  y ↦ v+1 *  z ↦ v   ⇝   y ↦ v+1 *  z ↦ v+1

while (y < 10) {
if (y < x) then

y++;
}

T2 =

17

∃ v.
    x ↦ v         * y ↦ v       
  ⋁ x ↦ v+1   * y ↦ v       

I

Example - Dijkstra’s Self-stabilising Ring
Localisation : Naïve Attempt



P 
I∪I’

18

Forgetting Interference

⇒

If    I∪I’     ⊑     IP

Then P 
I



I  = {X  :  x ↦ v     *  z ↦ v   ⇝   x ↦ v+1 *  z ↦ v
Y  :  x ↦ v+1 *  y ↦ v   ⇝   x ↦ v+1 *  y ↦ v+1
Z  :  y ↦ v+1 *  z ↦ v   ⇝   y ↦ v+1 *  z ↦ v+1

while (y < 10) {
if (y < x) then

y++;
}

T2 =

19

∃ v.
    x ↦ v         * y ↦ v       
  ⋁ x ↦ v+1   * y ↦ v       

I

Example - Dijkstra’s Self-stabilising Ring
Localisation : Naïve Attempt



while (y < 10) {
if (y < x) then

y++;
}

T2 =

20

∃ v.
    x ↦ v         * y ↦ v       
  ⋁ x ↦ v+1   * y ↦ v       

I2

I2  = X  :  x ↦ v     *  z ↦ v   ⇝   x ↦ v+1 *  z ↦ v
Y  :  x ↦ v+1 *  y ↦ v   ⇝   x ↦ v+1 *  y ↦ v+1{

NOT STABLE!!

Example - Dijkstra’s Self-stabilising Ring
Localisation : Naïve Attempt



while (y < 10) {
if (y < x) then

y++;
}

T2 =

21

∃ v, v’.
    x ↦ v   * y ↦ v’             

I2

I2  = X  :  x ↦ v     *  z ↦ v   ⇝   x ↦ v+1 *  z ↦ v
Y  :  x ↦ v+1 *  y ↦ v   ⇝   x ↦ v+1 *  y ↦ v+1{

Example - Dijkstra’s Self-stabilising Ring
Localisation : Naïve Attempt



while (y < 10) {
if (y < x) then

y++;
}

T2 =

∃ v.
    x ↦ v         * y ↦ v       *   z ↦ v
  ⋁ x ↦ v+1   * y ↦ v       * z ↦ v
  ⋁ x ↦ v+1   * y ↦ v+1   * z ↦ v

I

22

I  = {X  :  x ↦ v     *  z ↦ v                  ⇝   x ↦ v+1 *  z ↦ v
Y  :  x ↦ v+1 *  y ↦ v                ⇝   x ↦ v+1 *  y ↦ v+1
Z  :  y ↦ v+1 *  z ↦ v                ⇝   y ↦ v+1 *  z ↦ v+1

Example - Dijkstra’s Self-stabilising Ring
Localisation



while (y < 10) {
if (y < x) then

y++;
}

T2 =

∃ v.
    x ↦ v         * y ↦ v       *   z ↦ v
  ⋁ x ↦ v+1   * y ↦ v       * z ↦ v
  ⋁ x ↦ v+1   * y ↦ v+1   * z ↦ v

I’

23

I’  = {X  :  x ↦ v     *  z ↦ v  *  y ↦ v   ⇝   x ↦ v+1 *  z ↦ v  *  y ↦ v 

Y  :  x ↦ v+1 *  y ↦ v                ⇝   x ↦ v+1 *  y ↦ v+1
Z  :  y ↦ v+1 *  z ↦ v                ⇝   y ↦ v+1 *  z ↦ v+1

Example - Dijkstra’s Self-stabilising Ring
Localisation



P 
I

24

Forgetting Interference

⇒

If    I    ≈     I’P

Then P 
I’



while (y < 10) {
if (y < x) then

y++;
}

T2 =

∃ v.
    x ↦ v         * y ↦ v       *   z ↦ v
  ⋁ x ↦ v+1   * y ↦ v       * z ↦ v
  ⋁ x ↦ v+1   * y ↦ v+1   * z ↦ v

25

I’  = {X  :  x ↦ v     *  z ↦ v  *  y ↦ v   ⇝   x ↦ v+1 *  z ↦ v  *  y ↦ v 

Y  :  x ↦ v+1 *  y ↦ v                ⇝   x ↦ v+1 *  y ↦ v+1
Z  :  y ↦ v+1 *  z ↦ v                ⇝   y ↦ v+1 *  z ↦ v+1

I’

Example - Dijkstra’s Self-stabilising Ring
Localisation



while (y < 10) {
if (y < x) then

y++;
}

T2 =

∃ v.
    x ↦ v         * y ↦ v
  ⋁ x ↦ v+1   * y ↦ v     

26

I’  = {X  :  x ↦ v     *  z ↦ v  *  y ↦ v   ⇝   x ↦ v+1 *  z ↦ v  *  y ↦ v 

Y  :  x ↦ v+1 *  y ↦ v                ⇝   x ↦ v+1 *  y ↦ v+1
Z  :  y ↦ v+1 *  z ↦ v                ⇝   y ↦ v+1 *  z ↦ v+1

I’

Example - Dijkstra’s Self-stabilising Ring
Localisation



while (y < 10) {
if (y < x) then

y++;
}

T2 =

∃ v.
    x ↦ v         * y ↦ v
  ⋁ x ↦ v+1   * y ↦ v     

I2

27

I2 = X  :  x ↦ v     *  z ↦ v  *  y ↦ v   ⇝   x ↦ v+1 *  z ↦ v  *  y ↦ v 

Y  :  x ↦ v+1 *  y ↦ v                ⇝   x ↦ v+1 *  y ↦ v+1{

Example - Dijkstra’s Self-stabilising Ring
Localisation



X Y Z* * *  x ↦ 10  * y ↦ 10  *  z ↦ 10

I

∃ v.
   x ↦ v       *     y ↦ v      *  z ↦ v
⋁ x ↦ v+1  * y ↦ v      *  z ↦ v
⋁ x ↦ v+1  * y ↦ v+1 *  z ↦ v I

∃ v.
   x ↦ v       *     z ↦ v
⋁ x ↦ v+1  * z ↦ v

I1

*X
∃ v.
   x ↦ v       *     y ↦ v
⋁ x ↦ v+1  * y ↦ v

I2

*Y
∃ v.
   y ↦ v       *     z ↦ v
⋁ y ↦ v+1  * z ↦ v

I3

*Z

T2 T3T1
        x ↦ 10 *  z ↦ 10
⋁ x ↦ 10 *  z ↦ 9  

I1

*X
        x ↦ 10 *  y ↦ 10
⋁ x ↦ 11 *  y ↦ 10  

I2

*Y
        y ↦ 10 *  z ↦ 10
⋁ y ↦ 11 *  z ↦ 10  

I3

*Z

X Y Z* * *

// Localise the resources 

// ????

28

Example - Dijkstra’s Self-stabilising Ring

|| ||



Q
I2

P
I1

29

Merging Resources

⇒* ∪*P    Q
I1 ∪I2 



X Y Z* * *  x ↦ 10  * y ↦ 10  *  z ↦ 10

I

∃ v.
   x ↦ v       *     y ↦ v      *  z ↦ v
⋁ x ↦ v+1  * y ↦ v      *  z ↦ v
⋁ x ↦ v+1  * y ↦ v+1 *  z ↦ v I

∃ v.
   x ↦ v       *     z ↦ v
⋁ x ↦ v+1  * z ↦ v

I1

*X
∃ v.
   x ↦ v       *     y ↦ v
⋁ x ↦ v+1  * y ↦ v

I2

*Y
∃ v.
   y ↦ v       *     z ↦ v
⋁ y ↦ v+1  * z ↦ v

I3

*Z

T2 T3T1
        x ↦ 10 *  z ↦ 10
⋁ x ↦ 10 *  z ↦ 9  

I1

*X
        x ↦ 10 *  y ↦ 10
⋁ x ↦ 11 *  y ↦ 10  

I2

*Y
        y ↦ 10 *  z ↦ 10
⋁ y ↦ 11 *  z ↦ 10  

I3

*Z

X Y Z* * *

// Localise the resources 

// ????

30

Example - Dijkstra’s Self-stabilising Ring

|| ||

// Merge the resources 



Example - Spanning Tree

x

zy

w

l

r

r

l r

l
l r

b:= spanning(x) {
b:= <CAS(x.m, 0, 1)>;
if (b) then {

b1:= spanning(x.l) || b2:= spanning(x.r);
if (!b1) then

x.l:= null
if (!b2) then

x.r:= null
}
return b;

}

31



Example - Spanning Tree

x

zy

w

l

r

r

l
l

b:= spanning(x) {
b:= <CAS(x.m, 0, 1)>;
if (b) then {

b1:= spanning(x.l) || b2:= spanning(x.r);
if (!b1) then

x.l:= null
if (!b2) then

x.r:= null
}
return b;

}

l r

r
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Example - Spanning Tree

x

zy

w

l

r

r

l
l

b:= spanning(x) {
b:= <CAS(x.m, 0, 1)>;
if (b) then {

b1:= spanning(x.l) || b2:= spanning(x.r);
if (!b1) then

x.l:= null
if (!b2) then

x.r:= null
}
return b;

}

l r

r
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Example - Spanning Tree

x

zy

w

l

r

r

l

b:= spanning(x) {
b:= <CAS(x.m, 0, 1)>;
if (b) then {

b1:= spanning(x.l) || b2:= spanning(x.r);
if (!b1) then

x.l:= null
if (!b2) then

x.r:= null
}
return b;

}

l

l r

r
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Example - Spanning Tree

x

zy

w

l

r

r

l

b:= spanning(x) {
b:= <CAS(x.m, 0, 1)>;
if (b) then {

b1:= spanning(x.l) || b2:= spanning(x.r);
if (!b1) then

x.l:= null
if (!b2) then

x.r:= null
}
return b;

}

l r

rl
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Example - Spanning Tree

x

zy

w

l

r

r

l

b:= spanning(x) {
b:= <CAS(x.m, 0, 1)>;
if (b) then {

b1:= spanning(x.l) || b2:= spanning(x.r);
if (!b1) then

x.l:= null
if (!b2) then

x.r:= null
}
return b;

}

l r

rl
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Example - Spanning Tree

x

zy

w

l

r

r

l

b:= spanning(x) {
b:= <CAS(x.m, 0, 1)>;
if (b) then {

b1:= spanning(x.l) || b2:= spanning(x.r);
if (!b1) then

x.l:= null
if (!b2) then

x.r:= null
}
return b;

}

l r

rl

37



Example - Spanning Tree

b:= spanning(x) {
b:= <CAS(x.m, 0, 1)>;
if (b) then {

b1:= spanning(x.l) || b2:= spanning(x.r);
if (!b1) then

x.l:= null
if (!b2) then

x.r:= null
}
return b;

}

x

zy

w

38

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

x

y z

w

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3



b:= spanning(x) {
b:= <CAS(x.m, 0, 1)>;
if (b) then {

b1:= spanning(x.l) || b2:= spanning(x.r);
if (!b1) then

x.l:= null
if (!b2) then

x.r:= null
}
return b;

}

Example - Spanning Tree
x

y z

w

39

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3



b:= spanning(x) {

b:= <CAS(x.m, 0, 1)>;
if (b) then {

b1:= spanning(x.l) || b2:= spanning(x.r);
if (!b1) then

x.l:= null
if (!b2) then

x.r:= null
}
return b;

}

Example - Spanning Tree

40

x

y z

w

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

x

y z

w

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3



Example - Spanning Tree

b:= spanning(x) {
b:= <CAS(x.m, 0, 1)>;

if (b) then {
b1:= spanning(x.l) || b2:= spanning(x.r);
if (!b1) then

x.l:= null
if (!b2) then

x.r:= null
}
return b;

}

x

y z

w

41

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

x

y z

w

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3



b:= spanning(x) {
b:= <CAS(x.m, 0, 1)>;

if (b) then {
b1:= spanning(x.l) || b2:= spanning(x.r);
if (!b1) then

x.l:= null
if (!b2) then

x.r:= null
}
return b;

}

Example - Spanning Tree
x

y z

w

42

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

x

y z

w

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

⇒
x

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

y

w w

z* *



b:= spanning(x) {
b:= <CAS(x.m, 0, 1)>;

if (b) then {
b1:= spanning(x.l) || b2:= spanning(x.r);
if (!b1) then

x.l:= null
if (!b2) then

x.r:= null
}
return b;

}

x
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�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

x

y z

w

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

⇒

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

y

w w

z* *



b:= spanning(x) {
b:= <CAS(x.m, 0, 1)>;

if (b) then {

b1:= spanning(x.l) || b2:= spanning(x.r);
if (!b1) then

x.l:= null
if (!b2) then

x.r:= null
}
return b;

}

x
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�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

x

y z

w

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

⇒

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

y

w w

z* *

| |

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

y

w

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

w

z

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3



b:= spanning(x) {
b:= <CAS(x.m, 0, 1)>;

if (b) then {

b1:= spanning(x.l) || b2:= spanning(x.r);
if (!b1) then

x.l:= null
if (!b2) then

x.r:= null
}
return b;

}

x

Example - Spanning Tree
x

y z

w

45

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

x

y z

w

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

⇒

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

y

w w

z* *

*

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

y

w

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

w

z

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3



b:= spanning(x) {
b:= <CAS(x.m, 0, 1)>;

if (b) then {

b1:= spanning(x.l) || b2:= spanning(x.r);
if (!b1) then

x.l:= null
if (!b2) then

x.r:= null
}
return b;

}

x

Example - Spanning Tree
x

y z

w

46

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

x

y z

w

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

⇒

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

y

w w

z* *

*

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

w

y

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

w

z

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

✗



b:= spanning(x) {
b:= <CAS(x.m, 0, 1)>;

if (b) then {

b1:= spanning(x.l) || b2:= spanning(x.r);
if (!b1) then

x.l:= null
if (!b2) then

x.r:= null
}
return b;

}

x

Example - Spanning Tree
x

y z

w

47

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

x

y z

w

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

⇒

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

y

w w

z* *

∧

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

y

w

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

w

z

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

✗



b:= spanning(x) {
b:= <CAS(x.m, 0, 1)>;

if (b) then {

b1:= spanning(x.l) || b2:= spanning(x.r);
if (!b1) then

x.l:= null
if (!b2) then

x.r:= null
}
return b;

}

∪*

x

Example - Spanning Tree
x

y z

w
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�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

x

y z

w

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

⇒

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

y

w w

z* *

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

y

w

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

w

z

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

✔



b:= spanning(x) {
b:= <CAS(x.m, 0, 1)>;

if (b) then {

b1:= spanning(x.l) || b2:= spanning(x.r);

if (!b1) then
x.l:= null

if (!b2) then
x.r:= null

}
return b;

}

Example - Spanning Tree
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x

y z

w

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

zy

w

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

y

w

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

w

z

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

*∪

*∪

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3



b:= spanning(x) {
b:= <CAS(x.m, 0, 1)>;

if (b) then {
b1:= spanning(x.l) || b2:= spanning(x.r);
if (!b1) then

x.l:= null
if (!b2) then

x.r:= null
}

return b;
}
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x

y z

w

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

zy

w

x
∪*
∪*



b:= spanning(x) {
b:= <CAS(x.m, 0, 1)>;

if (b) then {
b1:= spanning(x.l) || b2:= spanning(x.r);
if (!b1) then

x.l:= null
if (!b2) then

x.r:= null
}

return b;
}

Example - Spanning Tree
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x

y z

w

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

x

zy

w



b:= spanning(x) {
b:= <CAS(x.m, 0, 1)>;
if (b) then {

b1:= spanning(x.l) || b2:= spanning(x.r);
if (!b1) then

x.l:= null
if (!b2) then

x.r:= null
}

return b;
}

Example - Spanning Tree

52

�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

x

zy

w



b:= spanning(x) {
b:= <CAS(x.m, 0, 1)>;
if (b) then {

b1:= spanning(x.l) || b2:= spanning(x.r);
if (!b1) then

x.l:= null
if (!b2) then

x.r:= null
}
return b;

}

Example - Spanning Tree
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�

G(x,p)
 

n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

b:=spanning(x){
n

[P(p,x)]⇤U(x,l,r)_M(x)
I(x)

o

res:=<CAS(x.m,0,1)>;

//Usethep99Kxtoken.
(

(¬res^G(x,p))_
 

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

!)

if(res)then{
(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r⇤G(l,x.l)⇤G(r,x.l)

)

�

G(l,x.l)
 

b1:=spanning(x.l);

//I.H.
�

(b1^T(l,x.l))_(¬b1^T(null,x.l))
 

�

G(r,x.r)
 

b2:=spanning(x.r);

//I.H.
�

(b2^T(r,x.r))_(¬b2^T(null,x.r))
 

8

>

<

>

:

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l⇤x.r7!r

⇤(b1^T(l,x.l))_(¬b1^T(null,x.l))
⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

9

>

=

>

;

if(!b1)then

x.l:=null

(

res^[P(p,x)]⇤M(x)
I(x)

x.l7!l

0⇤T(l0,x.l)^l

02{null,l}
⇤x.r7!r⇤(b2^T(r,x.r))_(¬b2^T(null,x.r))

)

if(!b2)then

x.r:=null

(

res^[P(p,x)]⇤M(x)
I(x)

⇤x.l7!l

0⇤x.r7!r

0

⇤T(l0,x.l)^l

02{null,l}⇤T(r0,x.r)^r

02{null,r}

)

}
�

(¬res^G(x,p))_(res^T(x,p))
 

�

(¬res^T(null,p))_(res^T(x,p))
 

returnres;

}
�

(¬b^T(null,p))_(b^T(x,p))
 

3

�

G (x, p)
 

n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

b:= spanning(x){
n

[P (p, x)] ⇤ U (x, l, r) _M (x)
I(x)

o

res:= <CAS(x.m, 0, 1)>;

//Use the p 99K x token.
(

(¬res ^ G (x, p)) _
 

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

! )

if (res) then{
(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r ⇤ G (l, x.l) ⇤ G (r, x.l)

)

�

G (l, x.l)
 

b1:= spanning(x.l);

//I.H.
�

(b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
 

�

G (r, x.r)
 

b2:= spanning(x.r);

//I.H.
�

(b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))
 

8

>

<

>

:

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l ⇤ x.r 7! r

⇤ (b1 ^ T (l, x.l)) _ (¬b1 ^ T (null, x.l))
⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

9

>

=

>

;

if (!b1) then

x.l:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

x.l 7! l

0 ⇤ T (l0, x.l) ^ l

0 2 {null, l}
⇤ x.r 7! r ⇤ (b2 ^ T (r, x.r)) _ (¬b2 ^ T (null, x.r))

)

if (!b2) then

x.r:= null

(

res ^ [P (p, x)] ⇤ M (x)
I(x)

⇤ x.l 7! l

0 ⇤ x.r 7! r

0

⇤T (l0, x.l) ^ l

0 2 {null, l} ⇤ T (r0, x.r) ^ r

0 2 {null, r}

)

}
�

(¬res ^ G (x, p)) _ (res ^ T (x, p))
 

�

(¬res ^ T (null, p)) _ (res ^ T (x, p))
 

return res;

}
�

(¬b ^ T (null, p)) _ (b ^ T (x, p))
 

3

x

zy

w



Conclusions
• From RG/OG to CAP/TaDA

• Huge steps towards compositionality/locality

• Not good enough

• CoLoSL

• Even more compositional/local

• Examples - Dijkstra’s algorithm, Spanning tree, Set

• How to get the rest of the field to join subjective 
thinking?

• More Examples
54



Questions?

Thank you for listening
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