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Our Solution
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✔  no particular memory model
✔  no <time order
✔  no total order on events 
✔ per-library specification 
➡ set of library executions

{G | G satisfies certain axioms}
library execution
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{                               |  ... }GP = <  E , po , so >
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• •allow libraries to constrain each other via hb!
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{                         |  ... }GP = <E, po, so>
queue & stack calls

Gqueue   sats. queue axioms 
Gstack   sats. stack axioms| }͉P͊=  

P   calls   L1 ... Ln          and     G  ∈͉P͊ 
⟺ 

GL1  sats.  L1 axioms  
... 

GLn  sats.  Ln axioms
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G = <  E , po , so , hb > is a consistent queue execution iff: 

3.a∃ to. to totally orders E, 
        hb ⊆ to      and      to is a FIFO sequence

1. E  contains queue events  
2. so is 1-to-1; so relates matching enq/deq events 

✘ too strong 
✘difficult to find to witness



✘  does not satisfy strong queue axioms 

Strong Queue Axioms 
C11 Herlihy-Wing Queue Implementation

!26

acq



✔ satisfies strong queue axioms 

Strong Queue Axioms 
C11 Herlihy-Wing Queue Implementation

!26

acq

acqrel



Weak Queue Axioms

!27

G = <  E , po , so , hb > is a consistent weak queue execution iff: 

enq(q, v)e deq(q, w)dhbif then  w ≠ ⊥ 

so

1. E  contains queue events  
2. so is 1-to-1; so relates matching enq/deq events 
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G = <  E , po , so , hb > is consistent a weak queue execution iff: 

enq(q, v)e deq(q, w)dhbif then  w ≠ ⊥ 

so

1. E  contains queue events  
2. so is 1-to-1; so relates matching enq/deq events 
3. deq with hb-earlier unmatched enq cannot return ⊥ 

4. weak FIFO guarantee

enq(q, v)e enq(q, w)ahb

so

deq(q, v)d deq(q, w)r

so
hb
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Weak vs. Strong Queue Axioms

!30
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Weak vs. Strong Queue Axioms
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• Not equivalent 
    ⇒  C11 Herlihy-Wing queue

✔ satisfies weak axioms 

acqrel

acq



• Why weak axioms?  
    ⇒  strong enough for certain uses: single-producer-single-consumer

Weak vs. Strong Queue Axioms

!30

• Not equivalent 
    ⇒  C11 Herlihy-Wing queue

acq
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weakstrong

3.a∃ to. to totally orders E, 
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G = <  E , po , so , hb > is a consistent queue execution iff: 
1. E  contains queue events  
2. so is 1-to-1; so relates matching enq/deq events 

3. deq with hb-earlier unmatched
enq cannot return ⊥

4. weak FIFO guarantee
(weak acyclicity axiom)

Alternative Strong Queue Axioms

weakstrong

3.a∃ to. to totally orders E, 
      hb ⊆ to      to is FIFO

3. strong FIFO guarantee 
(strong acyclicity axiom) 

     ⇒ see our paper!

✘ too strong ☛ weak axioms 
✘ difficult to find to witness☛
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✓ General  
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➡ built from the ground up: assume no pre-existing libraries or specs

!32

A declarative framework: 

?  Compositional  
     ?  verify client programs 
     ?  verify library implementations

enq(q,1);  
push(s,2)

a:=pop(s); 
if(a==2) 
  b:=deq(q)

q:=new-queue();  
s:=new-stack();



Part II. 

Concurrent Library Verification under WMC
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outcomes(P) = { val(GP)  | GP  ∈͉P͊}

a = 2     b = 1 

= {    |...}GP͉P͊   

enq(q,1);  
push(s,2)

a:=pop(s); 
if(a==2) 
  b:=deq(q)

q:=new-queue();  
s:=new-stack();

values of  local variables

hb
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new-stack(s)s

enq(q, 1)e

push(s,2)a
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enq(q,1);  
push(s,2)

a:=pop(s); 
if(a==2) 
  b:=deq(q)

q:=new-queue();  
s:=new-stack();

!35

outcomes(P) = { val(GP)  | GP  ∈͉P͊}

a = 2     b = 1 

= {    |...}GP͉P͊   
values of  local variables
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new-queue(q)q

new-stack(s)s

enq(q, 1)e

push(s,2)a

po
pop(s, 2)r

deq(q, 1)d

po

Client Verification

assert (true)

assert (¬ (a = 2  ⋀  b = ⊥))



!36

Implementation Verification? 

acq



Library Implementation

!37

Iqueue  :  Methodqueue  ➝  Prog

Iqueue(new-queue())

Iqueue(enq(q,v))

Iqueue(deq(q))

C11  Herlihy-Wing Implementation (HWQ)

acq



Iqueue(new-queue())

enq(q,1);  
push(s,2)

a:=pop(s); 
if(a==2) 
  b:=deq(q)

q:=new-queue();  
s:=new-stack();

Translation

!38

:  Prog  ➝  ProgIqueue
⎣ . ⎦

Iqueue(enq(q,1))

Iqueue(deq(q))
Iqueue
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Example: HWQ Soundness
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P

enq(q,1);  
push(s,2)

a:=pop(s); 
if(a==2) 
  b:=deq(q)

q:=new-queue();  
s:=new-stack();

such that:   val(Gi) = val(Gs)
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deq(q, ?)d
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Wanted 
compositional soundness proof
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 (when  P   calls  queue, L1, ..., Ln)

∀Gi  ∈                     .  ∃Gs  .  val(Gi) = val(Gs) 
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∀Gi  ∈                     .  ∃Gs  .  val(Gi) = val(Gs) 
                                                  

Iqueue⎣ P ⎦͉ ͊
(Gs)queue  sats.  queue axioms 
(Gs )L1  sats.  L1  axioms 
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 Iqueue  sound  ⟺  for all P :  

Given for free!



Compositionality

!44

I  locally-sound   ⟹   I  sound
Theorem (Compositionality)

Proof.  Mechanised in Coq. 



Case Studies

!45

ported existing 
declarative  

specification

spinlock implementation 
using CASacq and  Wrel

multiple-reader-single-writer 
lock implementation

exchanger object from 
java.util.concurrent

weak & strong 
Herlihy-Wing  

queue  
implementations

strong locking queue
push/pop may fail 

if contention on stack top

an array of 
exchanger 

objects

scalable stack 
implementation



Summary

✓ Agnostic to memory model 
➡ support  both SC and WMC specs 

✓ General  
➡ port existing SC (linearisability) specs 
➡ port existing WMC specs (e.g. C11, TSO)  
➡ built from the ground up: assume no pre-existing libraries or specs 

✓ Compositional  
➡ vertical composition to verify library implementations 
➡ horizontal composition to verify client programs

A declarative specification and verification framework: 



Future Work
• Support load buffering behaviour
      — allow ( po ⋃ so )+  cycles 

• MM-agnostic, general program logic
      — port existing WMC logics, e.g. RSL, GPS, …

• MM-agnostic (stateless) model-checking
      — a generalisation of existing approaches, e.g. RCMC, …
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✓ General  
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➡ built from the ground up: assume no pre-existing libraries or specs 

✓ Compositional  
➡ vertical composition to verify library implementations 
➡ horizontal composition to verify client programs

A declarative specification and verification framework: 
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