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A SOUNDNESS
LEmMA A.1. For alln > 0, € € EREx1T, my,, mg, C,C’:
C, mp=n> e,mg = C;C/, mp:n> €, mg

Proor. We proceed by natural induction on n.

Base case n=1
1
Pick arbitrary € € EREXIT, my, mq, C, C’ such that C, m, = ¢, my. From the operational semantics

1
we know there exist [, C"" such that C — C” and (m,, my) € []e. Consequently, from the con-

.. 1 . .
trol flow transitions we have C; C’ — C’’; C’. As such, from the operational semantics we have

1
ali
G C mpy= €, my.
Inductive case n=j+1and n > 1
J J
Ve € EREXIT, my, my, C1,Cy. Ci,my= e, my = C;Co,my= €, my (LH)

Pick arbitrary e € EREXIT, m,, my, C, C’ such that C, my, = €, my. Asn > 1, from the operational
semantics we know there exist [, C"’, m such that, C 4 c”, (mp, m) € [I]ok, and C”, m=J> €, mq.
Consequently, from the control flow transitions we have C; C’ 4 C”; C’. Moreover, from (LH) we
have C”;C’, m=J> €, mq. As such, since n=j+1, C; cL C” C’, (my, m) € [I[Jok and C";C’, m=J>

€, mg from the operational semantics we have C; C/, my, =5 €, Mg, as required. O

LemmA A.2. Foralln, k, e, my, my, mg, C1, Cy:

n k b
Cy, mp= ok, my A Cy,mp= €, mg = Ib. C1;Cy, mpy=> €, my

Proor. We proceed by natural induction on n.

Base case n=0

0 k 0
Pick arbitrary k, €, my, m,, mg, C1, Cy such that: Cy, m, = ok, m, and Cy, m, = €, my. As C1, mp=
ok, m,, from the operational semantics we then know Cy=skip and m,=m,. Consequently, from the

id
control flow transitions we have Cy; C, = C,. Moreover, from the definition of [.] ans since m,=m,
id k
we have (my, m,) € [id]ok. As such, since Cy;C; =5 Cz, (my, my) € [id]ok and Cy, m, = €, mg,

k+1
from the operational semantics we have Cy; C;, m, = €, my, as required.

Inductive case n=j+1
Yk, €, mp, my, mg, Cy, Cy.

J k b (LH)
Ci,my= ok,my ACy,my= €, my = 3b. C1;Cy, mpy= €, my

k
Pick arbitrary k, €, my,, mg, m,, Cy, C; such that: Cy, m, = ok, m, and C,, mr = e,mg. Asn > 0,
from the operatlonal semantics we know there exist [, C’, m such that, C; iR c/, (mp, m) € [I]ok,
and C’, m €, m,. Consequently, from the control flow transitions we have Cy; C, —> C’;C,y. As

J k . b
C’, m= ¢, m, and C;, m, = €, my, from (L.H) we know there exists b such that C’; C5, m= €, m;. As
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. 1 b . .
such, since Cy; C; — C’; Cy, (myp, m) € [I]ok and Cy; Cy, m= €, mg, from the operational semantics
b+1 .
we have Cy; Cy, mpy = €, my, as required. m]

LEmMMA A.3. Foralln,e, my, mg, C:
n . n+l1 . n+l1
C,my= e my = skip||C,m, = €, myg AC||skip, m, = €, m,

. id . id
Proor. From the operational semantics we then have skip || C S cCandC || skip % C. More-

over, from the definition of [.] we have (m,, m,) € [id] ok. Consequently, as C, m, 5 €, mg, from the

. . . n+1 . n+1 .
operational semantics we have skip || C, m, = €, mg and C || skip, m, = €, my, as required. O

LEmMMA A.4. Foralln,e, my, my, my, Cy, Cy:

n k . J J
Ci,mp= ok, m ACy,mp= €, mg = 3j. C1[|Co,mp= €, myg ACy||Cy, mp= €, mq

Proor. We proceed by natural induction on n.

Base case n=0

0 k
Pick arbitrary k, €, m,, mg, m,, C1, C; such that Cy, my = ok, m, and Cy, m, = ¢, my. From the
operational semantics we then know C; = skip and m,=m,. As such, from Lemma A.3 we know

k+1 k+1 .
C1 11 Co, mp = €, mg and C; || Cy, mp, = €, my, as required.

Inductive case n=j+1

Vk, €, my, my, ms, Cy, C.
. (LH)
C1,m1=>0k ms A Cy, ms= €, my = 3i. C1||C2,m1$€ mz/\C2||C1,m1=>€ my

Pick arbitrary k, €, my, mg, m,, Cy, C; such that Cy, my = ok, m, and C,, mr=k> €, Mg. Asn >0 and
Cy,my = ok, m,, from the operational semantics we know there exist [, C’, m such that, C; —l> c’,
(mp, m) € [] ok, and C’, m:J‘o ok, m,. Consequently, as C’, m=J> ok, m, and C,, m, =k> €, mg, from
(L H) we know there exists i such that C’ || C,, m 5 €, mg and Cz ||C’, m ﬁl €, my. Moreover as
C, 4 C’, from the operatlonal semantics we also have C || C, 4 C’||Cyand C, || C, 4 Cg || C.
Consequently, as Cl || C2 —> C’||Cy, Co ]| Cy —> Cz[IC, (my, m) € [I]ok, C"|| Cz, m= €, Mg
and C, || C m= €, my, from the operational semantics we also have C; || C;, m => €, mg and
Cy||Cy,m => €, my, as required. ]
MMMAAﬁ.HwaUMEEEﬂkHJm”mWCbCy
Ci, mp=n> e,mg = Cq||Cy, mpé €, mg ACy || Cy, mp=n> €, my

n . N
Proor. As e € EREx1T and Cy, my, = €, my, we know n > 0. We proceed by induction on n.

Base case n=1
1
Pick arbitrary € € EREXIT, my,, mg, Cy, C; such that C;, m, = €, m,. From the operational semantics

1 1
we then know there exists [, C’" such that C; — C’, (mp, my) € [/]e. As C; — C’, from the control

1 1
flow transitions we then also have C;||C; — C’||C; and C,||C; — C, || C’. As such, since

, Vol. 1, No. 1, Article . Publication date: October 2021.



1471
1472
1473
1474
1475
1476
1477
1478
1479
1480
1481
1482
1483
1484
1485
1486
1487
1488
1489
1490
1491
1492
1493
1494
1495
1496
1497
1498
1499
1500
1501
1502
1503
1504
1505
1506
1507
1508
1509
1510
1511
1512
1513
1514
1515
1516
1517
1518
1519

Concurrent Incorrectness Separation Logic 31

1
€ € EREx1T and (my,, my) € [I] e, from the operational semantics we have C, || Cs, m, = €, my and

1 .
C; || C1, mp= €, my, as required.

Inductive case n=j+1 and n > 1
Ve € ErRExiT, ml, my, Cl, Cg

(LH)
C],n’l1=>€ m, — C1||C2,m1=>e mz/\C2||C1,m1=>e my

Pick arbitrary € € EREXIT, m,, mq, Cq, C; such that Cy, m, = €, mg. Asn > 1and Cy, my = ok, my,
from the operational semantics we know there exist [, C’, m such that, C; iR C’, (mp, m) € [I]ok,
and C’, m=J> €, mg. As C/, m=J> €, my and € € ERExiT, from (L.H) we know C’ || C,, m=]> €, my and
C || C, m €, my. Moreover as C 4 C’, from the control flow transrtlons we have C1 || C2 4
C’||Cyand C, || C4 4 C. || C’. Consequently, as n = j+1, C; || C 4 C’||Cy, Ca || C4 LN C, ||,
(mp, m) € [[Jok, C’ || Ca, mé €, mg and C; || C’, m=]> €, mg, from the operational semantics we

n n .
also have Cy || C3, my = €, mg and C, || Cy, m, = €, mq, as required. O

LemmA A.6. Foralln, k, e, my, my, mg, C,Cy, Cy:

n k
C,my= ok,my AC1||Cy,my= €, my =
b b
3b. C1 || C;Cy, mpy= €, mg A C;Cq || Co, mp = €, my

Proor. We proceed by natural induction on n.

Base case n=0

0 k
Pick arbitrary k, e, mp, my, mg, C,Cq, C, such that: C, m, = ok, m, and C, || Cy, m, = €, my. As
C,my = ok, m,, from the operational semantics we then know C= sklp and m,=m,. Consequently,

from the control flow transitions we have C;C; LY C; and C;C, - C,. Moreover, from the

id
definition of [.] ans since m,=m, we have (m,, m,) € [id]ok. As such, since C;C; — C; for
k
ie{1,2}, (mp,m) € [id]ok and C; || Co, m, = ¢, myg, from the operational semantics we have

k+1 k+1 .
C111C;Cy, mp = €, mg and C; Cy || Cy, my = €, myg, as required.

Inductive case n=j+1
Vk, €, mp, my, mg, C,Cy, Cy.
J k
C,mp= ok,my AC1||Cy,my= €, mg = (LH)

b b
3b. C1 ||C;C2, mp=> €, My /\C;Cl ||C2, mp=> €, My

Pick arbitrary k, €, my,, mg, m,, C, Cy, C; such that: C, m, = ok, myand C; || C,, m, =k> €, mg.Asn > 0,
from the operational semantics we know there exist [, C’, m such that, C —l> C', (my, m) € [1] ok,
and C’, m =j> €, m,. Consequently, from the control flow transitions we have C; C; —l> C’;C; for
ie€{1,2} AsC/, mé e, m, and Cy || Cy, m, é €, mg, from (I.H) we know there exists b such that

b b 1
C11IC’;Co,m= €, mg and C';Cy || Cy, m= €, my. As such, since C;C; — C’;C; for i € {1,2},
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b b
(myp, m) € [IJok, Cy || C’;Cy, m=> €, mg and C’; Cy || C2, m= €, mg, from the operational semantics

b+1 b+1 .
we have C; || C; C;, my, = €, mg and C; C; || C3, mp = €, my, as required. m]

LEmMA A.7. Forallp,C,q,€, if+ [p] C [€ :q] holds, then:

n
Vs € STATE, mg € g+ {s}]. Am;, € |p = I7Y(s)],n. C, m,= €, my
Proor. We proceed by induction on the structure of incorrectness triples.

Case Skip
Pick an arbitrary s € STATE and m, € [p * {s}]. We then know there exists s, € p such that

0
my, € |sp o s|. As T is reflexive and thus s € I~1(s), it then suffices to show that C, m, = ok, m,,
which follows immediately from our operational semantics as C=skip.

Case Atom
Pick an arbitrary s € STATE and mg € | g * {s}]. We then know that C = a for some a. From axiom
soundness (Par. 8) we then know there exists m,, € [p * 7~'(s)| such that (m,, my) € [a]e. There
are now two cases to consider: 1) € € EREXIT; or 2) e=ok.

In case (1) since (my, my) € [aJe and from our control flow transitions (Fig. 6) we have
a > skip, from our operational semantics we have C, m, é €, My, as required. In case (2)

since (myp, my) € [a]ok, from our control flow transitions (Fig. 6) we have a SN skip, and

. 0 . . 1 .
skip, mg= ok, my, from our operational semantics we have C, m, = ok, my, as required.

Case SEQER
We then know C = Cy; C;, for some Cy, Cy. Pick an arbitrary s € STATE and m, € | q * {s}]. Since
from the premise of SeQEr we have [p] C; [€ :q] with € € ERExi1T, from the inductive hypothesis

we know there exist m, € |p * I7'(s)], n € N such that Cy, m,, = €, mg. Since € € EREx1T and
thus € # ok, from our operational semantics we know that n > 0. As such, since C = Cy;C,

n n
Ci,my = €, mg, n > 0 and € € ERExIT, from Lemma A.1 C, m, =, €, my. That is, there exist n,

my, € |p * T71(s)| such that C, m, = €, my, as required.

Case Seo
We then know C = Cy; C, for some C4, Cy. Pick an arbitrary s € STATE and my € | q * {s}]. Since
from the premise of Seo we have [r] C; [€ :¢q], from the inductive hypothesis we know there

k
exist m, € [r*771(s)], k € N such that Cy, m, = ¢, mg. That is, there exist s, € r and s; such
that (s;,s) € 7 and m, € s, o s1]. On the other hand, since s, € r and from the premise of Seg
we have [p] C; [ok: r], from the inductive hypothesis we know there exist m, € [p * 7' (s;)],

n € N such that Cy, m, = ok, m,. That is, there exist s, € p and s, such that (s, s;) € 7 and
m, € |sp o sp]. As such, since (s1,s) € I, (sz,51) € I and I is transitive, we have (sp,5) € 1

and thus s, € 771(s); i.e. m, € [p* T71(s)]. Moreover, since C = C;;Cs, Cy, m, = ok, m,, and
k . . J .
C,, m = €, my, from Lemma A.2 we know there exists j such that C, m;, =, €, mq. That is, there

exist j € N, my, € [p = T7(s)] such that C, my, EN €, my, as required.
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Case Loor1
We know there exists C; such that C = C. Pick an arbitrary s € STATE and m, € |p * {s}]. As I is
reflexive and thus s € 77!(s), we also have m, € |pxT ~1(s)|. From the control flow transitions

id
we have C} 5 skip. Moreover, from the definition of [.] we have (mp, mp) € [id]ok. On the
. 0 id .
other hand, from the operational semantics we have skip, m,= ok, my,. As such, as Cf = skip,
0 1
(mp, mp) € [id]ok, skip, m, = ok, m, from the operational semantics we have C, m), = ok, m,.

That is, there exist m, € [p * I ~1(s)| and n=1 such that C, my, = ok, my, as required.

Case Loor2
We know there exists C; such that C = C}. Pick arbitrary s € STATE and mq € |q * {s}|. From the
premise of Loor2 we have [p] CT;Cy [€ :¢] and thus from the inductive hypothesis we know there

exists m, € Lp * 771(s)| and n such that CJ;Cy, my, = €, my. From the control flow transitions
we have C} 4 C7; Cy. Moreover, from the [.] definition we have (m,, m,) € [id]ok. As such, as
Cy “ CT; Cy, (mp, my) € [id]ok, CJ;Cy, my, = ¢ my, from the operational semantics we have

n+1 i
C, m, = €, mq. That is, there exist m;, € [p * I71(s)], i such that C, m, = €, my, as required.

Case CHOICE
We know there exist Cy, Cy such that C = C; + C,. Pick an arbitrary s € StaTe and my € | q * {s}].
From the premise of Cuoice we know there exists i € {1,2} such that [p] C; [€ :q], and thus from

the inductive hypothesis we know there exists m,, € |_p * T71(s)| and n such that C;, m,, = €, mq.
From the control flow transitions we have C; + Cg 9 C;. Moreover, from the definition of [.] we
have (my, m,) € [id]ok. As such, as C; + C, o Ci, (myp, mp) € [id]ok, C;, my = €, mg, from the
operational semantics we have C, m, g €, mgy. That is, there exist m, € |p * I ~1(s)| and i=n+1

i
such that C, m, = ¢, my, as required.

Case Cons

Pick an arbitrary s € STATE and mg € | g * {s}]. As form the premise of Cons we have g C q’, we
also know that my € | g’ * {s}]. On the other hand, from the premise of Cons we have [p’] C
[€ :¢’] and thus from the inductive hypothesis we know there exist m,, € [p’ * 7 ~'(s)] and n such
that C, mp=n> €, mg. Moreover, as p’ C p and my, € |p’ « I7'(s)| we also have m,, € [p * T7'(s)].
That is, there exist m, € [p * I7Y(s)] and n such that C, m, = €, my, as required.

Case GCons

Pick an arbitrary s € STATE and mg € | g * {s}|. As form the premise of Cons we have g < q’, we
also know that my € | g’ * {s}]. On the other hand, from the premise of Cons we have [p’] C
[€ :q] and thus from the inductive hypothesis we know there exist m,, € [p’ * 7~!(s)] and n such
that C, mp=n> €, mg. Moreover, as p’ < p and my, € |p’ « I~'(s)| we also have m,, € [p * T7'(s)].
That is, there exist m, € |p * T71(s)| and n such that C, my, = €, my, as required.

Case FrRAME

Note that Frams is used for PCMs with no interference, i.e. I = ID. Pick an arbitrary s € STATE

and my € |q * r x {s}]|. That is, there exists s; € q and s, € r such that m; € [s; 0 s, o s].
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As from the premise of Frame we have [p] C [e :q], from the inductive hypothesis we know
there exist m, € [p * {s, o s}| and n such that C, m, A €, my. As such, since s, € r, we have

my, € Lp*r*Z~1(s)]. Thatis, there exist my, € | p*r+{s}] and n such that C, m, = €, my, as required.

Case FRAMEINTER

Pick an arbitrary s € STATE and my € |q * r * {s}]. That is, there exists s, € g and s, € r such
that m; € [s; o s, o s|. As from the premise of Frame we have [p] C [e :q], from the inductive
hypothesis we know there exist m, € [p * 1 ~I(s, o s)| and n such that C, m, = €, my. Given
the properties on I (Par. 9) and the definition of 7! we then know there exist s’, s/, s” such that
s"=sl o5, s € Il (s, 05),ie. (s, s 05) € T, my € [p*{s;} = {s'}], (s..5) € I,(s,s) € I
and thus s’ € 771(s). Moreover, as stable(r) holds (i.e. Z7'(r) C r), s, € r and (s),s,) € I (i.e.
s, € I7'(s;)), we also have s € r. As such, we have m, € [px*rx T71(s)]. That is, there exist

my, € |p % r*I'(s)] and n such that C, m, S e, myg, as required.

Case Disj
Pick an arbitrary s € STATE and mg € [ (g1 V g2) * {s}]. We then know there exists i € {1,2} such
that my € [ (g;) * {s}]. From the premise of Disj we have [p;] C [€ :¢;] and thus from the inductive

hypothesis we know there exists m,, € |p; * 7~'(s)] and n; such that C, m,, 4 €, mg. Moreover,
since p; C p1 V p and my, € | p; * I7'(s) ], we also have m,, € [(p1 V p2) * I~'(s)]. That is, there

exist m, € [(p1 V p2) * T7'(s)]| and n such that C, m,, S e, myg, as required.

Case Par
Note that Frame is used for PCMs with no interference, i.e. 7 = ID. It thus suffices to show:

k
Vs € STATE. Vmg € | q1 * g2 * {s}]. Ik € N, m,, € [p1 * pa * {s}]. C1 || Cz, mp= 0k, mq

Let Py 2 py % py, Q1 2 q1 % P2, P 2 Q1 and Qz £ q; * ¢a. As from the premise of Par we have [p;]

C; [ok: g;] for all i € {1, 2}, from the Frame rule (whose soundness we established above) we also
have [P;] C; [ok: Q;] for all i € {1,2}. Consequently, from the inductive hypotheses we know that
forallie {1,2}.

k
Vs € STATE. Vmg € | Q; * {s}]. Ik € N, m, € | P; = {s}]. C;, my= ok, mq (ok-1)

Pick arbitrary s € STATE and my € [(q; * q2) * {s}]. That is, mq € |Q, * {s}]. From (ok-i) we
K?
then know there exist mj, k* such that mj, € |P; = {s}] and Cz, mj = ok, m},. Similarly, as

m;, € [ Pyx{s,}] and Oy = Pz, from (ok-i) we know there exist m,,, k' such that: my, e | Py *{s}] and

k! k! k2
Cy, mp = ok, m .Let s3 = sand mp = myg. As such, since Cy, mp = ok, m and C,, mp = ok, mp,

from Lemma A.4 we know there exist j such that C; || C,, mp EN ok, my. Consequently, from the
definition of P; we know there exist j € N and my, € |p; * pa * {s}] such that C, || C, m},=]> ok, mg,

as required.

Case PARINTER
We then have C = C4 || C; for some Cy, Cy, stable(py, g2) V stable(ps, q1), and + [p;] C; [ok: ¢;] for
all ie{1, 2}. There are two cases two consider: 1) stable(py, q1); or 2) stable(ps, g2). In case (1) we
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can then derive:

[p1] Ci [0k: g1] stable(py) [p2] Co [0k: go] stable(q)
FRAMEINTER FRAMEINTER
[p1 = p2] Cy [0k: g1 * p2] [q1 * p2] Cy [0k: q1 * g2]
SEQ
[p1# p2] C15Ca [0k: g1 * q2]
PARSEQ
[p1# p2] C1 || Cz [0k: g1 * q2]
In case (2) we can then derive:
[p2] C1 [0k: g2]  stable(p;) [p1] Ca [ok: q1] stable(g)
FRAMEINTER FRAMEINTER
[p1 * p2] Cy [0k: p1 * g2 [p1 * q2] Cy [0k: q1 * g2
SEQ
[p1 * p2] Co;Cy [0k: g1 * q2]
PARSEQ

[p1* p2] C1 | Cy [0k: g1 * q2]

Case PARER
We then have C = C, || C; for some Cy, C;. Pick an arbitrary s € STATE and mg € | g*{s}]. From the
premise of PAREr we know that € € EREx1T and [p] C; [€ :q] for some i € {1---n}. As such, from

k
the inductive hypothesis we know there exists m, € |p * I ~1(s)] and k such that C;, my,= €, my.

k
Consequently, as € € EREXIT, from Lemma A.5 we have C, || C;, m, = €, mg, as required.

Case ParL

We then have C = C, || C, for some Cy, C;. Pick an arbitrary s € STATE and m, € | g * {s}]. From
the premise of ParL we know there exist Cs, C4 such that C;=C3;C4 and [r] C4||C; [€ :q]. As
such, from the inductive hypothesis we know there exist m, € |r = I7!(s)], k € N such that

k
Cy|| Cy, my = €, my. That is, there exist s, € r and s; such that (s, s) € 7 and m, € [s; o s1].
On the other hand, since s, € r and from the premise of ParL we have [p] C; [ok: r], from the

. . . . . J

inductive hypothesis we know there exist m, € |p * I “1(s1)], j € N such that Cs, m, = ok, my.

That is, there exist s, € p and s; such that (sy, ;) € 7 and m, € s, 0 5;]. As such, since (s;,5) € 1,

(s2,81) € T and 7 is transitive, we have (s5,s) € 7 and thus s, € 771(s); i.e. my € |p* I7Y(s)].
j k

Moreover, since Cs, m,, =]> ok, my, C4|| Co, my = ¢, my and C; = C3;C4 from Lemma A.6 we know

b
there exists b such that C; || Cy, m, =, €, my. That is, there exist b € N, m,, € [p * I71(s)] such

j .
that C, m, = €, my, as required.

The proof of ParR is analogous to that of ParL and is omitted here. O

THEOREM A.8 (SOUNDNESS). For all p,C, q,¢€, if + [p] C [€ :q] holds, then |= [p] C [€ :q] also
holds.

Proor. Pick arbitrary p, C, g, € such that - [p] C [e :q] holds. Pick an arbitrary mg € | q]. That
is, there exists s; € g such that m; € |sq]. From the definition of o we then know there exists
so € STaTE? such that $q=5g¢ © S- As such, from Lemma A.7 we know there exists m, € [p 1 “1(sp)]
and n € N such that C, m,, = €, mg. Moreover, from the properties of 7 (Par. 9) and since s, € StaTEe’
we know that 7 ~!(sy) C StaTe’. Consequently, from the definition of * and the properties of STATE’
(Par. 2) we know p * T71(sy) C p and thus |p * T71(sy)| € |p]. That is, we know there exists

my, € |p] and n € N such that C, m,, = €, Mg, as required. O
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B CISL,. AXIOM SOUNDNESS

CISL;, - Machine States. We assume a Boolean interpretation function, [.]() : BASTXSTATEpc —
VAL, evaluating Boolean assertions against a machine state. We lift this function to machine states,

and given m € MSTATEpc, we write [.], for [.]s, wheres = |  [x — (m(x),1)].
xedom(m)

[L:error]aok 20 [assume(B)]aok = {m | [B]m # 0}
[x:= 0] a0k £ {(m, m[x — v]) ‘x € dom(m)}
[x:=alloc()]aok = {(m m[x — Il W[l ov]) ‘ veVAL A x € dom(m) A l¢d0m(m)}
[x:=ov]amse(.) = [x:=alloc()]amse(.) = [assume(B)]amse(.) = [error]amse(.) £ 0
[L: free(x)]aok = {(m, m[l— L1]) ‘ Al. m(x) =LA m(l) € VAL}
[L: free(x)[amse(r’) = {(m m) |L=0"A3L m(x) = A m(l) = L}
[L:x:= [y]]ack = {(m, m[x — v]) ‘x € dom(m) Al m(y) =l Am(l) =0 € VAL}
[L:x:= [y]]amse(r”) £ {(m, m) ‘ L=1'Ax edom(m) A3l m(y) =1 Am(l) = J_}
[r: [x]:= y]ack = {(m, m[l — m(y)]) ‘ y € dom(m) A 3L m(x)=l A m(l) € VAL}
[L: [x]:= y]amse(r') £ {(m, m) ‘ L=1'Ay € dom(m) A3l m(x)=l A m(l) = J_}

{(m,m) | m € MSTaTEpc} ifa=1:error

0 otherwise

[a]aer(r) = {

B.1 CISL,. Axiom Soundness
THEOREM B.1 (CISLj . AXIOMS SOUNDNESS). For all (p,1,€,q) € AtoMpc the following holds:

Vs € STATEpc, mg € |q * {s}]pc. Imy € [p * T2 ()l pe. (mp, mg) € [I]ae

Proor. Pick an arbitrary (p,/,€,q) € ATompc. Note that as the CISL . interference is simply
defined as the identity relation, it suffices to show that the following holds:

Vs € STATEpc, mg € | q * {s}]pc. Imy € [p * {s}|pc. (mp, mg) € [I]ae

We proceed by induction on the structure of (p, [, €, q).

Case DC-ASSUME
We then have | = assume(B), thate = ok, g = 3k X bﬁwi/\B[M], andp= 3k x5 0;.
x; €pvars(B) x; €pvars(B)

Pick an arbitrary s € STATEpc and myg € | g * {s} |pc. From the definitions of |.|pc and * we then
know that there exists s; € ¢ such that my € | s4 opc s]pc and [B] s; # 0. From the definition of
[]o we then know [B], # 0

Let s, = s and m;, = m,. From the definitions of |.]pc and * we then know that s, € p and
my € |p = {s}]pc. On the other hand, since [B]», # 0 and m, = mgy, we also have [B], # 0. As
such, from the definition of [assume(B)]aok we have (m,, my) € [assume(B)]aok, as required.

Case DC-ERROR

We then have | = 1:error, that € = er(1), ¢ = emp, and p = q. Pick an arbitrary s € STATEpc and
mgq € |q * {s} |pc. From the definitions of | .|pc and * we then know that there exists s; € g such
that s; = 0, and mq € [s]pc.
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Let s, = s, and m;, = my. From the definitions of |.|pc and * we then know that s, € p and m,, €
[p*{s}]pc. Moreover, from the definition of [r: error]aer(1L) we have (m,, my) € [L:error]aer(r),
as required.

Case DC-ASSIGN
We then have [ = x:= v for some x, v, that € = 0k, ¢ = x+> v, and p = x>0’ for some v’. Pick an
arbitrary s € STATEpc and my € | g * {s}|pc. From the definitions of |.]pc and * we then know
that there exist s, € g such that s; = [x = (v,1)], x ¢ dom(s), and mg € | s4 opc s]pc.

Let s, = [x + '] and pick m, = my[x + o’]. From the definitions of |.|pc and * we then
know that s, € p and my, € |p * {s}|pc. Moreover, from the definition of [x := v]s0k we have
(myp, mg) € [x:= v] a0k, as required.

Case DC-LoaDp
T,
We then have [ = x:= [y] for some x, y, that € = 0k, g = x>0 * yl—y>l 15 for some 0,1, 7, and

p=x—0"* yln—y>l* 15 o for some o’. Pick an arbitrary s € STATEpc and mg € |g*{s}|pc. From the
definitions of | . |pc and * we then know that there exist s; € g such that s; = [x — (2,1)] opc [y =
(I my)] opc [I = (v, m)], x ¢ dom(s), (my=1 Ay ¢ dom(s)) V (my < 1A s(y)=(L, ) A my+my, < 1)
for some 7, (7=1 Al ¢ dom(s)) V (x < 1 A s()=(v, ") A w+n’ < 1) for some 7', and my =
Lsopc [x = (0,1)] opc [y = (I my)] opc [+ (v, 7)]lpc.

Lets, = [x = (v/,1)] opc [y = (L my)] opc [l = (v,7m)] and m, = my[x + v’]. From the
definitions of |.|pc and * we then know that s, € p and m, € [p * {s}|pc. Moreover, from the
definition of [x:= [y]]a0k we have (m,, mg) € [x:= [y]]a0k, as required.

Case DC-LoaDER .
We then have | = L:x := [y] for some x,y,1, that € = mse(L), ¢ = y +ﬂ—y> [ =1 for some v,l,,
and p = q. Pick an arbitrary s € STATEpc and mg € |q * {s} |pc. From the definitions of |.|pc
and * we then know that there exist s; € g such that s; = [y — (I, 7,)] opc [ = (L, 1],
(my=1Ay ¢ dom(s)) V (7ry < 1As(y)=(l, 71';) /\er+7r; < 1) for some ﬂ;, (m=1Al ¢ dom(s)) V (x <
1A s()=(L,n") A w4+’ < 1) for some ', and mg = | sopc [y = (I, 7y)] opc [ = (L, m)]]pc.
Let s, = sq and m, = my. We then simply have m,, € |p * {s} |pc. Moreover, from the definition
of [L: x:= [y]]amse(r) we have (m,, mg) € [L:x:= [y]]amse(1), as required.

The proofs of the DC-Store and DC-SToreER cases are analogous to those of DC-Loap and DC-
LoaDER respectively, and are omitted here.

Case DC-ALLoc

We then have | = x:= alloc() for some x, that € = ok, ¢ = x> [l o for some v,l,and p = x>0’
for some o’. Pick an arbitrary s € STATEpc and my € | g * {s} |pc. From the definitions of |.|pc
and * we then know that there exist s; € ¢, 0, b,h such that s; = [x — ([,1)] opc [l = (o, 1)],
x,1 ¢ dom(s), and mg = |sopc [x = (I, 1)] opc [l = (v,1)]]pc-

Let s, = [x = (v',1)] and m, = [s opc [x + (v’,1)]pc (from the definitions of opc, s and
sp we know this is defined). From the definitions of |.|pc and * we then know that s, € p and
my € |p * {s}|pc. Moreover, from the definition of [x:= alloc()]aok we have (m,, mq) € [x:=
alloc()]aok, as required.

Case DC-FrReE
We then have | = free(x) for some x, that € = ok, q = x5 1%l > forsomel,and p = x—Ilz*xl—0v
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for some v. Pick an arbitrary s € STaTEpc and my € | g * {s}]pc. From the definitions of [.|pc
and * we then know that there exist s; € g such that s; = [x — (I, 7)] opc [l = (L, 1)],
(m=1 A x ¢ dom(s)) V (r < 1A s(x)=(,7") A m+r’ < 1) for some 7, I ¢ dom(s), and my =
Lsopc [x = (I, 7)] opc [I = (L, 1)]]pc-

Let s, = [x — (I, )] opc [I = (v,1)] and m, = my[x +> ov]. From the definitions of | .|pc and *
we then know that s, € p and m;, € [p * {s}|pc. Moreover, from the definition of [free(x)]a0k
we have (m,, my) € [free(x)]aok, as required.

Case DC-FrReeER

We then have | = r: free(x) for some x,1, that ¢ = mse(r), ¢ = x A oy 1/7—[> for some I, , 7y,
and p = q. Pick an arbitrary s € STATEpc and my € |q * {s}|pc. From the definitions of |.|pc
and * we then know that there exist s; € g such that s; = [x — ([, 7x)] opc [ = (L, m)],
(mx=1Ax ¢ dom(s)) V (mtx < 1As(x)=(L, ") A mx+m, < 1) for some 7., (1=1 A1l ¢ dom(s)) V (r <
1A s(l)=(L,n") A 4+’ < 1) for some 7', and my = | sopc [x + (I, )] opc [I = (L, m)]]pc.
Let s, = sq and m, = my. We then simply have m,, € |p * {s} |pc. Moreover, from the definition
of [L: free(x)]amse(r) we have (m,, my) € [L: free(x)]amse(L), as required.
O
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C CISL,, SOUNDNESS

TueoreMm C.1 (CISLRD AXIOMS SOUNDNESS). For all (p,l, €,q) € AToMpp the following holds:
Vs € STATEgp, Mg € | q * {s}|rp. Am, € |p * IR’Dl(s)J rp- (Mp, mg) € [[]a€

Proor. Pick an arbitrary (p, 1, €, q) € ATompp. Note that as the CISLgp, interference is simply
defined as the identity relation, it suffices to show that the following holds:

Vs € STATERD, Mg € | g * {s}|rp. 3my € [p * {s}|rp. (mp, my) € [[]a€
We proceed by induction on the structure of (p, [, €, q).

Case RD-Lock
We then have | = lock; I for some z,, that € = ok, g = 7+ (H + L(7,1),S W {l}) for some H, S
such that! ¢ S,and p = 7+ (H,S). Let H = H # L(z,]). Pick an arbitrary s € STATERp and
mg € |q*{s}|rp. From the definitions of |.|rp and * we then know that there exist s, € g, Hy such
that s, = ([7 — (H",SW{l})], r ¢ dom(s), mq = Hy, H' = Hy|,, V1’ € dom(s). s(7’) = (H",-) =
H"” = Hy|y and wf(Hq). That is, there exists Hy, Hy, H, such that H, = H; + L(7,I) + H,
Ve € H,. e.tid # 7, H, = Hy + H, and H = Hy|;, V7' € dom(s). s(7') = (H”,-) = H" = Hpy|,.
Let s,=[7 — (H,S)] and m,=H,. From the definitions of |.|rp, H, and * we then know that
sp € p, that p = {s} is defined (since 7 ¢ dom(s)), and that m,, € |p * {s}|rp. Moreover, as wf (Hy),
Ve € Hy. e.tid # 7, Hy=H; + L(z,1) + H, and H,=H; + Hy, it is straightforward to show that
wf (Hp). Finally, from the definition of [.]s we have (mj, mq) € [Lock, I[A0k, as required.

The proof of the RD-Unrock case is analogous and thus omitted here.

Case RD-Reap

We then have [ = 1:a:=; x for some 7, x, L, that € = ok, ¢ = 7+ (H + ¢,S) for some H, e, S such
that e = R(1, 7, x)S, and that p = 7+ (H, S). Let H £ H 4 e. Pick an arbitrary s € STATERp and
mg € |q* {s}|rp. From the definitions of |.|rp and * we then know that there exist s, € g, Hy such
that s; = ([z = (H',S)], T ¢ dom(s), mqy = Hy, H' = Hy|,, V7' € dom(s). s(¢') = (H",-) = H" =
Hy|r and wf(Hy). That is, there exists Hy, Hy, H, such that Hy = Hy + e + H,, Ve € H,. e.tid # 7,
H, = Hy #+ Hy, and H = Hp|,, V1’ € dom(s). s(t') = (H”,—) = H"” = H,|,. Moreover, from the
definitions of H,, H; we have: V7' locks(H,, ) = locks(Hyg, 7°).

Let s,=[7 — (H,S)] and m,=H,. From the definitions of |.|rp, H, and * we then know that
sp € p, that p={s} is defined (since 7 ¢ dom(s)), and that m, € |p+*{s}|rp. Moreover, as wf(Hy) and
V7' locks(Hp, t") = locks(Hy, 7"), Hy=H; + L(r,I) + H; and H,=H; + Hj, it is straightforward
to show that wf(H,). Finally, from the definition of of [.][s we have (m,, mg) € [L:a:=;x]0k, as
required.

The proof of the RD-WritE case is analogous and thus omitted here. O
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D CISL,, SOUNDNESS

TuEOREM D.1 (CISLy, AXIOMS SOUNDNESS). For all (p,1,€,q) € ATompp the following holds:
Vs € STATEpp, mg € | q * {s}]pp. Am, € |p * I55(s) | pp- (mp, mq) € [I]ae

Proor. Pick an arbitrary (p,[, €,q) € Atrompp. Note that as the CISL, interference is simply
defined as the identity relation, it suffices to show that the following holds:

Vs € STATEpD, My € | q * {s}|pp. Amp € [p * {s}]pp. (mp, my) € [I]ae
We proceed by induction on the structure of (p, [, €, q).

Case DD-Lock
We then have | = 1: lock, [ for some 7, [, that € = ok, g = 7+ (H # L(z,1),S w {I}) for some H,
Ssuchthat! ¢ S,and p = 7+ (H,S). Let H' = H + L(z,1l). Pick an arbitrary s € STATEpp and
mg € |q*{s}]pp. From the definitions of |.|pp and * we then know that there exist s, € g, H; such
that s, = ([7 — (H",SW{l})], r ¢ dom(s), mq = Hy, H' = Hy|,, V1’ € dom(s). s(7’) = (H",-) =
H"” = Hy|y and wf(Hq). That is, there exists Hy, Hy, H, such that H, = H; + L(7,I) + H,
Ve € H,. e.tid # 7, H, = Hy + H, and H = Hy|;, V7' € dom(s). s(7') = (H”,-) = H" = Hpy|,.
Let s,=[7 + (H,S)] and m,=H,. From the definitions of |.|pp, H, and * we then know that
sp € p, that p = {s} is defined (since 7 ¢ dom(s)), and that m,, € |p * {s}]pp. Moreover, as wf (Hy),
Ve € Hy. e.tid # 7, Hy=H; + L(z,1) + H, and H,=H; + Hy, it is straightforward to show that
wf (H,). Finally, from the definition of [.]s we have (mj, mq) € [L: lock, [0k, as required.

Case DD-UNLOCK
We then have | = unlock, [ for some 7, [, that € = ok, ¢ = 7+— (H + U(z, 1), S) for some H, S, S’ such
that[ ¢ S, S’ =Sw{l} andp = r+— (H,S’). Let H' = H + L(z,[). Pick an arbitrary s € STATEpp
and my € | g * {s}|pp. From the definitions of |.|pp and * we then know that there exist s, € g, Hy
such that s; = ([z = (H',S)], t € dom(s), mq = Hy, H' = Hy|,, V1’ € dom(s). s(z') = (H",-) =
H"” = Hg|y and wf(Hq). That is, there exists H;, Hy, H, such that H, = H; + U(r,]) + Hy,
Ve € Hy. e.tid # 7, H, = Hy + Hy, and H = H,|., V7' € dom(s). s(7') = (H”,~) = H" = Hpy|,.

Let s,=[7 + (H,S’)] and m,=H,,. From the definitions of |.|pp, H, and * we then know that
sp € p, that p = {s} is defined (since 7 ¢ dom(s)), and that m,, € |p * {s}]pp. Moreover, as wf (Hy),
Ve € Hy. etid # 7, Hj=H;  L(r,1) #+ H, and H,=H; # H, it is straightforward to show that
wf (H,). Finally, from the definition of [.]s we have (m,, my) € [unlock, I]aok, as required.

O
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E CISLg, SOUNDNESS

CISLg,, Machine States. As the LSTATE PCM is supplied as a parameter to CISLq,, their cor-
responding machine states, MSTATE|, must similarly be supplied as a parameter to CISLq,,. Since
here we instantiated LSTATE with STATEpc, we accordingly take MSTATE| = MSTATEpc. The set

of CISLy,, machine states is: MSTATEsy = MSTATEL U (RID fn {1} w TIp).
CISL,,, Atomic Semantics.
[x:= 0] a0k £ {(m, m[x — v]) ‘x € dom(m)}
[x:=alloc()]aok = {(m, m[x — ] W[l o]) ‘ veEVAL A x € dom(m) A l¢d0m(m)}
[x:=v]amse(.) = [x:=alloc()]amse(.) =0
[L: free(x)[aok = {(m m[l — L1])|3L m(x) = A m(l) € VaL}
[L: free(x)amse(r) £ {(m m) |L=0"A3L m(x) =1 Am(l) = L}
[r:x:= [y]]ack = {(m, m[x — v]) ‘x e dom(m) AAl. m(y) =lAm(l)=ve VAL}
[L:x:= [y]]amse(r') £ {(m, m) ‘ L=1'Ax edom(m) A3l m(y) =1 Am(l) = J_}
[r: [x]:= y]ack £ {(m, m[l — m(y)]) ‘ y € dom(m) A Al m(x)=L A m(l) € VAL}
[L: [x]:=y]amse(r') £ {(m, m) ‘ L=1'Ay € dom(m) A3l m(x)=l A m(l) = J_}
[aca, rfack £ {(m, m’) | m(r)=L A m’" = m[r > 7]}
[rel, r]aok = {(m, m’) ‘ m(r)=t A m’ = m[r — J_]}

CISLg,, Erasure. As LSTATE and MSTATE are supplied as a parameter to CISLg,,, the erasure
[.JL : LSTATE — P (MSTATEL) must similarly be supplied as a parameter to CISLg,,. Since here we
instantiated LSTATE with STATEpc and MSTATE| with MSTATEpc, we accordingly take |.]| = |.]pc.

Given a resource map p and a resource r, since at most one thread may be within r at any
given time and thus claim its associated resource, we write SV (p(r)) (resp. owner (p(r))) to denote
the resource associated with r (resp. the thread currently accessing r), if such resource (resp.
thread) exists; and otherwise to denote the set of empty resource LSTATE? (resp. ). That is, when
p(r)=(0,—,-), if o € TIp then SV (p(r)) = LStaTE? and owner (p(r)) = o; and if 0 = L then

SV (p(r)) = S(count (p,r)) and owner (p(r)) = o = L. The CISL,,, erasure function is then defined
as follows:

L(Lp,p) sy = {(1 orly o 1)

be % SV AL=0. Y [r ouner (p0)])]
redom(p) redom(p)
E.1 CISLg, Axiom Soundness
TuEOREM E.1 (CISLy,, AXIOMS SOUNDNESS). For all (p,l,€,q) € ATomsy the following holds:

Vs € STATEsy, my € |_q * {S}Jsv. Emp € |_p * IS_\/l S)Jsv. (mp, mq) € [[l]]Ae

ProoF. Pick an arbitrary (p,l,€,q) € ATomsy. We proceed by induction on the structure of
(p.Leq).

Case SV-Acg

We then have € = ok, | = acq, r for some 7,1, ¢ = V (S(m) * cs’y(z:n,m)) for some n, and
mzn
p = res’s(r:n). Pick an arbitrary s € STATEsy and my € | g * {s}]sv. From the definitions of |.]sy

and * we then know that there exist 1, p, t, k, I, p, 11,12 such that:
s=(Lp, p), (r,7) & dom(p),
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p(r)=(z,S,t), t(r)=n, k=count (t), k > n,

I € S(k),

mg=lgojlojly oy, I; € 3K SV (p(r)),and L,=(0, & [r’ +— owner (p(r))]).

r’ edom(p) r’ edom(p)

From the definition of m,; we know mg(r)=t. Let s’ = (1, p, p’) where p’ = p[r (L, S,1)]; let
my = mg[r — L]. From the definitions of |.|sy and = we have m, € [res’(z:n) * {s"}]sv; that is,
my, € |p*{s’}]sv. Moreover, from the definition of 7, we have (s’,s) € 7, C 7 and thus s’ € I71(s).
Finally, from the definition of [acq, x]ao0k we have (m,, my) € [acq, x[aok, as required.

Case SV-ReL
We then have € = ok, [ = rel,rfor some 7,1, g = res'y(r:n+1) and p = \/ (S(m+1) *cs'y(z:n,m))

m2n
for some n. Pick an arbitrary s € STATEsy and my € | g * {s} |sv. From the definitions of |.|sy and =

we then know that there exist 1, p, t, k, I, p, 11, 12 such that:

s=(Lp.p), (r,7) ¢ dom(p),

p(r)=(L,8,t), t(r)=n+1, k=count (t), k > n+1, Iy € S(k),

mg=lol oply op Iy, =k SV (p(r')),and L=(0, & [r' + owner(p(r))]).

r’edom(p)\{r} ' edom(p)

From the definition of m; we know mg(r)=1. Let s'=(1, p, p’) where p’ = p[r — (7,S,t')]
and t'=t[7 + n]; and let m,=myg[r + r]. From the definitions of s, s, p, p’, |.|sv and * we then
have m, € [{l} * cs’y(r:n,k=1) * {s'}|sv, ie. my € | S(k) * cs'g(r:n,k=1) = {s'}]sv. As k > n+1

we also have k—1 > n. As such, we also have m, € [ \/ S(m+1) = cs'g(r:n,m) = {s'}]sv; that is,
m2n

my, € | p+{s'}]sy. Moreover, from the definition of 7, we have (s’,s) € Z, C I and thus s’ € I71(s).
Finally, from the definition of [rel; x]aok we have (m,, my) € [rel; x]aok, as required.

Case SV-Aco-G

We then have € = ok, [ = acq, r for some 7,1, ¢ = S(m) * csfs(r, m) for some m, and p = resfs(m).
Pick an arbitrary s € STATEsy and mg € | q * {s} |sy. From the definitions of |.|sv and * we then
know that there exist 1, p, ¢, k, I, n, p, 11, 1, such that:

s=(Lp, p), V. (r,7) ¢ dom(p),

p(r)=(z, S, t), t(r)=n, m=count (t), m > n,

I, € S(m),

mg=lp orlojlyoply, 1y € 3k SV (p(r')),and L=(0, & [r' — owner(p(r))]).

r’ edom(p) ' edom(p)

From the definition of m,; we know mg(r)=t. Let s’ = (I, p, p’) where p’ = p[r (L, S, 1)]; let
my = mg[r — L]. From the definitions of |.|sy and * we have m,, € [res's(m) = {s"}|sy; that is,
m, € |p{s’}|sv. Moreover, from the definition of 7, we have (s, s) € 7, C 7 and thus s’ € 77!(s).
Finally, from the definition of [acq, x[aok we have (m,, mq) € [acq, x]a0k, as required.

Case SV-ReL-G
We then have € = ok, | = rel, rfor some 7, r, q = res'g(m+1) for some mand p = S(m+1)*csf9(z', m).
Pick an arbitrary s € STATEsy and mq € | g * {s}]sy. From the definitions of |.|sy and * we then
know that there exist 1, p, t, n, 1,41, p, 11, Iz such that:

s=(Lp, p), Vr. (r,7) & dom(p),

p(r)=(L,8,t), t(r)=n+1, m+1=count (t), m+1 > n+1 and thus m > n, 1,,,4; € S(m+1),

mg=loylpy o1y ojlp, = 3k SV (p(r')),and b=(0, & [r' +— owner(p(r))]).

r’ edom(p)\{r} r’ edom(p)
From the definition of m; we know mg(r)=1. Let s'=(1, p, p’) where p’ = p[r — (7,S,t')]

and t'=t[t — n]; and let my,=my[r — 7]. From the definitions of s, s’, p, p’, |.|sy and * we

, Vol. 1, No. 1, Article . Publication date: October 2021.



2059
2060
2061
2062
2063
2064
2065
2066
2067
2068
2069
2070
2071
2072
2073
2074
2075
2076
2077
2078
2079
2080
2081
2082
2083
2084
2085
2086
2087
2088
2089
2090
2091
2092
2093
2094
2095
2096
2097
2098
2099
2100
2101
2102
2103
2104
2105
2106
2107

Concurrent Incorrectness Separation Logic 43

then have my, € [{L1} * csiy(z,m) = {s'}]sv, i.e. my € | S(m+1) = cs'g(z,m) = {s'}|sv and thus
my, € |p={s'}]sy. Moreover, from the definition of 7, we have (s’,s) € 7, C I and thus s’ € 7~!(s).
Finally, from the definition of [rel; x[ok we have (m,, my) € [rel; x]aok, as required.

Case SV-CS
This rule can be derived as follows, where Asm denotes an assumption given by the premise:

BIE) -
(1) [p w \/ (S(m) = csfs(r: n, m))] C;rel;r [ok: q * resfs(r: n+1)]
mzn SEQ
[p * resfs(r: n)] acq, r;C;rel;r [ok: q* resfs(r: n+1)]
[p * resfs(r: n)] with;r do C [ok: q* resfS(T: n+1)]
SV-AcoQ
[*resg(f: n)] acq, r [ok: \ (S(m) = csfg(r: n, m))] stable(p)
men FRAMEINTER
[p * resfs(r: n)] acq, r [ok: px \V (S(m) = CS:S(T: n, m))]
m=n
(1)
Asm
Vm > n. [p*S(m)] C[ok: q*S(m+1)] stable(csg(rz n, m))
FRAMEINTER
Vm > n. [p * S(m) * csg(r: n, m)] C [ok: q* S(m+1) = csg(r: n, m)]
Disj, Cons
[p * V (S(m) = csy(r:n, m))] C lok: gV (S(m+1) xcs’g(r:n, m))J
mzn mzn
(2)
SV-REL
V (S(m+1) = csfs(r: n, m))] rel;r [ok: resfS(T: n+1)] stable(q)
m= FRAMEINTER

[q * \/ (S(m+1) = csfs(r: n, m))] rel;r [ok: q* resfg(rz n+1)]

(3)
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2108 Case SV-CS-G

2109 This rule can be derived as follows, where r £ n=k+ Y  k; * Kk res’(zi:k;):
2110 7;€TIp\{r}

2111 SV-CS -

[p * resg(r: k)] with,r do C [ok: q* resg(r: k+1)] stable(r)

2112
2113 r r

pan=k+ » kjxres'o(rik)x 3k res'c (it ki)
2114 [ Z ' S 7;€TIp\{r} S
2115 with;r do C

2116
ok: qxn=k+ ) kijxres'c(r:k+1)x 3k res'c (7i: ki)
2117 [ 1 Z ' S 7 €TIp\ {7} s ]

2118
xn=k+ » kj=reso(r:k)* 3k res'c (i1 k;)
2119 [p Z ' S 7;€TIp\{r} s ]

FRAMEINTER

Cons

2120 with;r do C

2 [ok: q * n+1=k+1+ Z k; * resg(r: k+1) = 3k resg(ri: k,-)]

2122 7;€TIp\ {7}

Disy

2123
2124 [

3k;, k. p * n=k+ Z ki * resig(z:k) * T_€>TX<ID\{T} res's (7i: ki)]

2125 with;r do C

2126 _

9127 [ok: ki, k. g * n+1=k+1+ Z ki = resg(fz k+1) % 3K resg(ri: ki)]
7; €TIp\ {7}

2128 Cons, SuBV-SpLIT

[p * resfs(n)] with;r do C [ok: q* resg(n+l)]

2129
2130 O
2131
2132
2133
2134
2135
2136
2137
2138
2139
2140
2141
2142
2143
2144
2145
2146
2147
2148
2149
2150
2151
2152
2153
2154
2155
2156
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