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A PROOF OF THEOREM 1
Proor. Pick an arbitrary execution G = (E, po, rf, mo) such that EC RU W U U U MF.

RTS: if loc(E) C Locyc and G is Ex86-consistent, then G is SC-consistent.

Let us assume loc(E) C Locy. and G is Ex86-consistent. From coL, Row and Row?2 in Def. 5 we
then have ppo = po and thus from the definition of pposc we have pposc = ppo. On the other
hand, since G is Ex86-consistent, we have rf; U mo; U rb; C po and acyclic(ppo U rf, U mo, U rb).
Consequently, since pposc = ppo, we have rf;Umo;Urb; C po and acyclic(pposc Urf,Umo,Urb,).
As such, from the definition of SC-consistency we have G is SC-consistent, as required.

RTS: if loc(E) C Locyc and G is SC-consistent, then G is Ex86-consistent.

Let us assume loc(E) C Locy and G is SC-consistent. From Def. 7 we then have pposc = po.
Similarly, from cor, Row and Row?2 in the definition of ppo (Def. 5) we then have ppo = po and thus
from the definition of pposc we have pposc = ppo. On the other hand, since G is SC-consistent, we
have rf; U mo; U rb; € po and acyclic(pposc U rf, U mo, U rb,). Consequently, since pposc = ppo,
we have rf; U mo; Urb; € po and acyclic(ppo U rf, U mo, U rb,). As such, from the definition of
Ex86-consistency we have G is Ex86-consistent, as required.

RTS: if loc(E) C Loc. and G is Ex86-consistent, then G is TSO-consistent.

Let us assume loc(E) C Loc and G is Ex86-consistent. From cor, Row and w-wB in Def. 5 we then
have ppo = po\ (W xR) and thus from the definition of pporso we have pporso = ppo. On the other
hand, since G is Ex86-consistent, we have rf; U mo; U rb; C po and acyclic(ppo U rf, U mo, U rb,).
Consequently, since pporso = ppo, we have rf;Umo;Urb; C po and acyclic(ppotsoUrf.Umo.Urbe).
As such, from the definition of TSO-consistency we have G is TSO-consistent, as required.

RTS: if loc(E) C Loc. and G is TSO-consistent, then G is Ex86-consistent.

Let us assume loc(E) C Loc. and G is TSO-consistent. From Def. 7 we then have pporso =
po \ (W X R). Similarly, from cor, Row and Row2 in the definition of ppo (Def. 5) we then have
ppo = po \ (W X R) and thus from the definition of pporso we have pporso = ppo. On the other
hand, since G is TSO-consistent, we have rf; U mo; Urb; € po and acyclic(ppotso UrfeUmo,Urb,).
Consequently, since pportso = ppo, we have rf; U mo; Urb; € po and acyclic(ppo U rf, U mo,Urb,).
As such, from the definition of Ex86-consistency we have G is Ex86-consistent, as required.

RTS: if loc(E) C Loc,c, then G is SPSO-consistent.

Let us assume loc(E) C Loc,c and G is Ex86-consistent. From cor, Row and w-Loc in Def. 5 we have
ppo = po\ ((Wx W)\sloc) and thus from the definition of ppospso we have ppospso = ppo. On the
other hand, since G is Ex86-consistent, we have rf;Umo;Urb; € po and acyclic(ppoUrf,Umo,Urb,).
Consequently, since ppospso = ppo, we have rf; Umo;Urb; € po and acyclic(ppospso U rf,Umo,U
rbe). As such, from the definition of SPSO-consistency we have G is SPSO-consistent, as required.

RTS: if loc(E) C Locyc and G is SPSO-consistent, then G is Ex86-consistent.

Let us assume loc(E) € Loc,. and G is SPSO-consistent. From Def. 7 we then have ppospso = po \
((Wx W)\sloc). Similarly, from cor, Row and w-Loc in Def. 5 we have ppo = po\ ((W x W) \sloc)
and thus from the definition of ppospso we have ppospso = ppo. On the other hand, since G is
SPSO-consistent, we have rf;Umo;Urb; € po and acyclic(ppospso Urf,Umo,Urb,). Consequently,
since ppospso = ppo, we have rf; U mo; U rb; € po and acyclic(ppo U rf, U mo, U rb,). As such,
from the definition of Ex86-consistency we have G is Ex86-consistent, as required. O
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1520 B  THE EVENT-ANNOTATED, OPERATIONAL PEx86 SEMANTICS
1521

1522 Annotated persistent memory

1523 M € AMEMm 2 {f e Loc ™ 57| Vx € dom(f). Loc(f(x)) = x}

1524

e Annotated persistent buffers

Vx € dom(f),e € f(x).
PB € APBMAP £ 4 f € Locy, — APBUFF| e€ WU U = loc(e) = x
A e € FO = (x,1oc(e)) € scl

1526
1527
1528
1529
1:‘: pb € APBUFF = SEQ (PBEVENT) with PBEVENT £ Wy, U Uy, U FO

1532
Annotated volatile buffers

b € ABUFF = SEQ (BEVENT) with BEvVENT £ WU NTW U FLU FOU SF

1533
1534

1535 B € ABMar = {f € TIp fin ABUFF ‘ Vr. Ve € f(r). tid(e) = T}

1536

1537 Annotated labels

1538 ALABELS 3 A == R(r, e) where r € R e € ST, loc(r)=1oc(e), val,(r)=val,(e)
1539 | Uu, e) where u € U, e € ST, loc(u)=1oc(e), val,(u)=val,(e)
1540 | W{(w) where w € W

1541 | NTW(w) where w € NTW

1542 | MF(mf) where mf € MF

1543 | SF(sf) where sf € SF

1544 | FO(fo) where fo € FO

1545 | FL(f1) where fl € FL

1546 | B{e) where e € SFU W,

1547 | B(fo,S) where fo € FOA S C STy, A sameCL(loc(fo),S)

1548 | P(fLS) where fl e FLAS C STy, A sameCL(1loc(f]), S)

1549 | P(foow)  wheree e FOAw e ST A (loc(e), loc(w)) € sclyp
1550 | P{e) wheree €e WUNTW U Uy,

1551 | (1) where 7 € TIp

1552

def
1993 sameCL(x,S) & Vw € S. (x,loc(w)) € scl AVy. (x,y) €scl = weS. we STy

m € PATH £ SEQ (ALABELs \ {&(7) |7 € TIn}) Event paths

1554
1555
1556

- B.1 Storage Subsystem

1558 Let:

1559

1560 e if 3by, by. b=bi.e.by ANe€ST, Aby N ST, =0

1561 rd(M, pb, b, x) = {e else if Apb,, pb,. pb = pb,.e.pb, Ae€STx A pb, N ST, =0
1562 M(x) otherwise

1563

1564 04

1565

1566 PO(b) £ {(61,62) ‘Enl,l’lg. b#,,lzel A b#n2=€2 Ang < nz}

1567 PPO(b) = ppo(PO(b))

1568
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1569 Given a set of events E, let us write E, for {e €E ‘ tid(e) = T}. The annotated transitions are then
1570 given as follows:

1571 s — —_ —

o tid(r) =1 loc(r) = x for’I‘;OCc rd(M, PB(x), B(t),x) = e AM-READC
1573 M, PB,B—— M, PB, B

1574

1575 .

o tid(r) =1 loc(r) =x xRieI;ocnc B(r) =€ M(x)=e AM-READNC
1577 M, PB,.B—— M, PB,B

1578

1579 tid(w) =1 B(t) =D b'=bw

1580 W (w) AM-WRITE

1581 M, PB,B —_> M, PB,B[T (g bl]

1582

1583 tid(w) =7 B(t)=b b'=bw

1584 AM-NTWRITE

NTW (w) ,
1585 M, PB.B ——% M, PB,B[r > V']

1586
1587 tid(fl) = ¢ B(r)=b b'=bfl

1588 L{f) ,
1550 M, PB,B 5 M, PB, B[1 > b']

AM-FL

1590
1591 tid(fo) =7 B(r)=b b'=1b.fo

1592 (f)
. M, PB,B ——> M, PB, B[z +> V']

AM-FO

1594
1595 tid(sf) =7 B(r)=b b'=b.sf

1596 SF(sf)
1507 M, PB,B—— M, PB, B[t > b’]

AM-SF

1598
1599 tid(mf) =¢ B(r) =€ Vy. PB(y) N FO, =0

1600 MF {mf)
601 M,PB.B——— M, PB B

AM-MF

1602

1603 tid(u) =7 loc(u) =x B(r) =€ Vy. PB(y) N FO, =0

1604 x € Locyp rd(M, PB(x),e, x) = e PB’ = PB[x + PB(x).u]

1605 o , AM-RMW1
1606 M,PB,B—— M, PB’,B

1607

1608 tid(u) =1 loc(u) =x B(r) =€ Vy. PB(y) NFO, =0

1609 x¢Locyp M(x)=e M = M[x +— u]

1610 AM-RMW2

Uu,e)
1611 M,PB.B—— M’,PB,B

1612

1613 tid(sf) =7 B(r)=sf.b sf € SF Vy. PB(y) N FO, =0

1614 () ()=+f ) i v PBEY) AM-PropSF
1615 M, PB,B—— M, PB, B[t — b]

1616

1617
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B(r)=bi.wb, weW  loc(w)=x  x€locw  PB(x)=pb
Ve € by. (e, w) €PPO(B(1))

Bw) AM-ProPW1
M, PB,.B— M, PB[x > pb.w], B[ — by.b,]
B(r)=b;.w.b, weW loc(w) = x x ¢ Locyp
Ve € by. (e,w) &€ PPO(B(1))
b o) AM-ProrPW2
M, PB,B—— M|[x +> w], PB,B[1 > b;.b,]
B(r)=b;.w.b, w e NTW loc(w) = x x€eLocy, = PB(x)=¢€
Ve € b;. (e,w) ¢ PPO(B(1))
AM-PrROPNTW

P
M, PB B ™, M[x — w], PB, B[r > by.b,]

B(7) = by .fl.b; fle FL loc(fl) = x Vy. (x,y) € scl = PB(y) = ¢
Ve € by. (e, fl) ¢ PPO(B(1)) S = {M(y) (x,y) € scl}

P(ALS)
M, PB,B——5 M, PB, B[t — b;.b,]

AM-ProprFL

B(t) = by.fo.b, fo e FO loc(fo) = x Ve € by. (e, fo) ¢ PPO(B(r))
PB'=1y. (y,x)€scl ? PB(y).fo: PB(y)  S={rd(M,PB(y).,y)| (x,y) € scl}

B (fo,S)
M, PB,B——— M, PB’, B[t — b;.b;]

AM-ProprFO

loc(w) = x PB(x) = w.pb wewWuUuuU

P{w
M, PB B 2™, M[x — w], PB[x — pb], B

AM-PERSISTW

loc(fo) = x PB(x) = fo.pb fo e FO M(x) =w

P(fo,w)
M, PB,B —"5 M, PB[x > pb], B

AM-PERsISTFO

Thread Subsystem
Thread-local steps.
A

(:1,-—9 (:1
R AT-LET1 &) AT-LET2
let a:=C, in C; — let a:=C] in C, let a:=0 in C — C|v/dq]
A
C,—C’
AT-Ir1

if (C) then C; else C, 2 if (C’) then C; else C,

v#£0 = C=C; 0v=0= C=C,

E(r
if (v) then C; else C, L C
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&) T-REPEAT
repeat C —— if (C) then (repeat C) else 0
val =0 loc(w)= val =v loc(w)=x
w(w)=o (w)=x AT-WRITE u(w)=o (w) AT-NTW
W (w) NTW(w)
store(x,0) — v ntstore(x,0) ——— v
val.(r)=0 loc(r)=x
AT-READ AT-MFENCE
R(r,w) MF {mf)
load(x) —— v mfence ———
val.(r) #0v; loc(r)=x val,(u)=v; valy(u)=v, loc(u)=x
)t Jocr)=x g, = vl Joc()=x
CAS(x,v1,05) —— 0 CAS(x,01,09) ——
loc(fo)=x loc(fl)=x
AT-SFENCE (fo) AT-FO ¢ AT-FL
SF(sf) FO (fo) FL{fT)
sfence —— 1 flushy, x —— 1 flushx — 1

Program Steps.
P() 5 C tidd) =r

R AP-STEP
P> P[r+— C]
where:
event(R{(r,w)) £r
event(U{u,w)) = u
event(W{w)) 2w
event(NTW{(w)) =w
event(MF(mf)) = mf
event(SF(sf)) = sf
T if A=E(r) event(FO(fo)) = fo
tid(event(1)) otherwise event(FL(fl)) = f]
event(B(e)) e
event(B(e,S)) e
event(P(e,S)) = e
event(P(e,w)) Ze
event(P(e)) Ze
event(&E(r)) undefined

uamé{

Event-Annotated Operational Semantics

p L, p

P,M,PB,B,m = P',M,PB,B, &

A-SILENTP

A
M,PB,BS M’,PB, B’ A € {B(e), B(e, ), P(e), P(e, )} fresh(A, )
P,M,PB,B,w = P,M’,PB',B, n.\

A-ProPM

A A
P—>P M,PBB— M',PB,B fresh(A,x)
P,M,PB,B,xr = P’,M’,PB',B’, x.A

A-STEP
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where
fresh(L, m)ZA ¢ 1 AVe,w,S. YW # w. VS 8.
(A=R{e,w) = R{e,w’) ¢ 1) A (A=U{e,w) = U{e,w’) & 1)
(A=P{e,S) = P{e,S’) ¢ m) A (A1=B(e,S) = B(e,S’) ¢ )

Definition 11.
fi
getE(.) : ALABELS 2E

A {e ifAe {R(e, =), U{e, =), W(e), NTW(e), MF{e), SF(e), FO(e), FL(e)}
getE(A) =
undef otherwise
getVE() : ALABELS -2 E
e if A e {R(e, -, U{e, =), MF(e), B{e), B{e, _>}
getVE(D) £ 1°¢ ifAe{P@)\eeNTWu Wncuwwt}
e ifde{Pe-)|ecrr)

undef otherwise

getPE(.) : ALABELS iy E
e ifle {U(e, -) ‘ loc(e) ¢ Locwb}
getPEC) e ifde {P(e),Ple,-)]

undef otherwise

Definition 12.
wfp() 2VA, my, mp, €, 7, U, €1, €2, A1, A2, X, ¥, S.
nodups(r) AVA € . tid(getE(A)) #0
m=m1.R(r,e).my V m=m1.U{u, )., = wird(r, e, 1)
n=m1.P{e,S).m; A e € FL = Yw € S. wifl(e, w, 1)
n=m,.B{e,S).7my; A e € FO = Yw € S. wffo(e, w, 11)
m=m1.P{e,w).7my A e € FO = wfpfo(e, w, m1)
AemrAgetVE(D) =e= TN A <, AAgetE(X) =e
AexAgetPE) =e= ANV . A <, AAgetVE(X) =e
(e1,e2) € PPO(7) A Ay € T A getVE(Ay)=e;, = 3!, A1 <z Ay A getVE(A;)=¢e;
Aenx AA=P{e,w) ANe € FO= 3S. w e SAB(eS) <; 4
e, ey € ST, A getVE(Ay)=e; A getVE(Ay)=es A A1 <z Aa AL € m AgetPE(A) = e,
= JV . getPE(X)=e; AA <, A

x,y € Locyy A (x,y) €scl Aey € STy Aey € FL,
A getVE(/h)zel A getVE(Az)Zeg A /11 <r /12
= JV. getPE(X) =e; AX <; Ay

x,y € Locy, A (x,y) €scl Aej,e € STy Ae; € FO,
A getVE(Al)zel A getVE(Ag)zez A /11 <r /12 A /1=P<€2, €> AN er
= TN, getPE(V) = ey AN <y A
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x,y € Locy, A (x,y) €scl Aeg € FO, Aey € STy
A getVE(A;)=e; A getVE(Az)=ez A A <; A2 Aex=getPE(A)) ALl em
= Jde € STy. Pler,e) <z A

ey, e2 € FO A (loc(ey), loc(ey)) € scl A getVE(A;)=e; A getVE(Ay)=e,
AN <z A3 A P<€2,€> e
= e’ € ST1oc(e)- P{e1, ") <x Ples, €)

e1€FO N ey € FL A (10C(€1), ].OC(ez)) escl A A]ZB<€1, S> A getVE(Az)ZEZ A /‘11 <r /‘12
= Ve’ € S. Ple,e’) <, Ay

et € FONey; e MFUSFUU A tld(el):tld(EZ) A B<€1,5> <r /12 A getVE(Az)Zez
= Yw € S. P(e;, w) <; As.

where
nodups() £V, o, A. m = 1. A5 = fresh(A, 71.712)
PO(T[) = {(61, 62) ‘ tld(el)ztld(ez) A 3).1,).2. /11 <r /12 A getE(/h):el A getE(/‘lz):ez}
PPO(7r) =ppo(PO(r))
def
wifl(e, w, 1) © pread(r, loc(w))=w
def
wffo(e, w, ) & vread(r, loc(w))=w
def
wfpfo(e, w, 7) & pread(r, loc(w))=w
def
wfrd(r, w, 7) & lread(r, loc(r), tid(r))=w
e if 3y, 7m0, A € € STy A m=m1. A5 A getPE(A)=e
pread(r, x) £ A {/1' € 1T ‘36' € ST. getPE(A'):e’} =0
init, otherwise
e if 3y, 7m0, A € € STy A m=m1. A5 A getVE(A)=e
A {/1' € 1y ‘Ee' € ST,. getVE(A'):e’} =0

vread(r, x)
init, otherwise

e if Ay, 7m0, A. e € STy A m=m1. A3 A getE(A)=e A tid(e)=1
AVA' € 7. getVE(L') # e
A {/1’ € 1y ‘ de’ € ST,. getE(A)=e’ A tid(e’):r} =0

lread(r, x, 1)

vread(m, x) otherwise

Proposition 1. For all &, n’ € PATH, if wfp(rr) holds then:

o V' t=n'.— = wfp(n’)
e PO(7) € PO(7.7")
e PPO(rr) C PPO(r.7r’)

Definition 13.

def
wf(M, PB, B, 7) & mem(r) = M A Vx € Locyp. PB(x)=pbuff(r, x) A Vz. B(r)=buff(x, 1) A wip(r)
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where

def
mem(x) = M & Vx € Loc. M(x) = pread(r, x)

pbuff(e,x) = €
e.pbuff(m,x) if e=getVE(A) A e€PBEVENT, N ST A P(e) ¢ 7
pbuff(A.z, x) = if A=B(e, =) A Vw. loc(w)=x = P{e,w) ¢ &
pbuff(m, x) otherwise

buff(e,7) = ¢
ebuff(m, 1) ifgetE(A)=e A e € BEVENT A tid(e)=r AVA’ € m. getVE(X) # e

buff(r,7)  otherwise

buff(A.zr,7) £ {

Proposition 2. Forall M, PB, B, n, n’, 7, x, if wf (M, PB, B, ), then:

PO(B(r)) € PO()

PPO(B(z)) C PPO(r)

M(x) = pread(r, x)

rd(M, PB(x), €, x) = vread(r, x)
rd(M, PB(x), B(7), x) = 1lread(r, x, )

Let By = Atr.€, PBy = Ax.€e and My = Ax.init, with lab(init,) = (W, x,0) and tid(init,)=0.

Lemma 1. Forall P,P’,PB,PB’,B, B, m,n’:

[ ] Wf(M(), PBo, Bo, 6)

e ifP,M,PB,B,m = P’,M’, PB’,B’, &’ and wf(M, PB, B, 1),
then wf(M’, PB’, B', ')

e if P, My, PBy, By,e =" P’, M, PB, B, r, then wf(M, PB, B, r)

Proor. The proof of the first part follows trivially from the definitions of My, PBy, and By. The
second part follows straightforwardly by induction on the structure of =. The last part follows
from the previous two parts and induction on the length of =" O
Definition 14.

(E, P, po, rf, mo, pf) if wfp(r)
undefined otherwise

getG(n) = {

where:
E£E'U{e|3N € m. getVE(A) = e A Ve'. (¢/,e) € PO(r) = 3 € 1. getVE(X) = ¢’}
E® 2 {init, | x € Loc}
P(x) £pread(r, x) for all x € Loc
rf 2RF(m)|[p with RF(7) 2 {(w,e) ‘ R(e,w) € 7V U(e,w) € r}
po £PO(r)|r U E° x (E \ E°)
AMO(m)|[ UE’ x (E\ E°)  with:

MO(rr) & {(el, e) €sloc N ((EN ST) x (E ST)) | 21142 1=8tVE(A) A ez:getVE(AZ)}

/\/11 <r /12
pf #PF(x)|g with PF(x) = {(w, e) ‘35. w € SA(Pe,S) etV B(eS) € ﬂ)}

, Vol. 1, No. 1, Article . Publication date: October 2021.



1863
1864
1865
1866
1867
1868
1869
1870
1871
1872
1873
1874
1875
1876
1877
1878
1879
1880
1881
1882
1883
1884
1885
1886
1887
1888
1889
1890
1891
1892
1893
1894
1895
1896
1897
1898
1899
1900
1901
1902
1903
1904
1905
1906
1907
1908
1909
1910
1911

Extending Intel-x86 Consistency and Persistency 39

Soundness of the Event-Annotated Semantics against PEx86 Declarative Semantics
Lemma 2. For all & and G = (E, P, po, rf, mo, pf), if getG(x) = G, then:

(1) mo; € po
(2) I’f,’ - po
(3) rb; € po

Proor. Pick arbitrary 7 and G = (E, P, po, rf, mo, pf) such that getG(sr) = G. From the definition
of getG(.) we then know wfp () holds. We prove each part separately. In what follows we write
A <; A" as a shorthand for A <, A’ vV A=1".

RTS (1)

Pick arbitrary ey, e; such that (e, e;) € mo;. From the definition of mo we then know that either
i) (e1,e2) € E® x (E\ E°); or ii) (e}, e2)MO(7)|g. In case (i) from the definition of po we then have
(e1, €2) € po, as required.

In case (ii), from the definition of MO(;r) we know ey, es € ST, (e, e5) € sloc, and there exist A4, A,
such that getVE(A;)=e;, getVE(Ay)=e; andA; <, A;. Moreover, as wfp(r) holds, we know there
exist unique A7, A; € & such that getE(A])=e;, A] <z A1, getE(A;)=e; and A, < A;. There are now
two cases to consider: a) A7 <, A5; or b) A5 <, A].

In case (a), from the definition of PO(r) we have (es, e;) € PO(xr) and thus (e;,e;) € po, as
required. In case (b), from the definition of PO(r) we have (e, e;) € PO(rr) and thus (ey, e2) € po.
As such, since e, e; € ST, (e, e2) € sloc and (ez, €1) € po, given the definition of ppo(.) we have
(e2,€1) € ppo(PO(rr)) and thus (e,, e1) € PPO(xr). As such, since A € , getVE(A;)=e; and wfp(r)
holds, from the definition of wfp(.) we know there exists a unique A;’ such that A, <; A; and
getVE(Ay)=e,. Consequently, as getVE(A))=e,, getVE(Az)=e; and A} is unique in 7, we know
Ay=A,. Therefore, as 1)/ <, A;, we have A; <, A;. This however leads to a contradiction as we also
have A, <,; A3 and <, is a strict total order.

RTS (2)
Pick arbitrary w, r such that (w,r) € rf; and thus w,r € E. Let tid(w) = tid(r) = 7. From the
definition of rf we then know there exist iy, 75, A such that 7=m;.4.75 and A=R{r, w) or A=U{r, w).
As such, we have getE(A)=r. As wfp(r) holds and 7=rm;.A.7, , we then have wfrd(r, w, 7;). From
the definition of wfrd(r, w, ;) and since tid(w) = tid(r) = 7, we then know that there exists A’
such that 7= — .1’.— and either i) getE(A")=w; or ii) getVE(1")=w.

In both cases, as 7=my.A.7r; and m1;=—A".—, we have A’ <, A.In case (i), as getE(A)=r, getE(1")=w,
A <7 Aand w,r € E, from the definition of po we have (w,r) € po, as required. In case (ii), since
getVE(A)=w and wfp (), we know there exists A"’ such that getE(A”)=w and "’ <, A’. As such,
since A <. A, from the transitivity of <, we have 1” <, A. Consequently, since getE(A)=r,
getE(A”)=w, A" <. A and w, r € E, from the definition of po we have (w,r) € po, as required.

RTS (3)
Pick arbitrary r, w such that (r, w) € rb;. That is, there exist w’, z, x such that (w’,r) € rf, (w’,w) €
, loc(w’)=loc(r)=loc(r)=x, w,w’,r € E, (w,w’) € STy and tid(w) = tid(r) = 7. As (w’,r) €
rf, we know there exist 74, 7, A, such that 7=n,.A,.7, and A,=R{r, w’) or A,=U(r, w’) and thus
getE(A,)=getVE(A,)=r. As w € E and wfp(r) holds, we know there exist A,, € 7 such that
getE(A,,)=w. There are two cases to consider: i) A, € 7p; or ii) A,, € 7n,. In case (i), we then have
Ar <z Ay As such, since getE(A,)=r, getE(A,,)=w, and tid(w) = tid(r) = 7, from the definition
of po we have (r, w) € po, as required. In case (ii), we proceed by contradiction.

, Vol. 1, No. 1, Article . Publication date: October 2021.



1912
1913
1914
1915
1916
1917
1918
1919
1920
1921
1922
1923
1924
1925
1926
1927
1928
1929
1930
1931
1932
1933
1934
1935
1936
1937
1938
1939
1940
1941
1942
1943
1944
1945
1946
1947
1948
1949
1950
1951
1952
1953
1954
1955
1956
1957
1958
1959
1960

40 Azalea Raad, Luc Maranget, and Viktor Vafeiadis

As wfp(r) and thus wfrd(r, w’, 7r;) holds, there are three cases to consider:

Case (A)

There exist 7y, 73, A}, such that 7,=m1.1%, .75, getVE(A],)=w’, {/1’ € 1y ‘getVE(/l’) € STx} =0
and {1’ € 7, | 3e’ € ST. getE(X) =€’ A tid(e') = tid(r) A VA" € mo. getVE(A”) # €'} = 0. As
such, since from the assumption of case (ii) we have A,, € =, getE(4,)=w, w € ST, and
tid(w)=tid(r), from the last two constraints we know there exists A%, € m; such that getVE(A%,)=w.
That is, A3, < A7,. On the other hand, as (w’, w) € mo, getVE(A?,)=w’ and getVE(4;,)=w, from
the definition of and the uniqueness of events in 7 (which follows from wfp()) we have
A2, <z A}, leading to a contradiction as we also have A}, <; A%, and < is a strict total order.

Case (B)

There exist 7y, 72, Ay such that m,=m.Ayy .m0, tid(w’)=tid(r)=tid(w), getE(1,,)=w’, VA’ €
7q. getVE(A') # w’ and {)[’ € 1My ‘ de’ € ST,. getE(X) =€’ A tid(e’) = tid(r)} = (. As such,
since from the assumption of case (ii) we have A,, € 7,, getE(A,,)=w, w € ST, and tid(w)=tid(r),
from the last constraint we know there exists A,, € m;. That is, A,, <, A,, and thus since
getE(A,,)=w’, getE(A,)=w, tid(w)=tid(w’), we also have (w, w’) € PO(x). As such, from the
definition of ppo(.) and since w, w’ € ST, we have (w, w’) € ppo(PO(rr)). On the other hand, since
(w’,w) € mo, we know there exist 15, A7, such that getVE(A},)=w, getVE(A?,)=w’ and A7, <, A3,.
However, since (w, w’) € ppo(PO(x)), from wfp () (and the uniqueness of events guaranteed by
it) we have A3, <; A7, leading to a contradiction as <, is a strict total order.

Case (C)

w’ = init, and {/1 € 7, ‘ Je’ € ST,. getVE(A)=e’ Vv (getE(1)=e’ A tid(e'):tid(r))} = 0. As
getE(A,)=w, w € STy and tid(w)=tid(r), this last constraint asserts that A,, ¢ ,, contradicting
the assumption of case (ii). O

Lemma 3. Forall # and G = (E, P, po, rf, mo, pf), if getG(x) = G, then:

(1) (61, eg) S ppO(pO) = (61 cE' A e €E \ EO) \% Hﬂl, ).2. getVE(Al)zel A getVE(/lg)zeg A /11 <y /12
(2) (e1,e)) € = (e; € E° Aey; € E\E%) v 3N, Ay getVE(A))=e; A getVE(A)=e; A Ay < Ap
(3) (61, 62) € rfe = (61 (S EO ANey €E \ EO) \ 3).1,).2. getVE(Al)zel A getVE(/lg)zez A /11 <r /12
(4) (eq,e2) € rb, = A, Ay, getVE(A)=e; A getVE(Ay)=es A A1 < Ay

(5) (@1, Ez) € pf = (61 e F° A es € E \ EO) Vv 3A;, A, getVE(Al):el A getVE(Az):ez A <z Ay
(6) (81, 62) € pb = Ay, As. getVE(/ll):el A getVE(/lg)zez A <z Ay

(7) (61, 62) €ob= (61 € E'A es €FE \ EO) \% 3}.1,/12. getVE(/ll)zel A getVE(Az)zez A /11 <r /12
(8) irreflexive(ob)

Proor. Pick arbitrary 7 and G = (E, P, po, rf, mo, pf) such that getG(sxr) = G. From the definition
of getG(.) we then know wfp () holds. We prove each part separately. In what follows we write
A X, A" as a shorthand for A <; A’ v A=21".

RTS (1)

Pick arbitrary ey, e; such that (e;,e;) € ppo(po). From the definitions of po, ppo we then know
eitheri) e; € E° Aey € E\ E% orii) (e1, e2) € PO()|g and (eq, e2) € PPO(x)|E. In case (i) the desired
result follows immediately. In case (ii), as (e, e2) € PPO()|g, we know e, € E and thus there exists
Ay € 7 such that getVE(A;)=e,. Consequently, as (e, e;) € PPO(7r)|g and thus (eq, e;) € PPO(x),
Ay € 7w and getVE(A;)=e;, from wfp(r) we know there exists A; such that getVE(A;)=e; and
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A1 <z Ag, as required.

RTS (2)

Pick arbitrary ey, e; such that (ej, e;) € . From the definition of we know either i) e; €
E° Aey € E\ E°; or i) (ey, e5) € MO(7)|g. In case (i) the desired result follows immediately. In case
(ii), from the definition of MO(.) we immediately know there exist A;, A, such that getVE(A;)=e;,
getVE(Az2)=e; and Ay <, Ay, as required.

RTS (3)

Pick arbitrary w, r such that (w,r) € rf, and thus w,r € E, and tid(w) # tid(r). Let loc(w) =
loc(r) = x. From the definition of rf we then know there exist 1, 75, A such that 7=m;.A.75 and
A=R{r,w) or A=U{r, w) and thus (from wfp(r) and the definition of E°) we have r € E \ E’. As
such, we have getE(1)=getVE(A)=r. As wfp () holds and 7n=7;.4.77; , we then have wfrd(r, w, 7).
From the definition of wfrd(r, w, 1) and since tid(w) # tid(r), there are two cases to consider: i)
w=init, and thus w € E%; or ii) there exists A’ such that 7;= — .1’.— and getVE(A’)=w. In case (i)
the desired result holds immediately as we have r € E\ E° and w € E°. In case (ii), as w=m;.A.7,
and m;= — .A".—, we have 1’ <; A. As such, we have getVE(A)=r, getVE(1")=w and ' <, 4, as
required.

RTS (4)
Pick arbitrary r, w such that (r, w) € rb,. That is, there exist w’, x such that (w’,r) € rf, (w’,w) €
, loc(w’)=1loc(r)=1loc(r)=x, w,w’,r € E, (w,w’) € ST, and tid(w) # tid(r). As (w’,r) € rf,
we know there exist 4, 7, A, such that 7=m,.4,.7, and A,=R(r,w’) or A,=U(r,w’) and thus
getE(A,)=getVE(A,)=r. As w € E and wfp(x) holds, we know there exist 1,,, A2, € & such that
getE(A,,)=w, getVE(AY) = w and A,, <, AY. There are two cases to consider: i) A%, € mp; or ii)
A% € m,. In case (i), we then have A, <, A?. As such, we have getVE(A,)=r, getVE(A?)=w and
Ar <z A%, as required. In case (ii), we proceed by contradiction. As wfp () and thus wfrd(r, w’, 7;)
holds, there are three cases to consider:

Case (A)

There exist 71, 72, A}, such that w,=m.A7, .7, getVE(/luw,)zw’, {/1' € 1y ‘ getVE(L) € STx} =0.As
such, since from the assumption of case (ii) we have A, € 7,, getVE(A?)=w and w € ST, from
the last constraint we know A3, € ;. That is, A7, <; A?,. On the other hand, as (w’,w) € X
getVE(AY,)=w’ and getVE(A},)=w, from the definition of and the uniqueness of events in
7 (which follows from wfp(r)) we have A7, <, A3, leading to a contradiction as we also have
AL, <z A}, and < is a strict total order.

Case (B)

There exist i1, 73, A, such that m,=m;.A,y .71, tid(w’)=tid(r), getE(A,,)=w’,VA’ € m,. getVE(X) #

w’ and {/1’ € 1y ‘ de’ € ST,. getE(A) =€’ A tid(e’) = tid(r)} = (). On the other hand, as (w’, w) €
and getVE(A},)=w, from the definition of rmo we know there exists A7, such that getVE(A},)=w’

and A7, < A3,. As such, since from the assumption of case (i) we have A}, € 7, and A7, <; A},

we also have A?, € m,. As getVE(A? )=w’ and A, € 7., we arrive at a contradiction since we also

have YA’ € r,. getVE(X) # w'.

Case (C)
w’ = init, and {/1 € g4 ‘ de’ € ST,. getVE(A)=e’ V (getE(A)=e’ A tid(e'):tid(r))} = 0. As

getVE(AY)=w and w € STy, this last constraint asserts that A,, ¢ m,, contradicting the assumption
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of case (ii).

RTS (5)

Pick arbitrary f, w such that (w, f) € pf and thus w, f € E. From the definition of pf we then know
there exist 71, 72, A, S such that 7=7m1.A.72, w € S, and A=P(f, S) or A=B(f, S), and thus there exists
x,y € Locyp such that (x, y) € scl, w € STy, f € FL, U FO, and (from wfp(r) and the definition
of E°) we have f € E\ E°. There are then two cases to consider: A) f € FL, and A=P(f, S); or B)
f € FO, and A=B(f, S).

Case (A): f € FL, and A=P(f, S)

From the definition of getPE(.) we have getPE(A)=f. As wfp() holds and w=1m;.A.7, , we then
have wffl(f, w, ;). From the definition of wffl(f, w, 1), there are two cases to consider: i) w=init,
and thus w € E°; or ii) there exists A’ such that ;= —.1".— and getPE(1")=w. In case (i) the desired
result holds immediately as we have f € E\ E® and w € E.

In case (ii), as 7=m,.A.7my and ;= — .A’.—, we have A’ <; A. On the other hand, as A’,1 € r,
getPE(A")=w and getPE(A)=f, from wfp () we know there exist A,, A, € & such that getVE(1,) =
f and getVE(A)) = w. There are then two cases to consider: a) A, <, A,; or b) 4, <, A,. In
case (a) we have getVE(A,)=w, getVE(1,) = f and A, <, A,, as required. In case (b) since
Ao <z Ay, getVE(A))=w, getVE(A,) = f, x,y € LoCw, (x,y) € scl, w € STy, f € FLy, A’ e &
and getPE(A")=w, from wfp () (and the uniqueness of events it guarantees) we have A <, A’. This,
however, leads to a contradiction as we also have A’ <; A and < is a strict total order.

Case (B): f € FO, and A=B(f, S)

From the definition of getVE(.) we have getVE(1)=f. As wfp () holds and w=7m;.A.77, , we then
have wffo(f, w, 71). From the definition of wffo(f, w, 7r1), there are two cases to consider: i) w=init,
and thus w € E°; or ii) there exists A’ such that ;= — .1".— and getVE(1’)=w. In case (i) the desired
result holds immediately as we have f € E\ E° and w € E°. In case (ii) as we have 7=7m,.1.7; and
m=—.A".—, we also have I’ <, A. Consequently, we have getVE(1")=w, getVE(1)=f and A’ <, L.

RTS (6)
Pick arbitrary f, w such that (f,w) € pb and thus w, f € E. From the definition of pb we then
know there exist w’ such that (w’, f) € pf and (w’, w) € mo. Let loc(w) = loc(w’) = x. There

are now two cases to consider: A) f € FL; or B) f € FO.

Case (A): f € FL
As (w’, f) € pf, from the definition of pf we know there exists x, y € Locp, A?, S such that w, w’ €
STy, f € FLy, (x,y) € scl, w’ €S, r[:ﬂl./ljz.ﬂz, A?:P(f, S) and thus getPE(A?):getVE(A?):f, and
(since wfp () holds) wffl(f, w’, 7). From the proofs of parts (2) and (5) and since getVE(/lfi)zf,
we know that f,w € E\ E° and either i) w’ € E° and (since f,w € E\ E°) there exist A,, such that
getVE(A,)=w; or ii) there exist A,,, A, such that getVE(A,,)=w, getVE(A,y)=w’, Ly <, A? and
A <z Agy.

In case (i), as getVE(A,,)=w, getVE(A}’):f and A,,, /1? € 7, either )t? <z Awor A, <, /1?. In

the former case the desired result follows immediately. In the latter case, since getVE(/lj’i)z f,
getVE(Ayw)=w, Ay <x A;;, getPE(A;;):f, Aj'; € 7, x,y € LoCuy, (x,y) € scl, w € STy and f € FL,,
from wfp() we know there exist A2, such that getPE(A)=w and A%, <, /1?, and thus (since
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7r=7r1./1§.7r2) A2 € ;. On the other hand, as w’ € E° and loc(w’) = x, we know w’ = init,.
Consequently, from wffl(f, w’, ;) we know {/1 € m ‘ de’ € STy. getPE(A) = e’} = (). This leads to
a contradiction since w € STy, getPE(AL)=w and A%, € .

In case (ii), as getVE(A,)=w, getVE(A?)zf, and A,,, /1? € m, we know either /1? <z Ay OT
Aw <y /1?. In the former case the desired result follows immediately. In the latter case, since

getVE(A}’):f, getVE(Ay)=w, A <x A}’;, getPE(A]';)zf, A]'; € 7, x,y € Loy, A]';, w € STy
and f € FL,, from wfp(r) we know there exist A2 such that getPE(AY)=w and A2, <, A?,
and thus (since 7= .A?Jl’z) A2 € 7. Moreover, as getVE(A,,)=w’ and thus from wfp(r) we

have tid(w’) # 0, ie. w’ ¢ E°, from wffl(f, w’, m;) we know there exist 7, 7, Aﬁ}, such that
my =g, 7y, getPE(AY,) = w’' and {} € m, ‘ Je’ € ST. getPE(A’) = ¢’} = 0. Consequently, as
w € STy, getPE(AL)=w, AL, € 7y and 7y = ﬂa./lfv,.ﬂb, we have A, € 7,. That is, as m;, = na./lﬁj,.nb,
we have Aﬁ, <z /1{1,. On the other hand, as x € Locy,, w, w’ € STy, getVE(A,,)=w, getVE(A,y)=w’,
Aw <z A, getPE(/l{Jv,) =w, /ijv, € m and getPE(AY)=w, from wfp(x) (and the uniqueness of
labels it guarantees) we have Aﬁ; , < Aﬁ,. This, however, leads to a contradiction as we also have
/1{1, <r Aﬁ}, and <,; is a strict total order.

Case (B): f € FO

As (w',f) € pf, from the definition of pf we know there exists x,y € Locy,Af,S such that
w,w’ € STy, f € FO,, (x,y) € scl,w €8, ﬂ:ﬂl.Af.n'g, Asz(f, S) and thus getVE(Af)zf, and
(since wfp(rr) holds) wffo(f, w’, r1). From the proofs of parts (2) and (5) and since getVE(A7)=f,
we know that f,w € E\ E° and either i) w’ € E° and (since f,w € E\ E°) there exist A,, such that
getVE(A,,)=w; or ii) there exist A,,, A,y such that getVE(A,,)=w, getVE(A,)=w’, A,y <; Ar and
A <z Ase

In case (i), as getVE(4,,)=w, getVE(Ap)=f and A, Ay € =, either Ay <; Ay, or A, <z Af.
In the former case the desired result follows immediately. In the latter case, as A,, <; Af, and
m=m.As. 75, we have A,, € ;. On the other hand, as w’ € E° and loc(w’) = x, we know w’ = init,.
Consequently, from wffo(f, w’, 71) we know {A € m ‘ de’ € STy. getVE(A) = e’} = (. This leads
to a contradiction since w € ST, getVE(A,,)=w and A,, € 1.

In case (ii), as getVE(A,)=w, getVE(A¢)=f, and A,,, Ay € 7, we know either Af <, A,, or
Aw <z Ag. In the former case the desired result follows immediately. In the latter case, as A,, <z A,
and 7=m;.Af.m;, we have A,, € m;. Moreover, as getVE(A,,)=w’ and thus from wfp(x) we have
tid(w’) # 0,i.e.w’ ¢ E°, from wffo(f, w’, 7;) and the uniqueness guarantees of 7 (given by wfp(r))
we know there exist 7, 7, such that 7; = 7,.4,,.75 and {/1' € m ‘ de’ € ST,. getVE(L) = e'} =0.
Consequently, as w € ST, getVE(AL)=w, A,, € m; and 71y = 4.4, .7, we have A,, € .. That is, as
7 = Tg.Ayw .7y, we have Ay, <, .. This, however, leads to a contradiction as from the assumption
of case (ii) we also have A,, <, A,, and < is a strict total order.

RTS (7)
Follows from the definition of ob and parts (1)-(6).

RTS (8)
Follows from (7) and the fact that <, is a strict total order. O

Lemma 4. For all & and G = (E, P, po, rf, mo, pf), if getG(x) = G, then:
(1) Vx € LoCpc U LOCyt, . P(x) = e = e = max (moy)
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(2) Vx € LoCyp, e,d. P(x) =e Ad € Sy = (d, e) € mo’
where S £ NTW ., U dom(pf; [FL]) U dom(pf; [FO]; po; [MF U SF U U])

Proor. Pick an arbitrary 7, G = (E, P, po, rf, mo, pf) such that getG(sr) = G. From the definition

of getG(.) we then know wfp () holds. We prove each part separately. In what follows we write
A <z A" as a shorthand for A <; 1’ v A=A".

RTS (1)

Pick arbitrary x, e such that P(x) = e and x € Loc,c U Locy, i.e. x € Loc,. Let us proceed by
contradiction and assume that e # max (mo,). That is, there exists e’ such that (e, e’) € mo, and
e,e’ € EN STy. From the definition of P we then know that either i) e € E N ST, and there exist
71, 7o, A such that 7=m,.4.7,, getPE(A1)=e and S = {/1’ € 1y ‘ e’ € EN STy getPE(A’)ze’} =0;or
ii) e=init, and =3, e. A € 7w A getPE(A)=e A e € EN ST,.

In case (i), as getPE(A)=e, loc(e)=x and x ¢ Loc,p, from the definitions of getPE(.) and getVE(.)
we also have getVE(A)=e. Moreover, as (e, e’) € moy, getVE(A)=e and A € x (and thus tid(e) # 0),
from the definition of mo we know there exists A’ such that getVE(A1")=e’ and A <, A’. That is,
(since m=m;.A.m;) we have A’ € m,. Moreover, as (e, e’) € moy, (and thus loc(e’)=x), e,e’ € ST,
and x ¢ Locp, from the definitions of getPE(.) and getVE(.) we also have getPE(A")=e’. That is,
A’ € m, and getPE(1")=e’ and thus A’ € S. This however leads to a contradiction as S = 0.

In case (ii), as e=init, and (e, e’) € moy, from the definition of mo we know e’ € E \ E° and
thus from the definition of E we know there exist A’ € & such that getVE(A")=e’. Moreover, as
(e,e’) € moy (and thus loc(e’)=x), ¢’ € ST, and x ¢ Locyy,, from the definitions of getPE(.) and
getVE(.) we also have getPE(A’)=e’. Thatis, A’ € &, getPE(A")=e’ and ¢’ € EN ST. This, however,
leads to a contradiction as we have =31, e. A € 7 A getPE(A)=e A e € EN ST,.

RTS (2)

Pick arbitrary x, e, d such that x € Locyy, P(x) = eandd € S, with S £ NTW,, U dom(pf; [FL]) U
dom(pf; [FO]; po; [MF U SF U U]). Let us proceed by contradiction and assume that (d, e) ¢ mo”.
As moy is total, we then have (e, d) € v and thus e,d € E N ST,. There are then three cases to
consider: Ay d € NTW,; or B) d € dom(pf; [FL]); or C) d € dom(pf; [FO]; po; [MF U SF U U)).

Case (A):d € NTW ,

As P(x) = e, from the definition of P we then know that either i) e € E N ST, and there exist
71, 72, A such that 7=7m;.A.75, getPE(A)=e and S = {/1' € 1y ‘ e’ € EN ST,y getPE(A’):e'} =0;or
ii) e=init, and =3A,e. A € 7 A getPE(A)=e Ae € EN ST,.

In case (i), as getPE(A)=e, from wfp() we know there exist A° € 7 such that getVE(A®) = e
and 1Y <, A. Moreover, as (e,d) € moy, getVE(A”)=e and A° € x (and thus tid(e) # 0), from
the definition of mo we know there exists A’ such that getVE(1")=d and A° <, A’. Additionally,
since d € NTW and getVE(A")=d, from the definitions of getPE(.) and getVE(.) we also have
getPE(A")=d. Consequently, as e,d € EN STy, x € Locyy, getVE(A')=d, getVE(A%)=¢, A <, X',
getPE(A)=e, getPE(A’)=d and A’ € x, from wfp() (and the uniqueness of its events) we know
alb <j1. That is, since w=rm;.A.712, we have A’ € m,. Consequently, as A’ € m,, getPE(A")=d and
d € EN STy, we have A’ € S. This however leads to a contradiction as S = 0.

In case (ii), as e=init, and (e,d) € moy, from the definition of we know d € E\ E° and
thus from the definition of E we know there exist A’ € 7 such that getVE(A1")=d. Moreover,
as d € NTW, from the definitions of getPE(.) and getVE(.) we also have getPE(A’)=d. That
is, A’ € &, getPE(A")=d and d € E N ST,. This, however, leads to a contradiction as we have
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—3dA,e. A € 1 A getPE(A)=e Ae € EN STy.

Case (B): d € dom(pf; [FL])

As (e,d) € +, from the definition of and wfp() we know d € E \ E° and that there
exists A7 such that getVE(49)=d. On the other hand, as d € dom(pf; [FL]), we know there exist
f>ysuchthat f € FL, N E, (x,y) € scl and (d, f) € pf. As such, given the definition of pf, we
know there exist A¢ € x,S such that d € S, A;=P(f,S). Consequently, from wfp(7z) we know
wffl(f, d, r) holds, and thus (since dinE \ E° ie. d # inity) we know there exist Ay, 74, 7, such
that w=m,.A4.715 and getPE(Ay)=d. That is, Ay € m. Moreover, as P(x) = e, from the definition
of P we then know that either i) e € E N ST, and there exist y, 73, Ae such that 7=m;.A¢. 7,
getPE(A).=e and S = {/1’ € My ‘ Je’ € EN ST,. getPE(A’)=e'} = 0; or ii) e=init, and =31, e’. 1 €
7 A getPE(A)=e’ Ae’ € EN ST,.

In case (i), as getPE(A.)=e, from wfp () we know there exist AY € & such that getVE(AY) = e and
A¢ <z Ae. Moreover, as (e,d) € moy, getVE(A¢)=e, getVE(A))=d and A{ € 7 (and thus tid(e) #
0), from the definition of we know AY <, /1;. Consequently, as getVE(AY)=e, getVE(AZ)zd,
Ae <x A%, getPE(A).=e, getPE(A4)=d and A4 € 7, from wfp() and the uniqueness of labels in 7
(guaranteed by wfp(r)) we know A, <, A4. That is, since w=1m;.4..772, we have 14 € ;. As such,
since d € EN STy, getPE(A;)=d and A; € m,, we know d € S, leading to a contradiction since S=0.

In case (ii) we then have d € EN ST, getPE(Ay)=d and A; € . This, however, leads to a contra-
diction as from the assumption of case (ii) we have =3\, e’. A € = A getPE(A1)=e’ A e’ € EN ST,.

Case (C): d € dom(pf; [FO]; po; [MF U SF U U])

As (e,d) € moy, from the definition of mo and wfp(z) we know d € E \ E° and that there exists
A7 such that getVE(A5)=d. On the other hand, as d € dom(pf; [FL]; po; [MF U SF U U]), from the
definitions of po, pf, E and wfp(rr) we know there exist b, f, y, /1;, Ap € m,S such that y € Locyy,
f€FO,NE, (x,y) €scl,be (MFUSFUU)NE,d €S, tid(f)=tid(b), A}:B(f, S), Ap=getVE(D),
and A}’i <z Ap. Moreover, from wfp() and since d € S and AjﬂzB(f, S) € n, we know there exist
7, 7p such that ﬁzﬂa.ﬂjzi.m, and wffo(f,d, m,). As such, from the the definition of wffo(f, d, n,),
the uniqueness of labels in 7 (guaranteed by wfp(r)) and since ﬂ:ﬂa.)tji.ﬂb, we know 19 < /1/1}.
Additionally, as f € FO,b € MFUSFU U, tid(f)=tid(b), A}zB(f, S), Ap=getVE(b), /1; <z Ap and
d € S, from wfp () we know there exist Ay € 7 such that Ar <, A, and A7=P(f,d). Analogously,
as x, y € Locy, (x,y) € scl, d € STy, f € FO,, getVE(/lfl)zd, getVE(AJZi)zf, /12 <z A}i, Ar € rand
Ar=P(f,d), from wfp(r) we know there exists Aq € 7 such that getPE(1s)=d and A4 <, As.

On the other hand, as P(x) = e, from the definition of P we know either i) e € ENST, and there ex-
ist 711, 72, Ae such that m=rm;.A.7, getPE(A).=e and S = {/1’ € Ty ‘ Je’ € EN ST,,. getPE(A’):e’} =
0; or ii) e=init, and =3, e’. A € & A getPE(A)=e’ A e’ € EN ST,.

In case (i), as getPE(A¢)=e, from wfp () we know there exist 1Y € x such that getVE(A?) = e and
A¢ <z de. Moreover, as (e,d) € moy, getVE(A7)=e, getVE(A9)=d and A{ € « (and thus tid(e) #
0), from the definition of mo we know Ay <, A7. Consequently, as getVE(A;)=e, getVE(A))=d,
A¢ <z A3, 8etPE(A)c=e, getPE(14)=d and A4 € &, from wfp(r) and the uniqueness of labels in 7
(guaranteed by wfp(r)) we know A, <, Ay. That is, since 7=m;.4,.75, we have Ay € m,. As such,
since d € EN STy, getPE(Ay)=d and A4 € 7, we know d € S, leading to a contradiction since S=0.

In case (ii) we have d € EN ST, getPE(A4)=d and A4 € 7. This, however, leads to a contradiction
as from the assumption of case (ii) we have =3, e’. 1 € 7 A getPE(A)=e’ A e’ € EN ST,. O

Lemma 5. Forall # and G = (E, P, po, rf, mo, pf), if getG(x) = G, then G is PEx86-consistent.

Proor. Follows immediately from the definition of PEx86-consistency and Lemmas 2to 4. O
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Theorem 4 (Soundness). For all P, M, PB, B, z, P’, if P, My, PBy, By, € =" P/, M, PB, B, , then there
exists an execution G such that G is PEx86-consistent and G.P=M.

Proor. Pickarbitrary P, M, PB, B, &z, P’ such that P, My, PBy, By, € =" P, M, PB, B, =. From Lemma 1
we then know wf(M, PB, B, r) and thus wfp () holds. As such, from the definition of getG(.) we
know there exists G such that G=getG(x). Consequently, from Lemma 5 we know G is PEx86-
consistent, as required. Moreover, for each x € Loc, from wf(M, PB, B, 7) we know M(x)=pread(r, x);
analogously, from the definition of getG(x) we know G.P(x)=pread(s, x). As such, we have
G.P=M, as required. O
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Completeness of the Event-Annotated Semantics against PEx86 Declarative Semantics

Given an PEx86-consistent execution G=(E, P, po, rf, mo, pf), let ob; denote an extension of ob
to a strict total order on E. Let ey, - - - , e, be an enumeration of G.E \ E® according to ob, and
7°=A;.- -+ .A,, where Ay=genVL(ex,G) for k € {1,---,n} and:

P(e) ifee NTWU Wpc U Wit
B(e) ife e Wy, USF

genVL(e,G) = |B(e,S)  ife € FO with S= {w [(w.e) € pf}
P(e,S) if e € FL with S= {w ‘ (w,e) € pf}
genL(e,G) otherwise

R{e,w) ifee RA (w,e)erf

U{e,w) ifeeUA (w,e)erf

MF{e) if e € MF

SF(e)  ifee SF

W(e) ifee W

NTW(e) ife e NTW

FO{e) ife € FO

FL{e) ife € FL

Let dy, - - - dp, denote an enumeration of (W U NTW U SF U FO U FL) N (E \ E°) that respects po™_.
Foreach je {1---m},letA; = {e ‘ (dj,e) € po} and /=addE(7/ 7!, d}, A;), where:

genL(e,G) =

genL(d,G).x if de, n’. e € A A r=genL(e,G).7’
genL(d,G).m else if An’, A. A=genVL(d,G) A m=A.xt’
A.addE(x’,d,A) elseif AA, /. m=A. 7’

undefined otherwise

addE (7, d, A) £

Note that for j € {1---m}, 7/ is always defined as genVL(d;, G) € x° and thus genVL(d;,G) € /.
Let

G.PW = {w €EGWwpUUy \ E° ‘ dx, w’. loc(w)=x A G.P(x)=w" A (w,w’) € G. ?}
GPFO = {f € GFO|3w. (w,f) € G.pf Aw € PW UNTW}

Let wy, - - - w; denote an enumeration of PW event.Let 1y = n™; for each j € {1---1}, let
TTj 2 addPW(ﬂ'j_l, Wj), where:

1. A P(w). o if 3y, my, A. A=genVL(w, G) A m=m1.A. 75
undefined otherwise

>

addPW(r, w) = {

Note that for j € {1-- -1}, x; is always defined as genVL(w;, G) € 7° and thus genVL(w;,G) € =;.

Let fi,- -, f denote an enumeration of P#O. Let S; = {w e NTWUPW ‘ (w, fj) € G.pf},
sj = \Sj| and let [w{ e ng] denote an enumeration of S, for each j € {1---k}. Let 7] = m; for
each j € {1---k}, let /& addPFO()_,, f;, [w] - - - wi,]), where:

i AP, we). oo P(fywp).my  if 3A, 7y, mp. A=genVL(f, G) A n=m1.A.7r2

addPFO(, f, [wy -« - wp]) £
(7, f, [w1 nl) {undeﬁned otherwise
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Note that given the definitions of 7O and 7, for all j € {1---k} we know genVL(f;,G) € 7.

As such, addPFO(ji, fj, wl]) is always defined forall j € {1---k} andi € {1---s;}.

Let w = /. Let us write getPath(G)=n when 7 is constructed from G as described above.

Proposition 3. For all PEx86 executions G=(E, P, po, rf, mo, pf), and all x, if getPath(G)=r, then:

e nodups(r)

e VA e . tid(getE(A)) #0

e Ve e E.genVL(e,G) e 1

e Yec E. . genlL(e,G) erx

e Ve € FO. (genPL(e,G) C ) V (genPL(e,G) N = 0)

e Ve € FO. P{e,—) € 1 = genPL(e,G) C

e Ve, e;. (e1,e3) € ob = genVL(ey, G) < genVL(ez, G)

o Vey, €. (e1,€3) € po = genlL(ey,G) <, genlL(ez, G)

® PO(r) = po|pp € po

e PPO(rr) = ppo(polg ) € ppo(po)

e VA e me. A=genlL(e,G) & getE(A)=e

e YA € me. A=genVL(e,G) & getVE(A)=e

e VA e mee€ STUFL. A=genPL(e,G) & getPE(1)=e

e VA e me€ FO. A € genPL(e,G) & getPE(1)=e

e Ve € E. genlL(e,G) <, genVL(e,G)

o Ve € G. (W UUgp), Ap. Ay=genPL(e,G) € m = TA,. Ay=genVL(e,G) A 1=~ Ay.Ap.—
e Ye € G.(ST\ (Wyp U Uyp)). genPL(e, G)=genVL(e,G) A genPL(e,G) €

e Ve € G.FO. genPL(e,G) C w = VA € genPL(e,G). genVL(e,G) < A

e Ve € G.FO. genPL(e,G) C m = 3S. genVL(e, G)=B(e,S) AVw € S. genPL(w, G) <, P(e,w)

where genPL(.,G) : (G.(ST U FL) — ALABELS) U (G.FO — P (ALABELS)) is defined as:

P<€> ife € Wyp U Uy
,e) € G.pf A
genPL(e, G) = {4 P(e,w) (w.€) b .( ife€FO
(we NTW V (w,G.P(loc(w))) € G.mo’
genVL(e, G) otherwise

Lemma 6. For all PEx86-consistent executions G and all &, if getPath(G)=rx, then wfp () holds.

Proor. Pick an arbitrary PEx86-consistent execution G=(E, P, po, rf, mo, pf) and 7 such that

getPath(G)=x. We are then required to show that for all A, 71, 72, e, 7, u, ey, 2, A1, A2, x, ¥, S:

nodups(r) A VA € 7. tid(getE(1)) # 0 (1)
m=m1.R(r, e).my V m=m1.U(u, e).7m, = wird(r, e, m1) (2)
m=r.P{e,S). 13 A e € FL = Yw € S. wffl(e, w, 1) (3)
n=m1.B{e,S). 712 A e € FO = Yw € S. wifo(e, w, 1) (4)
m=m1.P{e,w).7my A e € FO = wfpfo(e, w, m1) (5)
lemAngetVE(D) =e= ANV . XV <, AAgetE(A) =e (6)
AemxAgetPE(A)=e= ANV A <, AAgetVE(X) =e (7)
(e1,e2) € PPO(r) A Ay € m A getVE(Ay)=e; = TlAy. A1 <1 Ay A getVE(Ay)=¢; (8)
AenAA=P{e,w)yAe€ FO= 3S.we SAB(e,S) <, A 9)
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2353 e, es € ST, A getVE(Ay)=e; A getVE(Ay)=es A A1 <z Ay AL € 1 AgetPE(A) = e,

’ ’ ’ (10)
2354 = JV. getPE(X) =e; AA < A
2355 x,y € Locy, A (x,y) €sclAe; € STy Aey € FL,
2356 A getVE(Ay)=e; A getVE(dy)=e; A A1 <; Ay (11)
2357 = 3V . getPE(X) =e; AL <, Ay
zzzz x,y € Locys A (x,y) €scl Aej,e € ST, Ae, € FO,
2;60 A getVE(dy)=e; A getVE(Ay)=es A Ay <z Ay AA=P{es,e) NAen (12)
2:5(,1 = JV. getPE(X) =e; AN <, A
2362 x,y € Locys A (x,y) €sclAeg € FO, Aey € STy
2363 A getVE(A;)=e; A getVE(As)=es A Ay <; A3 Aey=getPE(A) AL em (13)
2364 = de € ST,. Per,e) <z A
2365 €1, e € FO A (].OC(@]), 1OC(€2)) € scl A getVE(Al)zel A getVE(Az):ez
2366 AAL <z Ag AP{es,e) e (14)
2367 = e’ € ST1oc(e)- Pe1,€”) <z P(ez )
2368
2369 €1 eFO A (2] eFL A (1OC(€1), 10C(€2)) escl A /11=B<€1, S> A getVE(Az)zez A /11 <r /12 (15)
2370 = Ve’ € S. P(e,e’) <; Ao
2371 et € FONey; e MFUSFUU A tid(el)ztid(eg) A B<61,S> <r Az A getVE(/lg)zez

(16)

2372 = Yw € S. P{e;, w) <5 As.
2373
2374
2375 The proofs of parts (1), (6), (7) and (9) follow from Prop. 3.
2376

2377 RTS (2)
2378 Pick arbitrary 7, 7, 1, €, A, such that m=n,.A, .7, A,=R(r, ) VA,=U(r, e). That is, we have ge tE(A,)=getVE(A,)-
2379 and (from Prop. 3) genL(r, G)=genVL(r, G)=A,. From the construction of = we then know (e, r) € rf
2380  and there exists x such that loc(e)=1loc(r)=x and e € ST,. There are two cases to consider: 1)
2381 e€ E\E%2)ecE".
2382
2383 Case (1)
2384 As G is PEx86-consistent, we know that (e, r) € rf; U rf, C po U ob. There are thus two sub-cases
2385 to consider: i) (e,r) € ob; or ii) (e,r) € po \ ob.
2386 In case (i) from the construction of 7z (Prop. 3) we know there exists 7, 77, such that 7z, = my.A.71;
2387 and A=genVL(e, G) and thus (from Prop. 3) getVE(A)=e. Let us assume there exists ¢’ € STy, A’
2388 such that getVE(A")=e’ and A’ € m,. From Prop. 3 we then know genVL(e’, G)=A". That is, since
2380 =Tq.Ap.TTp, Ty = 71.A702, A=genVL(e,G) and A’=genVL(e’,G) € my, we know genVL(e,G) <,
2300  genVL(e’, G). Consequently, as C ob, is total on ST, and genVL(e, G) <, genVL(e’, G), from
2301 Prop. 3 we know (e, e’) € mo. As such since we have (e, r) € rf, we also have (r,e’) € rb C rb;Urb,
2302 and thus (from the consistency of G) (r,e’) € po U ob. In the former case, if (r,e’) € po then
2393 A <, genL(e’, G) and thus from Prop. 3 genL(r, G) <, genL(e’,G) <, genVL(e’, G); i.e. (from the
2304 uniqueness of labels in 7 given by Prop. 3) A’ € n;, and A’ ¢ 7, contradicting our assumption that
2395 A’ € m,. Similarly, in the latter case if (r,e’) € ob then A,=genVL(r,G) <, genVL(e’, G); i.e. (from
2306 the uniqueness of labels in 7 given by Prop. 3) A’ € 1, and A’ ¢ m,, contradicting our assumption
2397 that A’ € m,. We can thus conclude that {/1' € 1y ‘ getVE(X) € STx} = 0, as required.
2398 Similarly, let us assume there exists e’ € ST,, A’ such that getE(1")=e¢’, tid(r)=tid(e’), A’ € 7,
2399  and VA € m,. getVE(1”) # e”. From Prop. 3 we then know genL(e’,G)=A". From Prop. 3 we
2400 know there exists A, € m, such that genVL(e’, G)=A,. That is, since n=mr,.Ar.7p, 74 = m1.A.772,
2401
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A=genVL(e, G) and A,=genVL(e’,G) € mp,, we know genVL(e, G) <, genVL(e’, G). Consequently,
as C ob, is total on ST, and genVL(e, G) <, genVL(e’, G), from Prop. 3 we know (e, e’) €

. As such since we have (e,r) € rf, we also have (r,e’) € rb. Moreover, as tid(r)=tid(e’)
we have (r,e’) € rb; and thus (from the consistency of G) (r,e’) € po. As such, from Prop. 3
genL(r,G) <, genL(e’,G); i.e. (from the uniqueness of labels in 7 given by Prop. 3) I’ € m, and
A’ ¢ g, contradicting our assumption that A’ € z,. We can thus conclude the following as required:

{N € ma| 3e’ € ST getE(X)=¢’ A tid(e’)=tid(r) A ¥A" € m,. getVE(A") # ¢’} = 0

In case (ii) from the construction of 7 (Prop. 3) we know there exists 7y, 7, such that 7, = m;.A.71,,
tid(r)=tid(e) and A=genL(e, G) and thus (from Prop. 3) getE(A)=e. We then know that either
genVL(e, G) € m, or genVL(e, Y € 7,. In the former case the desired result follows from the proof of
case (i). In the latter case we then have VA’ € 7,. getVE(1’) # e, as required. Let us let us assume
there exists A’ € m,, e’ € ST, such that tid(e’) = tid(r) and getVE(A")=e’. From Prop. 3 we know
genL(e/,G)=A". As A=genL(e,G), n, = m.Am, 1y = m.Am2, A € my, genL(e’,G)=A" and thus
genLeG <, genL(e’,G). Moreover, as tid(e)=tid(r)=tid(e’), we know that either (e, e’) € po
or (e’,e) € po. As such, since genLeG <, genL(e’,G), from Prop. 3 we have (e, e’) € po and thus
since e, e’ € ST, and G is consistent, we also have (e, e’) € . Additionally, since (e, r) € rf and
(e,e’) € mo, we have (r,e’) € rb; since tid(r)=tid(e’), we have (r,e’) € rb; and thus since G is
PEx86-consistent we have (r,e’) € po. As such, from Prop. 3 genL(r,G) <, genL(e’,G); i.e. (from
the uniqueness of labels in 7 given by Prop. 3) A’ € 1, and A’ ¢ 7, contradicting our assumption
that A’ € m,. We can thus conclude that {/1’ € 1y ‘ Jde’ € ST,. getE(A)=e’ A tid(e’)=tid(r)} =0,
as required.

Case (2)

In case (2), as G is PEx86-consistent, we know e = init(x). Let us now assume there exists
A € ma e’ € STy such that either i) getVE(A)=e’ and thus (from Prop. 3) genVL(e’, G)=A or ii)
(getE(A)=e’ A tid(e’)=tid(r)) and thus (from Prop. 3) genL(e’, G)=A.

In case (i), since G is PEx86-consistent, we know (e, e’) € and thus since (e,r) € rf we
also have (r,e’) € rb C rb; U rb, and thus (since G is PEx86-consistent) (r,e’) € po U ob. In
the former case, if (r,e’) € po then A, <, genlL(e’,G) and thus from Prop. 3 genL(r,G) <,
genL(e’,G) <, genVL(e’,G); i.e. (from the uniqueness of labels in 7 given by Prop. 3) A €
and A ¢ 7,4, contradicting our assumption that A € ,. Similarly, in the latter case if (r,e”) € ob
then A,=genVL(r,G) <, genVL(e’,G); i.e. (from the uniqueness of labels in 7 given by Prop. 3)
A € mp, and A ¢ 7, contradicting our assumption that A € 7,. We can thus conclude that
{/1 € 1, ‘ Je’ € ST,. getVE(A)=e’ V (getE(1)=e’ A tid(e’):tid(r))} = (), as required.

Similarly, in case (ii), since G is PEx86-consistent, we know (e, e’) € and thus since (e, r) € rf
we also have (r,e”) € rb. Moreover, as tid(r)=tid(e’) we have (r,e’) € rb; and thus (since G is
PEx86-consistent) (r, e”) € po. Consequently, from Prop. 3 we have A, <, genL(e’, G); i.e. (from the
uniqueness of labels in 7 given by Prop. 3) A € 7, and A ¢ 7., contradicting our assumption that A €
74. We can thus conclude that {/1 € 1y ‘ Je’ € ST,. getVE(A)=e’ V (getE(1)=e’ A tid(e’):tid(r))}
= (), as required.

RTS (3)

Pick arbitrary ., 7y, f, S, €, /1f such that ﬂ:ﬂa./lf.ﬂb, Asz(f, S) and e € S. That is, we have
getVE(Ar)=f and (from Prop. 3) genVL(f,G)=As. From the construction of 7= we then know
(e, f) € pf and there exists x,y € Loc,p such that loc(e)=x, loc(f)=y, (x,y) € scl, f € FL,
and e € ST,. There are two cases to consider: 1) e € E\ E°; 2) e € E°.
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Case (1)

As G is PEx86-consistent, we know that (e, f) € pf € ob. From the construction of 7 (Prop. 3)
we know there exists 7, 1 such that 7, = m;.A.7m, and A=genVL(e, G) and thus (from Prop. 3)
getVE(A)=e. Let us assume there exists e’ € ST,, A’ such that getPE(A")=e’ and A’ € m,. From
Prop. 3 we then know genPL(e’, G)=A’, and that there exists A,=genVL(e’,G) such that either

Ay=A" or mp=— .A,.A".—. That is, since 7, = m1.A.m5, we have 1 <, A, and thus genVL(e, G) <,
genVL(e’,G), and A, € m,. Consequently, as C ob, is total on ST, and genVL(e,G) <,
genVL(e’, G), from Prop. 3 we know (e,e’) € . As such since we have (e, f) € pf, we also

have (f,e’) € pb and thus (from the consistency of G) (f,e’) € ob. As such, from Prop. 3 we
know Ar=genVL(f,G) <, genVL(e’,G); i.e. (from the uniqueness of labels in 7 given by Prop. 3)
A, € mp and A, ¢ m,, contradicting our result earlier that A’ € m,. We can thus conclude that
{/1’ € my ‘ Je’ € ST,. getPE(/l’)ze'} = (), as required.

Case (2)

As G is PEx86-consistent, we know e = init(x). Let us now assume there exists A € r,, e’ € ST,
such that getPE(A)=e’ and thus (from Prop. 3) we know genPL(e’, G)=A, and that there exists
Ao=genVL(e’, G) such that either A,=A or m,= — .A,.A.—, and thus A, € 7,. As G is PEx86-consistent,
we know (e, e’) € and thus since (e, f) € pf we also have (f,e’) € pb and thus (since G is
PEx86-consistent) (f,e’) € ob. As such, from Prop. 3 we know Ar=genVL(f,G) <, genVL(¢e’,G);
i.e. (from the uniqueness of labels in 7 given by Prop. 3) A, € 7, and A, ¢ 7,, contradicting our
result earlier that A, € m,. We can thus conclude that {/1 € 1y ‘ de’ € ST,,. getPE(A):e’} =0, as
required.

RTS (4)

Pick arbitrary 74, 7y, f, S, e, Af such that 7=m,.A7.7, Af:B(f, S) and e € S. That is, we have
getVE(Ar)=f and (from Prop. 3) genVL(f, G)=A¢. From the construction of 7 we then know
(e, f) € pf and there exists x, y € Locy, such that loc(e)=x, loc(f)=y, (x,y) € scl, f € FO,
and e € STy. There are two cases to consider: 1) e € E\ E%; 2) e € E°.

Case (1)

As G is PEx86-consistent, we know that (e, f) € pf C ob. From the construction of 7 (Prop. 3)
we know there exists 7y, 7, such that 7, = m;.A.71; and A=genVL(e, G) and thus (from Prop. 3)
getVE(A)=e. Let us assume there exists ¢/ € STy, A’ such that getVE(A’)=e’ and A’ € . From
Prop. 3 we then know genVL(e’, G)=A". That is, since x, = 7m1.A.72, we have A <, A’, and thus
genVL(e,G) <, genVL(e’, G). Consequently, as C ob, is total on ST, and genVL(e, G) <,
genVL(e’, G), from Prop. 3 we know (e, e’) € . As such since we have (e, f) € pf, we also
have (f,e’) € pb and thus (from the consistency of G) (f,e’) € ob. As such, from Prop. 3 we
know Ar=genVL(f,G) <, genVL(e’, G); i.e. (from the uniqueness of labels in 7 given by Prop. 3)
A € m, and A’ ¢ my, contradicting our assumption that A’ € m,. We can thus conclude that
{/1’ € my ‘ Je’ € ST,. getVE(/l’)ze'} = (, as required.

Case (2)

As G is PEx86-consistent, we know e = init(x). Let us now assume there exists A € 7,4, e’ € ST,
such that getVE(A)=e’ and thus (from Prop. 3) we know genVL(e’, G)=A. As G is PEx86-consistent,
we know (e, e’) € and thus since (e, f) € pf we also have (f,e’) € pb and thus (since G is
PEx86-consistent) (f,e’) € ob. As such, from Prop. 3 we know Ar=genVL(f,G) <, genVL(¢e’,G);
i.e. (from the uniqueness of labels in 7 given by Prop. 3) A € 7, and A ¢ n,, contradicting our
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assumption that A € m,. We can thus conclude that {A € 1, ‘ Je’ € ST,. getVE(A):e’} =0, as
required.

RTS (3)

Pick arbitrary ., 7y, f, €, Ay such that 7=m..A¢.m, and Af:P(f, e). That is, we have getPE(Af):f
and (from Prop. 3) A¢ € genPL(f, G). From the construction of 7 we then know (e, f) € pf and there
exist x, y € Locyp, /1;’, such that loc(e)=x, loc(f)=y, (x,y) € scl, f € FO,, e € NTW,UPW,,

genVL(f, G):/lj”r and thus (from Prop. 3) getVE(A}): f, and A appears immediately after A}: there

exists 7, such that ﬂ:ﬂa./l;i.)tf.ﬂb. There are two cases to consider: 1) e € E \ E%; 2) e € E°.

Case (1)

As G is PEx86-consistent, we know (e, f) € pf C ob. From the construction of 7 (Prop. 3) we know
there exists 7y, 7, such that 7, = —.A.— and A=genVL(e, G) and thus (from Prop. 3) getVE(1)=e.
Moreover, as e € NTW, U PW,, we know that either (when e € NTW,) getPE(A)=e and
A=genPL(e,G), or (when e € PW) there exists AP such that getPE(1)=e, A=genPL(e, G) and
AP appears immediately after A in 7: 7, = —.A.AP.—. As such, in both cases we know there exist
71, 7o, AP such that 7, = m.AP.15, A <; AP, getPE(AP)=e and AP=genPL (e, G).

Let us assume there exists ¢’ € STy, A" such that getPE(A1")=e’ and A’ € . From Prop. 3
we then know genPL(e’, G)=1’, and that there exists A;=genVL(e’, G) such that either A;=A" or
my=—A,.A".—. That is, since x, = m1.AP.7; and A <; AP, we have A <, A}, and thus genVL(e, G) <,
genVL(e’,G), and A, € m,. Consequently, as C ob, is total on ST, and genVL(e,G) <,
genVL(e’, G), from Prop. 3 we know (e,e’) € . As such since we have (e, f) € pf, we also
have (f,e’) € pb and thus (from the consistency of G) (f,e’) € ob. Therefore, from Prop. 3 we
know /1]”0=genVL(f, G) <5 genVL(e’, G); i.e. (from the uniqueness of labels in 7z given by Prop. 3)
A, € mp and A;, ¢ m,, contradicting our result earlier that A’ € m,. We can thus conclude that
{/1’ € my ‘ Je’ € ST,. getPE(/l’)ze'} = (, as required.

Case (2)

As G is PEx86-consistent, we know e = init(x) and thus e € PW. Let us now assume there ex-
ists A € mg, e’ € ST, such that getPE(Ad)=¢’ and thus (from Prop. 3) we know genPL(e’, G)=A,
and that there exists A,=genVL(e’, G) such that either 1,=A or n,= — .A,.A.—, and thus A, €
7q. As G is PEx86-consistent, we know (e, e’) € and thus since (e, f) € pf we also have
(f.e’) € pb and thus (since G is PEx86-consistent) (f,e’) € ob. As such, from Prop. 3 we
know A}?zgenVL(f, G) <. genVL(e’, G); i.e. (from the uniqueness of labels in 7 given by Prop. 3)
Ay € mp and A, € 7., contradicting our result earlier that A, € x,. We can thus conclude that
{/1 € 1y ‘ Je’ € ST,. getPE(/l)ze’} = (), as required.

RTS (8)

Pick arbitrary ey, ez, A2 such that (e;, e;) € PPO(x), A, € 7 and getVE(A;)=e,, and thus from Prop. 3
we have genVL(e;, G)=A,. From Prop. 3 we then know (ej,e;) € ppo(po) and thus since G is
consistent, we know (ej, e;) € ob. As such, from Prop. 3 we know genVL(e;, G) <, genVL(ey,).
Consequently, as genVL(ez, G)=A;, from Prop. 3 and the uniqueness of its labels we know there
exists a unique A; such that 1; <, A, genVL(ey, G)=A; and thus getVE(A;)=ey, as required.

RTS (10)

Pick arbitrary x, e, e; € STy, A1, A, A such that getVE(A;)=e;, getVE(A2)=es, 4 <5 A, A € 7
and getPE(A) = e;. From Prop. 3 we know genVL(ej, G)=A1, genVL(ez, G)=A,, genVL(e1,G) <,
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genVL (ey,), genPL(ey, G)=A and ey, e; ¢ E°. Moreover, from Prop. 3 we know 1, <, A. There are
now two cases to consider: i) e; € ST \ (Wi, U Uyp); orii) e; € Wyp U Upp.

In case (i) we then have genPL(e;, G)=genVL(e;, G)=A; and thus getPE(A;)=e;. Consequently,
as we have 1y <; Az and A; <; A, we have A; <, A, as required.

In case (ii), as C ob, is total on ST, and genVL(e;, G) <, genVL(ez, G), from Prop. 3 we
know (ey, ez) € .Asej, ey € ST, and e; € Wy, U Uyp, we know x € Locyy. Pick w such that
P(x)=w. As e; € ST, and x € Loc,p, we know either: a) e, € NTW,, and thus since G is consistent
(ez, w) € mo’ (from WEAK-PERSIST); or b) e, € Wi, U Uy, and thus from the construction of 7
and since genPL(e;, G)=A € 7w and e, ¢ E°, we know e; € PW; that is, from the definition of
PW we have (e, w) € mo’. As in both cases (a) and (b) we have (ez, w) € mo’ and we also have
(e1,e2) € , we then have (e;,w) € , and thus since e; € Wy, U Uyp (the assumption of
case ii) and e; ¢ E°, we also have e; € PW. Consequently, from the construction of 7 we know
there exists A’ such that A’ € 7 and A’=genPL(e;, G); i.e. (from Prop. 3) getPE(A")=e;. Moreover,
since e; € Wyp U Uy and A’=genPL(e1, G) € 7 from Prop. 3 we know A; and A’ appear immedi-
ately next to each other in 7: 7= — .A;.1". — .A;.—. On the other hand, since genPL(e,, G)=A € 7
and either e; € Wy, U Uy, or e, € ST \ (Wi U Uyp), from Prop. 3 we know A, <, A. That is,
m=— .M. — . A. — .A.— Consequently we have 1’ <, A and getPE(1")=ey, as required.

RTS (11)

Pick arbitrary x,y € Locup,e; € STy, e; € FLy, Ay, A such that (x,y) € scl, getVE(A;)=ey,
getVE(Az2)=e; and A; <, Ay. From Prop. 3 we then have genVL(e;, G)=A; and genVL(ez, G)=A;. As
x € Locy, and e; € STy, there are then three cases consider: i) e € NTW,p; orii) ey € Wyp U Uy
and genPL(e;, G) € x; oriii) e; € Wy, U Uy and genPL(ey, G) ¢ .

In case (i), we then simply have genPL(e;, G)=genVL(e;, G)=A; and thus from Prop. 3 we have
getPE(A;)=e;. That is, we have getPE(A;)=e; and A; <, Az, as required.

In case (ii), let A’=genPL(e;, G) and thus from Prop. 3 we have getPE(A1’)=e;. Moreover, as
e; € Wyp U Uy, from Prop. 3 we know A; and A’ appear immediately next to each other in s:
= —.A1.A". — .A. That is, we have getPE(1")=e; and A’ <, A,, as required.

In case (iii) pick w such that P(x)=w. From the assumption of the case and the construction of x
we then know that e; ¢ P“W, and thus since is total on ST, from the definition of "W we know
(w,e) € . As G is consistent, we know there exists w’ € ST, such that (w’, e;) € pf. Moreover,
since G is consistent, from WEAK-PERSIST we know (w’, w) € ? and thus since (w,e) € X
we also have (w’,e;) € . Consequently as (w’, e;) € pf, we have (e;, e1) € pb, and thus since G
is consistent (e,, e;) € ob. As such, from Prop. 3 we then have genVL(e;, G) <, genVL(e;, G), and
thus from the uniqueness of labels in 7 (given by Prop. 3) we have A, <, A;. This, however, leads
to a contradiction as we also have A; <; A, and <,; is a strict total order.

RTS (12)
Pick arbitrary x, y € LoCyp, e1,e € STy, e; € FO,, A1, A3, A such that (x,y) € scl, getVE(A;)=ey,
getVE(Az)=ez, Ay <z Az, Ar=P(e;,e) and Ay € 7. From Prop. 3 we then have genVL(e;, G)=4,,
genVL (e, G)=Ay, getPE(Ar)=ez, Ar € genPL(ez, G) and Ay <; Af. As x € Locy, and e; € ST, there
are then three cases consider: i) e; € NTW,,; or ii) e; € Wy, U Uy and genPL(ey, G) € r; or iii)
e; € Wy U Uy, and genPL (e, G) ¢ .
In case (i), we then simply have genPL(e;, G)=genVL(e;, G)=A; and thus from Prop. 3 we have
getPE(A;)=e;. That is, we have getPE(A;)=e; and A; <; A2 <; Ay, and thus A; <; Af, as required.
In case (ii), let A’=genPL(e;, G); from Prop. 3 we thus have getPE(A1’)=e;. Moreover, as e; € WU
Uup, from Prop. 3 we know A; and A’ appear immediately next to each other in 7: 7= —.1;.4". — .A,.
That is, we have getPE(A")=e; and A’ < A3 <z Ay, and thus A’ <, Ay, as required.
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In case (iii) pick w such that P(x)=w. From the assumption of the case and the construction of x
we then know that e; ¢ P“W, and thus since mo is total on STy, from the definition of W we know
(w,e1) € . As G is consistent, we know there exists w’ € ST, such that (w’, e;) € pf. Moreover,
as Ay € genPL(ey, G) and Af € m, from the construction of 7 we know e, € PF O; thus from the def-
inition of PF O and since (w’, e;) € pf we know w’ € PW UNTW.If w’ € NTW, then since G is
consistent, from WEAK-PERSIST we know (w’, w) € ? similarly, if w* € PW, then from the defi-
nition of PW we know (w’, w) € mo’ . In both cases we thus have (w’, w) € mo’. As (w, ;) € mo,
we thus have (w’,e;) € ;as (w', e2) € pf, we also have (e;, e;) € pb. As such, since G is consis-
tent we know (e, 1) € ob. Therefore, from Prop. 3 we have genVL(ez, G) <, genVL(e;, G), and
thus from the uniqueness of labels in 7 (given by Prop. 3) we have A, <, A;. This, however, leads
to a contradiction as we also have A; <,; A, and <,; is a strict total order.

RTS (13)

Pick arbitrary x,y € Locyp,es € STy,e; € FO,, Ay, 45,4 such that (x,y) € scl, getVE(A;)=ey,
getVE(Az2)=es, 1 <, Ay, getPE(A)=e; and A € 7. From Prop. 3 we then have genVL(e;, G)=41,
genVL(ez, G)=A,, genPL(ey, G)=A and A; <,; A. As G is PEx86-consistent, we know there exists
e € ST, such that (e, e;) € pf. Given the construction of x, there are now two cases to consider:
either i) P(ej,e) € m, e € NTW, U PW, and P(ey, e) appears immediately after A; in x; or ii)
P(e;,e) ¢ rand e ¢ NTW, UPW,.

In case (i), let Ar=P(e;, e); we then have getPE(Ar)=e; and thus Ay # A,. As such, as P(ej, e)
appears immediately after A, in 7, A; <; A2 <; Aand A¢ # A;, we have Ay <, A, Ay=P(e;, ) and
e € NTW, UPW, C ST,, as required.

In case (ii), as e ¢ NTW,,UPW,, from the construction of 7 we know that genPL (e, G) ¢ x. More-
over, as G is PEx86-consistent and (e, e;) € pf, we know (e, e;) € ob. As such, since genVL(e;, G)=4;,
from Prop. 3 we know there exists A, such that genVL (e, G)=A, and thus (from Prop. 3) getVE(A.)=e,
and A, <, A;. Consequently, since A, <, A; and A; <; A; we have A, <, A;. On the other hand, as
e,ey € ST, getVE(A.)=e, getVE(Ay)=es, Ae <, A2 and getPE(A)=e,, from the proof of part (10) we
know there exists A, € & such that getPE(A,)=e and A, <, A. Consequently, from Prop. 3 we have
genVL(e, G)=A, € x. This, however, contradicts our earlier result that genPL(e, G) ¢ 7.

RTS (14)

Pick arbitrary x,y,z € Locu,e; € FOy,e; € FO,e € ST; A;, A3, A such that (x,y) € scl,
getVE(Ay)=e;, getVE(A2)=ez, A1 < A2, A=P(e,, ) and A € . We then have getPE(1)=e,, (y,2) €
scland thus (x, z) € scl. From Prop. 3 we then have genVL (e, G)=A;, genVL(ez, G)=A4;, genPL(ez, G)=A
and A; <, A. As G is PEx86-consistent, we know there exists e’ € ST, such that (e’, e;) € pf. Given
the construction of 7, there are now two cases to consider: either i) P{e;,e’) € m,e’ € NTW,UPW,
and P(ey, e’) appears immediately after A; in 7; or ii) P{e;,e’) ¢ m and e’ ¢ NTW, U PW,.

In case (i), let Ar=P(ey, e’); we then have getPE(Ar)=e; and thus A¢ # A;. As such, as P(e;, e’)
appears immediately after A; in 7, Ay <; A2 <; A and Ay # A, we have Ar <; A, Ay=P(ey,e’) and
e’ e NTW,UPW, C ST,, as required.

In case (ii), as e’ ¢ NTW, U PW,, from the construction of 7 we know that genPL(e’,G) ¢ .
Moreover, as G is PEx86-consistent and (e’,e;) € pf, we know (e’,e;) € ob. As such, since
genVL(ey, G)=Ay, from Prop. 3 we know there exists A, such that genVL(e’, G)=A, and thus (from
Prop. 3) getVE(A,)=¢’, and A <, A;. On the other hand, as A=P(e,, e) € 7, we know (e, ;) € pf
and thus (since G is consistent), (e, ez) € ob. Consequently, from Prop. 3 we know there exists A,
such that genVL(e, G)=A,, getVE(A.)=e, and A, <, ;. Moreover, since A=P{e,, ¢) € x, we know
that either e € NTW in which case getPE(A.)=getVE(A¢)=e, or e € PW in which case there exists
A =genPL (e, G)(and thus from Prop. 3 getPE(A?)=e) such that AY appears immediately after 1,
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in 7. That is, in either case we know there exists A2 such that getPE(AL)=e and A, <, AL. Since
e,e’ € ST, and G is consistent, we know either: a) (e’,e) € C ob; orb) (e, €’) € C ob.

In case (ii.a), since genVL(e, G)=A,, genVL(e’, G)=A,, from Prop. 3 we know A, <, A.. As such,
since getPE(Af)=e and A, <, A%, from the proof of part (10) we know there exists /15 , € 7 such that
getPE(Af,):e’ and /15, <, AP That is, from Prop. 3 we have genPL (¢’ G):)Lf/ € 7, contradicting
our earlier result stating genPL(e’,G) ¢ .

In case (ii.b), since (e, e’) € and (e, e2) € pf, we have (e, e’) € pb and thus since G is
consistent we have (e;, e’) € ob. Consequently, since genVL(e’, G)=A, and genVL(ez, G)=A,, from
Prop. 3 we have 1; <, Ae. On the other hand, we have A <, A1 and A; <, A;, and thus A, <, A,.
Since we have both A, <; Ao and Aes <;; Ay, this leads to a contradiction as <; is as strict total order.

RTS (15)

Pick arbitrary x, y € Locyp, e1 € FOx, e; € FLy,e € ST;, A1, A3, S such that (x, y) € scl, A1=B{ey, S)
and thus getVE(A;)=e;, getVE(A2)=e;, and A; <, A;. From Prop. 3 we then have genVL(e;, G)=4;
and genVL(ez, G)=A;. Pick an arbitrary e’ € S and let loc(e’)=z,i.e. e’ € ST,. Since genVL (e, G)=4,
from the construction of 7 we know (e’,e;) € pf and (x, z) € scl. As such since (x, y) € scl we
also have (y, z) € scl. Given the construction of 7, there are now two cases to consider: either i)
Ple, e’y € m, e’ € NTW,UPW,and P(ey, e’) appears immediately after A; in 7; or ii) P(ej, e’) ¢ 7
ande’ ¢ NTW,UPW,.

In case (i), let A;=P(ey, e’); we then have getPE(Ar)=e; and thus Ar # A;. As such, as P(e;, e’)
appears immediately after A; in 7, A; <; Az and Ay # A3, we have Af <; A, Af:P(el, e’y and
e’ e NTW,UPW, C ST,, as required.

In case (ii), as ¢’ ¢ NTW, U P W, from the construction of = we know that genPL(e’,G) ¢ .
Moreover, as G is PEx86-consistent and (e’,e;) € pf, we know (e’,e;) € ob. As such, since
genVL(ey, G)=Ay, from Prop. 3 we know there exists A, such that genVL(e’, G)=A, and thus (from
Prop. 3) getVE(Ae)=e’, and A <, ;. On the other hand, as e, € FL, and (y, z) € scl, we know
there exists e € ST, such that we know (e, e;) € pf and thus (as G is consistent), (e, e2) € ob.
Consequently, from Prop. 3 we know there exists A, such that genVL(e, G)=A,, getVE(A.)=e, and
Ae <z A2. Moreover, since A, <, Az, getVE(A.)=¢, getVE(A;)=e;, from the proofs of parts (11) and
(7) we know there exists A such that getPE(AY)=e and A, <, Y <, 5. Since e,e’ € ST, and G is
consistent, we know either: a) (e’,e) € C ob; orb) (e, €’) € C ob.

In case (ii.a), since genVL(e, G)=A,, genVL(e’, G)=A¢, from Prop. 3 we know A, <, A.. As such,
since getPE(Af)=e and A, <, AZ, from the proof of part (10) we know there exists /1‘: , €  such that
getPE(/lf,)ze’ and Af, <. AL That is, from Prop. 3 we have genPL(e’, G)=A‘:, € m, contradicting
our earlier result stating genPL(e’,G) ¢ 7.

In case (ii.b), since (e, e’) € and (e, e;) € pf, we have (e, e’) € pb and thus since G is
consistent we have (e;, e’) € ob. Consequently, since genVL(e’, G)=A, and genVL(es, G)=A,, from
Prop. 3 we have 1; <, Aer. On the other hand, we have A <, A; and A; <, A,, and thus 1o <, A,.
Since we have both A, <; A and Aos <; Ay, this leads to a contradiction as <; is as strict total order.

RTS (16)

Pick arbitrary e; € FO, e; € MF U SF U U, A4, A5, S such that tid(e;)=tid(e;), A1=B{es,S), 41 <,
Az, getVE(Az)=e,. That is, from Prop. 3 we have genVL(e;, G)=A1, getVE(A;)=ey, genVL(ez, G)=A,.
Moreover, from the definition of genVL(.,.) we know S = {w ‘ (w,e1) € pf}. Astid(e;)=tid(e;), we
know either (e;, e;) € po or (e, €1) € po. Moreover, as e; € FO, e; € MFUSFU U, ([FO]; po; [MFU
SFU U]) U ([MF U SF U UJ; po; [FO]) C ppo(po) C ob, and genVL(e;,G) <, genVL(ez, G), from
Prop. 3 we have (e, e3) € po.
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Pick an arbitrary w € S. As A;=genVL(e;, G)=B(e1, S) and w € S, we know (w, e;) € pf and thus
since G is consistent we know (w, e;) € ob. As such, since genVL(e;, G)=A;, from Prop. 3 we know
there exists A,,=genVL(w, G) such that 1,, <, A;. We next demonstrate that for this arbitrary w
we have w € NTW U PW.

Let loc(w)=x and pick wy, such that P(x)=w,,. As (w, e;) € pf, we know that x € Loc,, and
thus either w € NTW,p,, or w € W, U Uyp. In the former case we then have w € NTW and thus
w € NTW U PW. In the latter case, since (e, e3) € po, (w,e;) € pf, e; € FO, e, € MFU SFU U
and G is consistent, from WEAK-PERSIST we know (w, w;,) € ?_ As such, from the definition of
PW we have w € PW and thus w € NTW U PW.

We thus demonstrated that for an arbitrary w € S, we have w € NTW U PW. Consequently,
as S= {w ‘ (w,e1) € pf}, from the definition of PFO we know e; € PFO. As such, from the
construction of 7 we know there exist an enumeration [wy ---wy,] of S and 7’ such that 7’ =
P(e;,w1).: - .P{e, wp), and A;=genVL(e;, G) and n’ are adjacent in 7: # = —.A;.7n". — .A2.—. That
is, since w € S, we know 7 £ —.A;. — P{e;, w). — .A3.—, and thus P{e;, w) <; A,. O

Proposition 4. Let G denote an PEx86 consistent execution of program P. Let ey - - - e, denote an
enumeration of G.(E \ E°) that respects G.po. Then there exist Py - - - P,, and Py £ P such that for all
ie{l---n}:

E(-) . genL(erG)  &(-)
Piq ( ) ( )" P

Definition 15 (Graph operational semantics).

E(r
P ()

Pr=P., x
A€ {B(e), B(e, —), P(e), P(e, —)} fresh(A, ) wfp (1) wfp(m.4)
Pt = P,r.A

G-S1LENTP

G-Pror

P 4 P’ A# E(-) fresh(A, ) wip () wfp(r.1)
Pt =P, 1A

G-STEP

Lemma 7. Given a program P, for all PEx86-consistent executions G of P and all n, if getPath(G)=mr,
then there exists P’ such that P,e =" P, 1.

Proor. Pick arbitrary program P, PEx86-consistent execution G of P and 7 such that getPath(G) =
7. From Prop. 3 we know 7 respects G.po. That is, 7 is of the form: genL (e1, G).s;. - - - .genL(em, G).Sm,
where:
(i) e1---em is an enumeration of G.E respecting G.po (if (e,e’) € G.po then genL(e,G) <,
genL(e’, G)).
(ii) For each j € {i---m}, s; = A(j1). - A(jk;) and each A(;, is of the form B(-) or B{—, —) or
P(-=) or P{—, ).
Moreover, from Lemma 6 we know wfp(sr) holds and thus:
VYA, p,q. © = p.Ad.q = fresh(A, p.q) (17)

There are now two cases to consider: 1) m = 0; or 2) m > 0. In case (1), we then have 7 = € and we
trivially have P, e =" P, ¢, as required.
In case (2) from Prop. 4 we know there exists Py - - - P,,, and Po=P such that for j € {1---m}:

genlL(e;,G) ( &(-)

Pj-1 (e )" P; (18)
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genL(e;,G)

E(—
For j € {1---m}, from (18) we know there exist P}, P;’ such that P;_;( < >)*P;.

E(—
P;'(—<—>—>)* P;. Let w; = genL(e;,G).s1.- -+ .sj.genL(e;, G).sj, for j € {1---m}. As wfp(x) holds,
from Prop. 1 we have:

Vje{1---m}. wip(x;) (19)
As such, from G-S1LENTP, G-STEP, G-PRrOP, (17) and (19) we then have:
Pi1,mjy
L
P},, ﬂj_l.genL(ej, G)

Pj, nj_l.genL(ej, G)
Pj,iTj

Lu vl

Consequently, we have:
Po,E ﬁ* Pl,ﬂ'l ﬁ* cee :>* Pm,ﬂ'm

That is, as Py = P and 7,,, = 7, we have P,e =" P,,, 7, as required. O

Lemma 8. Forall &, A, M, PB, B, e, 7, if wfp(.A), wf(M, PB, B, ) and tid(e)=r, then:

(1) getVE(Ad)=e = Ve’ € B(7). (¢’,e) ¢ PPO(B(1))

(2) getVE(A)=e Ae € MFU U U R, = B(1)=¢

(3) getVE(A)=e A e € NTW,, = PB(loc(e))=¢

(4) Yw. (A=R{e, w) V 1=U(e, w)) = w=rd(M, pb, B(r), loc(r))

PB(loc(r)) ifloc(r) € Locyy

€ otherwise
(5) Yw. (loc(e) € Lochc A A=R{e,w)) V (loc(e) ¢ LoCyn, A A=U{e,w)) = w = M(loc(e))=w
(6) ¥S. A=P(e,S) Ne e FL=> S = {M(x) ‘ (x,1loc(e)) € scl} A (Vx. (x,loc(e)) € scl = PB(x)=¢)
(7) ¥S. A=B{e,S) Ne e FO = S = {rd(M, PB(x), €, x) ‘ (x,loc(e)) € scl}
(8) getVE(A)=e A e € MFU SFU U = Vx. PB(x) N FO=0
(9) getPE(A)=e A e € Wy U Uy, = PB(loc(e)) = e.—

(10) Yw. A=P{e,w) A e € FO = PB(loc(e)) = e. — AM(loc(e))=w

where pb =

Proor. Pick arbitrary 7, A, M, PB, B, e,  such that wfp (), wfp(x.A), wf(M, PB, B, r), getVE(1)=e
and tid(e)=r. We prove each part in turn.

RTS (1)
Let getVE(A)=e. Pick an arbitrary e’ € B(r). Let us proceed by contradiction and assume that
(e’,e) € PPO(B(1)). As (e’,e) € PPO(B(r)) by definition we know (e’,e) € PO(B(r)) and
thus from the definition of PO(.) we know: e,e’ € B(r). As such, since wf(M, PB, B, 7) and
thus B(7r)=buff(r, 1), from the definition of buff(.,.) we know that VA’ € n. getVE(X) #
e A getVE(A') # €. On the other hand, from Prop. 2 we know PO(B(z)) € PO(x), and thus
(e’,e) € PO(rr). That is, there exist A/, A, such that getE(A.)=e’, getE(A.)=e and Ao <,; A.. More-
over, as (e’,e) € PO(xr), from the uniqueness of labels in 7 (given by wfp(r)) we know e # e’.
Consequently, as VA’ € . getVE(1') # e A getVE(L') # ¢/, e # ¢’ and getVE(A)=e, we also know
VA € m.A. getVE(L) #¢’.

Additionally, from Prop. 1 we know PPO(B(r)) € PPO(x) and that PPO(x) C PPO(x.A); i.e.
PPO(B(r)) € PPO(x.A) and thus (e’,e) € PPO(mr.A). Consequently, since (e’,e) € PPO(x.A),
getVE(A)=e, A € mw.A and wfp(x.A), from the definition of wfp() we know there exists A’ such
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that A’ <, ) A and getVE(A")=e’. That is, there exists A’ € 7.1 such that getVE(A")=e’. This how-
ever contradicts our earlier result that VA’ € 1.1 getVE(1') # ¢€'.

RTS (2)

Assume getVE(Ad)=e and e € MF U U U R,. Let us proceed by contradiction and assume that
there exists e’ € BEVENT such that e’ € B(r). We then know that tid(e’) = 7. From the definition
of wf(M, PB, B, 7) we then know there exist A’ € 7 such that getE(1")=e’, and for all A"’ € r,
getVE(A"”) # e’. As A’ € &, we have I’ <, A. Moreover, since I’ <, A,e € MFU U U R, and
tid(e’) = 7, we have (e’,e) € PO(xr.1) and by definition of ppo we also have (e’,e) € PPO(x.1).
Consequently, since wfp(7.4) holds, from the definition of wfp(.) we know there exists A’” such that
getVE(A”)=e’ and A’ <, 1 A. That is, there exists A’ € 7 such that getVE(A”")=e’. This however
leads to a contradiction as earlier we established that for all A" € x, getVE(A”’) # e’. We can thus
conclude that B(7) = e.

RTS (3)

Assume getVE(A)=e and e € NTW,. As such, we also have getPE(A)=e. Let loc(e)=x € Locyp.
Let us proceed by contradiction and assume that there exists some e’ € PB(x). From the definition
of wf(M, PB, B, t) we then know there exist A’ € 7 such that either i) ¢’ € PBEVENT N ST,,
getVE(A)=e’ and P(e’) ¢ m,i.e. VA" € x. getPE(A”") # €’; or ii) there exists S such that A’=B(e’, S)
(i.e. getVE(A)=e’ and ¢’ € FO), Yw. loc(w)=x = P(e’,w) ¢ =, and that (from the types of
ALABELS) there exists y € Loc,p, such that (x, y) € scl and loc(e’)=y. As A’ € &, we have 1’ <, A.

In case (i), since e’ € PBEVENT N STy, e € NTW,, A’ <, A, getVE(1")=¢’, getVE(A)=e, and
getPE(A)=e € 7, from wfp(x.1) we know there exists A’ such that getPE(A”) = e’ and 1" <, ; A.
That is, there A”” € 7 such that getPE(A”") = e’. This however contradicts the assumption of case
(i) stating VA" € . getPE(A") # ¢’

In case (ii), since x, y € Locy, (x,y) € scl, ¢’ € FO,, e € NTW,, getVE(1")=e’, getVE(1)=e,
A <z A getPE(Q)=e and A € x.A, from wfp(r.A) we know there exists w € ST, such that
P(e’,w) <., A. That is, there exists w such that loc(w)=x and P{e’, w) € x. This however contra-
dicts the assumption of case (ii) stating Vw. loc(w)=x = P(e’,w) ¢ .

We can thus conclude that PB(x) = 0.

RTS (4)

Pick an arbitrary w such that A=R{e, w) V A=U(e, w). Let loc(e)=x, B(r)=b and pb be as defined in
the premise. From the definition of wfp(7.1) we know that wfrd(e, w, ) holds, i.e. 1read(r, x, 7)=w.
As such, from the definition of 1read(r, x, ) there are now three cases:

1) 3my, 12, Ayy. W € STy A m=m1. A4y 72 A getE(A,,)=w A tid(w)=1
AYA € m. getVE(X') #w
AN € my| 3e’ € STy. getE(X)=¢’ A tid(e')=r} =0
ii) the previous condition does not holds and:
Amy, 719, Ay W € STy A T=111. A4y 712 A gEtVE(A,,)=w
AN{A" € my| 3e’ € ST getVE(X)=¢'} = 0
iii) the previous two conditions do not hold and w=init,

In case (i), since wf(M, pb, b, r) holds, from its definition we know there exists by, b, such that
b= b;.w.by and Ve’ € b, N ST. loc(e’) # x. As such, from the definition of rd(., .,.) we know the
value will be read from b and that rd(M, pb, b, x) = w, as required.

In case (ii), there are two cases to consider: a) x € Locyy; or b) x ¢ Loc,y,. In case (ii.a), since
wf(M, pb, b, ) holds, from its definition we know that for all e’ € b N ST, loc(e’) # x; and that

, Vol. 1, No. 1, Article . Publication date: October 2021.



Extending Intel-x86 Consistency and Persistency 59

2843 there exists pb,, pb, such that pb = pb,.w.pb,, and for all e’ € pb, N ST, loc(e’) # x. As such, by
2844 definition we have rd(M, pb, b, x) = w, as required.
2845 In case (ii.b), since wf(M, pb, b, r) holds, from its definition we know that for all e’ € b N ST,
2846 loc(e’) # x. Moreover, from the assumption of the case (ii) and the assumption of case (b) (i.e.
2047 since x ¢ Locy,) we also know: getPE(A,)=w A {1’ € 1 | e’ € ST. getPE(1)=¢’} = 0. That
2848 is, pread(s, x)=w. Moreover, since wf(M, pb, b, ) holds, we know M(x)=pread(r, x), and thus
2849 M(x)=w. As such, since pb = € and e’ € bN ST, loc(e’) # x, from the definition of rd(., .,.) we
2850 have rd(M, pb, b, x) = M(x) = w, as required.
2851 In case (iii), since wf(M, pb, b, rr) holds, from its definition we know for all e’ € (b U pb) N ST,
2852 loc(e’) # x; and that M(x) = inity. As such, by definition we have rd(M, pb, b, x) = w.
2853
2854 RTS (5)
2855 Pick arbitrary w such that (loc(e) € Locnhc A A=R{e,w)) V (loc(e) ¢ Locy A A=U(e, w)).
2856 Let loc(e)=x. From the definition of getVE(.) we then have (e € R, A getVE(A)=e) V (e €
2857 U A getVE(A)=e). As such, from the proof of part (2) we know B(r)=€. Moreover, since either
2858 x € Locpc or x ¢ Locyp, we know x ¢ Loc,p. As such, since B(7)=¢, from the proof of part (4) we
2859 have w=rd(M, ¢, €, x). Consequently, from the definition of rd(., .,.) we have w=M(x), as required.
2860
2861 RTS (6)
2862 Pick an arbitrary S such that A=P(e, S) and let loc(e)=y € Locy,. We then have getVE(1)=getPE(1)=e.
2863 We first demonstrate that Vx. (x, y) € scl = PB(x)=e. Let us proceed by contradiction and as-
2864 sume there exists x € Loc,, and e’ such that (x,y) € scl and e’ € PB(x). From the definition
2865 of wf(M, PB, B, r) we then know there exist A’ € x such that either i) ¢’ € PBEVENT N STy,
2866  getVE(A)=e’ and P(e’) ¢ =, i.e. VA € m. getPE(A”) # e’; or ii) there exists S’ such that
2867 A'=B(e’,S’) (i.e. getVE(A')=¢’ and e’ € FO), Yw. loc(w)=x = P(e/,w) ¢ x, and that (from
2868 the types of ALABELS) there exists z € Locy, such that (x, z) € scl and loc(e’)=z. As A’ € &, we
2860  have A’ <;, A.
2870 In case (i), since e’ € PBEVENT N STy, e € NTW,, A’ <, A, getVE(1")=e’, getVE(A)=e, and
2871 getPE(A)=e € m, from wfp(r.1) we know there exists A"’ such that getPE(1”) = e’ and A" <, A.
2872 That is, there A’” € & such that getPE(A”") = e’. This however contradicts the assumption of case
2873 (i) stating VA"’ € . getPE(A") # ¢’
2874 In case (ii), since x,z € Locup, (x,y) € scl, e’ € FO,, e € NTW,, getVE(1")=¢’, getVE(1)=e,
2875 A" <z A, getPE(A)=e and A € x.A, from wfp(r.A1) we know there exists w € ST, such that
2876 P{e’,w) <, A. That is, there exists w such that loc(w)=x and P{e’, w) € . This however contra-
2877 dicts the assumption of case (ii) stating Yw. loc(w)=x = P(e’, w) ¢ x.
2878 We can thus conclude that PB(x) = 0.
2879
2880 We next demonstrate that S= {M(x) ‘ (x,y) € scl}. For each location x such that (xe, y) € scl,
2881 let us write S(x) for the unique write in S on x — note that such a unique write always exists given
2882 the type constraints on ALABELS. Pick an arbitrary x and let S(x) = w; it then suffices to show that
2883 w=rd(M, PB(x), €, x). That is, as we previously established that PB(x)=e, from the definition of
2884 rd(.,.,.) it suffices to show that w=M(x). Moreover, as wf (M, pb, b, rr) holds, from its definition we
2885 know M(x)=pread(r, x) and thus we must show w=pread(r, x). Finally, from the definition of
2886 wfp(m.A) we know that wfrd(e, w, ) holds, i.e. pread(s, x)=w, as required.
2887
2888 The proof of part (7) is analogous to that of part (6) and thus omitted.
2889
2890
2891
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RTS (8)

Assume getVE(A)=e and e € MF U SF U U. Let us proceed by contradiction and assume that there
exists x and e’ € FO, (i.e. tid(e’)=r) such that e’ € PB(x). From the definition of wf(M, PB, B, )
we then know there exist A’ € 7, S such that A’=B(e’, S) and for all w, loc(w)=x = P{e’, w) ¢ 7.
As )’ € m, we have A’ <, ; A. On the other hand, since A’ <, A,e € MFU SFU U, tid(e’) =1
and wfp(.1) holds, from the definition of wfp(.) and the types of ALABELS we know there exists
w € S such that loc(w)=x and P(e’, w) <, A. This however leads to a contradiction as earlier
we established for all w, loc(w)=x = P(e’, w) ¢ m. We can thus conclude that Vx. PB(x) NFO, = 0.

RTS (9)
Assume getPE(A)=e and e € W, U Uy Let loc(e)=x. As wf(M, PB, B, ), wfp(r) and wfp(r.A)
hold and getPE(A)=e, we then know e € PB(x). We next show that e is at the head of PB(x). Let us
proceed by contradiction and assume that there exists e’ € FOU W, U Uy such that PB(x)=e’.e.—.
From the definition of PB we then know that either ¢’ € PBEVENT, N ST or there exists y such
that e’ € FO, and (x, y) € scl. Moreover, since PB(x)=e’.e.—, from the definition of wf(M, PB, B, )
we then know there exist A¢, A € 7 such that A, <; A, getVE(A.)=e, getVE(A,)=e’ and either
i) e’ € PBEVENT, N ST and P(e’) ¢ ,ie. VA" € 7. getPE(1”) # ¢’; orii) e’ € FO,, (x,y) € scl,
A'=B{e’,—) and Vw. loc(w)=x = P(e’,w) & 7. As Ao € 1, we have A <, A

In case (i), since A <; Ao and thus Ay <, A, getVE(A.)=e, getVE(A)=¢e’, getPE(A)=e,
AemAande e’ € PBEVENT, N ST C STy, from wfp(m.1) we know there exists I’ € 7.4 such that
getPE(A)=e’ and A’ <, ; A. That is, there exists A’ € & such that getPE(A")=e’. This, however,
contradicts the assumption of case (i) stating VA" € x. getPE(1") # ¢’.

In case (ii), since Ay <; A, and thus Ae <, A, getVE(A.)=e, getVE(A )=¢€’, getPE(1)=e,
A € m.A and e € PBEVENT, N ST C STy, e’ € FO, and (x, y) € scl from wfp(r.A) we know there
exists A’ € m.A, w such that loc(w)=x, A’=P{e’,w) and A’ <, ; A. That is, there exists w such
that loc(w)=x and P(e’,w) € . This, however, contradicts the assumption of case (ii) stating
Yw. loc(w)=x = P{e’,w) ¢ 7.

The proof of part (10) is analogous to that of part (9) and thus omitted. O

Lemma9. ForallP,P’, , n’, M, PB, B, if P, t = P’, =’ and wf(M, PB, B, ), then there exist M’, PB’, B’
such that:
P,M,PB,B,x =" P M PB B n’

Proor. Pick arbitrary P, P’, z, #’, M, PB, B such that P, # = P’, 7" and wf (M, PB, B, ). We pro-
ceed by induction on the structure of =.

Case G-SILENTP

&
From G-SiLENTP we know there exists 7 such that P ﬂ P’, n’=m. As such, from A-SILENTP we
have P, M, PB, B, = P’, M, PB, B, =. Moreover, as wf(M, PB, B, r) holds, the required result holds

immediately.

Case G-Pror

From G-Prop we know there exist e and A € {B(e), B(e, —), P(e), P(e, —)} such that n'=r.A,
fresh(A, ), wfp(x), wfp(.A) and P’=P. Let tid(e)=r; there are seven cases to consider:

(1) A = B{e) for some e € W,; or

(2) A = B{(e) for some e € SF; or

(3) A =P{e) for some e € W, U Wyt UNTW,; or

, Vol. 1, No. 1, Article . Publication date: October 2021.



2941
2942
2943
2944
2945
2946
2947
2948
2949
2950
2951
2952
2953
2954
2955
2956
2957
2958
2959
2960
2961
2962
2963
2964
2965
2966
2967
2968
2969
2970
2971
2972
2973
2974
2975
2976
2977
2978
2979
2980
2981
2982
2983
2984
2985
2986
2987
2988
2989

Extending Intel-x86 Consistency and Persistency 61

(4) A = P(e) for some e € W, U Uyp; or
(5) A = P{e, S) for some e € FL; or

(6) A = B{e, S) for some e € FO; or

(7) A = P{e, w) for some e € FO.

Case (1)
Let loc(e)=x; we then have getVE(A)=e. As wfp(x), wfp(x.1) and wf(M, PB, B, ), from their defi-
nitions we know there exist by, b, such that B(7)=b;.e.b,. Moreover, since wfp(x.1), wf(M, PB, B, rr),

getVE(A)=e and tid(e)=r, from Lemma 8 (part 1) we have Ve’ € B(r). (¢’,e) ¢ PPO(B(r)) and
B{e
thus Ve’ € by. (e’,e) ¢ PPO(B(r)). Consequently, from AM-PrRoPW1 we have M, PB, B L)

M, PB[x + PB(x).e], B[t + by.by]. As such, from A-PrRoPM we have:
P, M, PB, B, = P, M, PB[x — PB(x).¢], B[z — by.b,], 7.1

That is, there exists M’ = M, PB" = PB[x +— PB(x).e] and B" = B[t +— b;.by] such that
P,M,PB,B,m = P,M’,PB’, B, ', as required.

Case (2)
We then have getVE(A)=e.

As wfp(x), wfp(x.A) and wf(M, PB, B, r), from their definitions we know there exist ¥, b
such that B(r)=>b".e.b. Moreover, since wfp(x.1), wf(M, PB, B, ), getVE(A)=e and tid(e)=r, from
Lemma 8 (part 8) we know Vy. PB(y) N FO, = 0. Similarly, from Lemma 8 (part 1) we have

Ve’ € B(r). (e’,e) ¢ PPO(B(r)) and thus Ve’ € b’. (e’,e) ¢ PPO(B(r)). Lastly, in what follows
B
we show that b’=¢ and thus B(r)=e.b. Consequently, from AM-PropSF we have M, PB, B ﬁ)

M, PB, B[t — b]. As such, from A-PrRoPM we have:
P, M, PB, B, = P, M, PB, B[z > b], 7.}

That is, there exists M’ = M, PB’ = PBand B’ = B[t > b] suchthatP, M, PB,B,= = P, M’,PB’, B, n’/,
as required.

We next show that b’=e. Let us proceed by contradiction and assume there exists e’ such that
e’ € b'. As B(t)=b".e.b, from the definition of PO(.) we have (e’,e) € PO(B(r)). As such, since
e € SF and e’ € BEVENT, from the definition of PPO(.) we also have (e’,e) € PPO(B(r)). That is,
e’ € pb'A(e’,e) ¢ PPO(B(r)), contradicting our earlier result, namely Ve’ € b’. (¢’,e) ¢ PPO(B(r)).

Case (3)

Let loc(e)=x; as e € Wy U Wy U NTW, we then have getVE(A)=e. As wfp(r), wfp(.1) and
wf (M, PB, B, rr), from their definitions we know there exist by, b, such that B(t)=b;.e.b,. Moreover,
since wfp(x.1), wf(M, PB, B, ), getVE(A)=e and tid(e)=r, from Lemma 8 (part 1) we have Ve’ €
B(7). (¢’,e) ¢ PPO(B(r)) and thus Ve’ € b;. (¢’,e) ¢ PPO(B(r)). Additionally, if x € Loc,, A e €

NTW, since wfp(x.A), wf(M, PB, B, ), getVE(A)=e and tid(e)=r, from Lemma 8 (part 3) we have
B(e
PB(x)=e. Consequently, from AM-ProPW2 and AM-ProPNTW we have M, PB, B ——<—l> M[x —

e], PB, B[t +> b;.b,]. As such, from A-PrRoPM we have:
P,M,PB,B,wr = P,M[x +> e], PB,B[r +> b;.by], m.A

That is, there exists M’ = M[x + e], PB’ = PBand B’ = B[t +— b;.b,] such that P, M, PB, B, 7 =
P,M’,PB',B, .
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Case (4)
Let loc(e)=x;ase € W ,UU,p, we then have getPE(A)=e. Moreover, since wfp(rz.4), wf(M, PB, B, ),

getVE(A)=e and tid(e)=r, from Lemma 8 (part 9) we know there exists pb such that PB(x) = e.pb.

P
Consequently, from AM-PErsisTW we have M, PB, B ﬁ> M[x +— e], PB[x — pb], B. As such,

from A-ProPM we have:
P,M,PB,B,m = P,M[x — e], PB[x +— pb],B, .4

That is, there exists M’ = M[x + e], PB’ = PB[x + pb] and B’ = B such that P, M, PB,B,x =
P,M’,PB',B, «’.

Case (5)

Let loc(e)=x. As wfp(x), wfp(x.A) and wf(M, PB, B, i), from their definitions we know there exist
by, by such that B(r)=b;.e.b,. Moreover, since wfp(r.4), wf(M, PB, B, ), getVE(A)=e and tid(e)=r,
from Lemma 8 (part 1) we have Ve’ € B(r). (e¢’,e) ¢ PPO(B(r)) and thus Ve’ € b;. (¢’,e) ¢

PPO(B(r)). Additionally, from Lemma 8 (part 6) we know Vy. (x, y) € scl = PB(y)=0 and that
P{e,S
S = {M(y) ‘ (xy) € scl}. Consequently, from AM-PropFL we have M, PB, B s, M, PB, B[t —

b1.b,]. As such, from A-PrRoPM we have:
P, M, PB, B, 7 = P, M, PB, B[z > by.by], 7.2

That is, there exists M = M, PB’ = PBand B = B[t + b;.by] such that P, M,PB,B 7 =
P,M',PB',B,n’.

The proof of case (6) is analogous to that of (5) (using Lemma 8, part 7) and is omitted here.

Case (7)
Let loc(e)=x; we then have getPE(A)=e. Moreover, since wfp(z.1), wf(M, PB, B, ), getVE(A)=e

and tid(e)=r, from Lemma 8 (part 10) we know there exists pb such that PB(x) = e.pband M(x)=w.

P{e,
Consequently, from AM-PERrsisTFO we have M, PB, B ﬂ M, PB[x — pb], B. As such, from

A-ProrM we have:
P, M, PB,B, m = P, M, PB[x > pb], B, x.A
That is, there exists M’ = M, PB" = PB[x + pb] and B’ = B such that P, M,PB,B,n =
P,M’,PB’,B’, n’., as required.
Case G-STEP
We know there exists e, r,u and A € {R(r, e), W(e), NTW(e), U(u, e), MF(e), SF(e), FO(e), FL{e)}
A
such that n'=x.A, fresh(A, ), wfp(x), wfp(r.A) and P — P’. There are now eight cases to consider:

(1) A=R{r,e)
(2) A=W(e)
(3) A = NTW<(e)
(4) A =Uu,e)
(5) A = MF{e)
(6) A =SF{e)
(7) A =FO(e)
(8) A =FL{e)

Case (1): A = R{r, e)
Let tid(r)=7 and loc(r)=x. There are then two cases to consider: i) x € Locc; or ii) x € LoCc.
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In case (i), let PB(x)=pb and B(r)=b. As wfp(rx.1), wf(M, PB, B, &), A = R(r,e) and tid(r)=r,
R{r,e
from Lemma 8 (part 4) we know rd(M, pb, b, x) = e. From AM-READC we then have M, PB, B ——<——l>

M, PB, B. As such, from A-STEP we have:
P,M,PB, B, = = P,M,PB, B, .\

That is, there exists M’=M, PB’=PB, B'=B such that P, M, PB, B, m = P, M’, PB’, B’, n’, as required.
The proof of case (ii) is analogous to that of part (i) (using Lemma 8, part 5 instead of part 4) and
is omitted.

Case (2): A = W(e)
w
Let tid(e)=r. From AM-WRITE we then have M, PB, B i> M, PB, B[t — B(7).e]. As such, from
A-STEP we have:
P, M, PB, B, = = P, M, PB, B[r — B(r).¢], 7.A
That is, there exists M’=M, PB’=PB and B’=B|[r + B(7).e] such that P, M, PB,B,= = P, M’, PB/,
B, 7', as required.

Case (4): A = U(u, e)
We then have getVE(A1)=u € U. Let tid(u)=7 and loc(r)=x. There are then two cases to consider:
i) x € Locyp; or ii) x ¢ LocCyp.

In case (i), let PB(x)=pb and B(r)=b. As wfp(m.A), wf(M, PB, B, w), A = U(u, e), tid(u)=r and
getVE(A)=u € U, from Lemma 8 (part 2) we know b=e. Analogously, from Lemma 8 (part 8) we

know Vy. PB(y) N FO, = (. Similarly, from Lemma 8 (part 4) we know rd(M, pb, b, x) = e. From

U{u,e
AM-RMW1 we then have M, PB, B —<—>—> M, PB[x — pb.u], B. As such, from A-STEP we have:

P, M, PB,B,m = P, M, PB[x — pb.u], B, m.A

That is, P, M, PB,B,m = P,M’, PB’, B, n’, where M’=M, PB’=PB|[x + pb.u] and B'=B, as required.
The proof of case (ii) is analogous to that of case (i) (using Lemma 8, part 5 instead of part 4) and
is omitted.

Case (5): A = MF{e)
We then have getVE(A)=e € MF. Let tid(e)=r and B(r)=b. As wfp(n.A), wf(M, PB,B, ), A =

MF{e), tid(e)=r and getVE(1)=e € MF, from Lemma 8 (part 2) we know b=e. Analogously, from

MF{e
Lemma 8 (part 8) we know Vy. PB(y)NFO, = (. From AM-MF we then have M, PB, B —<—>—> M, PB, B.

As such, from A-STEP we have:

P, M,PB,B,mr = P, M, PBB, =.A
That is, P, M, PB, B,m = P,M’, PB’, B', n’, where M’=M, PB’=PB and B’=B, as required.

Case (6): A = SF(e)
SF(e)

Let tid(e)=7r. From AM-SF we then have M, PB,B —> M, PB, B[t +— B(7).e]. As such, from
A-STEP we have:
P, M,PB,B,n = P,M, PB, B[t — B(7).e],m.A

That is, there exists M’=M, PB’=PB and B'=B[r — B(r).e] such that P, M, PB,B,mr = P, M’, PB’,
B’, 7', as required.

The proofs of case (7) and case (8) are analogous to that of (6) and thus omitted here. o
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Corollary 1. For all P, , P’, M, PB, B, if P,e =" P’, x, then there exists (M, PB, B) such that:
e P, My, PBy, By,e =" P, M, PB,B, r
e wf(M, PB, B, )

Proor. As from the definition of well-formedness we simply have wf(My, PBy, By, €), the first
result follows from Lemma 9 and induction on the length of =". The second result then follows
from the first result and Lemma 1. O

Lemma 10. For all PEx86-consistent executions G, and all r, M, if t=getPath(G) and wf(M, —, —, ),
then M = G.P.

Proor. Pick an PEx86-consistent execution G=(E, P, po, rf, mo, pf) and z, M such that 7 =
getPath(G) and wf(M, —, —, ). As n=getPath(G), from Lemma 6 we then know that wfp(x)
holds. It then suffices to show that for all x € Loc, M(x) = G.P(x).

Pick an arbitrary x € Loc. Let M(x)=e. As wf(M, —, —, ), we know M(x)=pread(r, x) and thus
e € ST, and there exist 7y, 72, A such that 7=m;. 1.1, S = {/1’ € Ty ‘ Je’ € ST,. getPE(/I’):e'} =0,
and getPE(A)=e. There are now two cases to consider: 1) x € Locyc U Locyt; or 2) x € LoCyp.

In case (1), it suffices to show that e=max (imo,). Let us proceed by contradiction and assume
there exists e’ € ST, such that (e, e’) € mo,. From the definitions of getPE(.) and getVE(.) and
since x ¢ Loc,p, we know that for all e’ € ST, and all 1’: getVE(A")=¢’ & getPE(A")=e’. As such,
we also have S’ = {1’ € m, ‘ Je’ € STy. getVE(A)=¢’} = 0, and that getVE(1)=getPE(1)=e, and
thus from Prop. 3 we know genVL (e, G)=genPL(e, G)=A. As (e, ¢’) € mo, and G is PEx86-consistent,
we know (e, e’) € ob and thus from Prop. 3 we know there exists A’ such that A’=genVL(e’, G) and
genVL(e,G) <, A’; ie. (from Prop. 3) we know A <, A’. That is, as 7=1my.A.712, we know 1’ € ;.
Moreover, as A’=genVL(e’, G), from Prop. 3 we have getVE(A")=e’. Consequently, we know 1’ € 7,
getVE(A)=e’ and e’ € STy, and thus A’ € S’. This, however, contradicts our earlier result that S’=0.

In case (2), let us proceed by contradiction and assume P(x)=w and w # e. As r=getPath(G) and
getPE(A)=e, from Prop. 3 we know genPL (e, G)=A. Moreover, as x € Loc,, from the construction
of 7 (r=getPath(G)) we know that either e € NTW ore € PW.If e € NTW, since w # x and G
is consistent, from WEAK-PERSIST we know (e, w) € and getPE(A,,)=w, i.e. genPL(w, G) € .
On the other hand, if e € PW, since w # x from the definition of PW we know (e, w) €
and w € PW; moreover, from the construction of 7 we know genPL(w, G) € . That is, in both
cases we have (e,w) € and that there exists A2, € 7 such that AY,=genPL(w, G) and thus
(from Prop. 3) getPE(A?,)=w. As such, since C ob, from Prop. 3 we know there exist A,,, A
such that genVL (e, G)=A,, getVE(A.)=e, genVL(w, G)=A,,, getVE(A,,)=w and A, <, A,,. Moreover,
as e <z Ay, 8etVE(Ao)=e, getVE(1,)=w, getPE(A)=e, getPE(AL)=w, w,e € STy, and wfp(n)
holds, we know A <, Aﬁ,. As m=7m.A.719, we thus have /va € my. That is, w € ST,, Aﬁ, € my and
getPE(AY)=w, and thus A%, € S. This, however, contradicts our assumption that S=0. O

Theorem 5 (Completeness). For all programs P and all PEx86-consistent executions G of P, there
exist M, PB, B, r such that:

(1) P, My, PBy, By,e =" P’,M,PB,B,n

(2) M=G.P

Proor. Pick an arbitrary program P and an PEx86-consistent executions G of P. Let 7 =
getPath(G). From Lemma 7 we then know there exists P’ such that P, e =" P’, 7. Consequently, for
part 1 from Corollary 1 we know there exists M, PB, B such that P, My, PBy, By, € =" P/,M,PB,B,x
and wf(M, PB, B, i), as required. For part 2, as wf(M, PB, B, 7) holds, from Lemma 10 we have
M = G.P, as required. O
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B.2 Equivalence of PEx86 Operational and Event-Annotated Semantics

Let
tid(A)=1 A Je, x.
R £245((r:1),A (getE(A)=e A lab(e)=I)
V(A € {&(), B(=),P(=),B(=, =), P(=,-)} Al=¢)

Lemma 11. Forall P,P’:
e forallt,l, if P, T—l> P’, then there exists A such that: ((t,1),A) € R; and P i> P’
e forall A, if P 4 P’, then there exists T, such that: ((r,1),A) € R; and P =, P’

. . :l A
Proor. By straightforward induction on the structures of 5 and 5. O

Let
(M, —,B) € MEM X PBMAP X BMaP

((M,PB,B), | A (M, PB, B) € AMEM X APBMaAP X ABMAP
(M, PB,B)) | AVx,0. M(x) =v & val,(M(x)) =v
A simpy, (PB, PB) A simy, (B, B)

R, =

simy, (PB, PB) g dom(PB)=dom(PB) A Vx € dom(PB). sim,,(PB(x), PB(x))

simyp (pb, pb) € pb = pb = €
v dpb’, pb’, v, e. pb=w(v).pb” A pb=e.pb’ A val,(e)=v A simpy(pb’, pb’)
Vv 3pb’, pb’, 7, e. pb=fo(r).pb” A pb=e.pb’ A e € FO, A simyp,(pb’, pb’)

simp (B, B) d@ef dom(B)=dom(B) AVt € dom(B). simy(B(7), B(7))

simp (b, b) & (b=b=c)
VIb, b, Le. b=Lb'Ab=eb Alab(e)=l A simy(b/, )

Lemma 12. Let PBy £ Ax.€c and By = Ar.e. For all M, PB, B, M, PB, B:
L ((MOs PBO! BO): (MOa PB0> BO)) € Rm

o forall M’,PB’, B’, 7,1 such that (M, PB, B) T—l> (M’,PB’,B"):
if((M, PB,B), (M, PB,B)) € R,
then there exist M’, PB’, B, A such that ((t,1),A) € R;, ((M’,PB’,B’),(M’,PB’,B’)) € Ry, and

A
(M, PB,B) = (M’, PB/, B')
A
o forall M’,PB’, B', A such that (M, PB,B) — (M’, PB’, B’):

if ((M,PB,B), (M, PB,B)) € R,
then there exist M’, PB’, B/, 7,1 such that ((r,1),A) € R;, (M’,PB’,B’), (M’, PB’,B’)) € Ry, and

(M, PB,B) =5 (M’, PB’, B)
Proor. The first part follows immediately from the definitions of My, PBg, By, My, PBy, By. The

. . . :l A
last two parts follow from straightforward induction on the structures of 5 and 5. O

Let

. |((P,M,PB,B),
R = {(P, M. PB, B.m)) P € ProG A m € PATH A ((M, PB, B), (M, PB,B)) € R,
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Lemma 13. Forall P, M, PB,B, M, PB,B.M’,PB’, B, :

o ((P, Mo, PBo, Bo), (P, M(), PBo, B(), 6)) €R

o forall P’, M’, PB’, B’ such that (P, M, PB,B) = (P’, M’, PB’, B’):
if ((P,M,PB,B), (P, M,PB,B,r)) €R
then there exist M’, PB’, B', n’ such that ((P’, M’, PB’, B’), (P’,M’,PB’, B, ")) € Rand (P, M, PB,B, 7) =
(P",M’, PB', B, ').

o forallP’,M’, PB’, B', n’ such that (P, M, PB,B, ) = (P’,M’,PB’, B, n’):
if (P, M, PB,B), (P, M, PB,B, 1)) € R
then there exist M’, PB’, B’ such that ((P’,M’,PB’,B’) , (P’,M’, PB’, B’, n’)) € R and (P, M, PB,
B) = (P’,M’,PB’,B’).

Proor. The proof of the first part follows immediately from the definition of R and Lemma 12.

A
The proofs of the last two parts follow from straightforward induction on the structures of =5,
Lemma 11 and Lemma 12. O

Theorem 6 (Intermediate and operational semantics equivalence). For all P:

e forall P’,M, PB, B:
if P, Mo, PBo, By =" P/, M, PB, B
then there exist M, PB, B, & such that P, My, PBy, By, e =" P/, M, PB, B, & and ((M,PB, B), (M, PB,
B)) € R,

e forallP’, M, PB, B, n:
if P, My, PBy, By,e =" P, M, PB,B,
then there exists M, PB, B such that P, Mg, PBo, By =" P/, M, PB, B and ((M, PB, B), (M, PB, B)) €
Rp.

Proor. Follows from Lemma 13 and straightforward induction on the length of =". O
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